iii, 

I lave looked through roar “ Elements of Algebra," and have to say with great 
pleasure that It Is a nicely got np wort, which does yon great credit. The principles 
have been dearly explained, and Very well illustrated by the examples worked ont at 
the end of each ohapter. The exercises hare been very judiciously and copiously 
seleoted. I think the book may be very profitably adapted as a text-book In onr 
higher class schools and colleges." BAlDrA HATH Bash, IT. A, 

Professor of Mathematics, Metropolitan Institution , Calcutta. 

“ I am very glad that yon have completed your Elements of Algebra by bring- 
ing out Part H early this session. I find that Part H Is like Part X admirably sotted 
to the requirements of those for whom it is Intended. The exposition of principles Is 
more Inold and the examples and solutions more numerous than are found In any 
of the treatises on Algebra nsed as text-books in our schools and colleges. I 
believe no ITathem. 'cal teacher that should carefully examine your Elements would 
ever hesitate to ado; ft as a text-book.” Gaegadhar Baxebjee, 3LA., 

Professor, L. M. S. College Bhowanipore. 

“ I have looked through Air. P. Ghosh’s Elements of Algebra, Part XT. It is a 
, useful publication and contains all the important principles of the subject. The 
author has spared no pains to make the book as easily Intelligible to the F. A. 
students ns possible. The chief attraction of the work lies in its variety of 
examples and in typical solutions of many of them.” Det SAJTKAB Be. 31. A., 

Professor of Mathematics, Free Church College, Calcutta. 

“ I have looked through the second part of Jir. Ghosh's Elementi of Algebra 
and have much pleasure to stato that the work is vjll adapted to the requirements of 
students preparing for the P. A. Examination Of the Calcutta University. The 
principles are clearly explained, and numerous examples have been worked out la 
, tUostrstlon of the principles. The book contains a large collection of wen selected 
examples for exercise, which will be of great nse to students.” S. C. GOT, 31. A, 

Lecturer Sanshrit College. 

" I have looked through the book [ Algebra Part U.] and consider it usefnl to 
students preparing for the Examination In First Arts, especially as It contains a 
variety of examples judiciously collected. I have recommended It to the students 
of the Berhampore College for using it as a text-hook.” HARTDAS GHOSH. 

Professor of Mathematics, Govt. College, Berhampore: 

« i have no objection to the students in the Central College using your books 
(Algebra and Euclid), and I have no doubt rome wiD purchase copies.” 

Char ees haters. 31, A., 

Principal and Professor oj Mathematics . 

Central College, Bangalore. 

u i should like to introduce them (Euclid and Algebra) In the schools here.” 

T. 6. BAH, Principal Eombhatonam College, iladrat. 

FROM what I have seen of 3Ir. P. Ghosh’s Edition of Euclid, I have been favour- 
ably Impressed with the work. I think It Is well suited for theuse of Indian students 
to whom the addition of all the exercises set in the Entrance Examinations of the 
Calcutta Unlversrcy at the end of the book.no doubt, will be specially welcome. Tbe 
questions and the notes given, ts well as the exercises worked ont, wffl also be found 
V CI y nselnb AHAHDA 1T0HAH BOSE, V. A. 

Member of the Syndicate Calcutta University, 
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THE 

ELEMENTS OF ALGEBRA. 

PART II. 


QUADRATIC EQUATIONS. 

183. A quadratic equation, or an equation of two dimen- 
sions, is that into which thu second power of the unknown 
quantity enters, without or with the first power. Thus x * =26 
and x t +2x**lb are quadratic equations. 

Pure Quadratic Equations. 

184. When the terms of an equntion involve the Bquare 
of the unknown quantity, but the 'first power does not appear, 
tho equation is called a pure quadratic equation, and the value 
of the square is obtained by the rules for solving simple equa- 
tions ; and by extruding the square root of both sides, tho 
quantity itself is fouud. 

Ex. 1. 5a; 1 -45 = 0 ; to find x. 

By transp. 5x* *= 45. 

. 1 at 1 = 9. 

(Art. 113), x~ V9=±3. 

The signs + and — are both prefixed to ihe root, because 
the square root of a quuntity may lie cither positive nr negative 
(Art. 93). The 6ign of x may also be negative; but still B 
will be cither equal to + 3 or — 3. 


Ex. 2. ax 1 ** bed ; to find m. 

. . bed 
ar*»— :. a> 
a 


VC-A 


Ex. S. 


Apply Art. 148, then 


3» + </ 9z*-4) - , 

— ,r = 4 : to find a. 

3* — ■/ (9a* - 4) ' 

3a; 


4 + 15 
Vt9a; I -4;“ 4-l ra 3’ 



V 


elements of algebba. 


Squaring 


9a? 25 

9a? -4 = 9 

9z*_25 
’• 4 = 16 ’ 


(Art. 147). 


a*=3eb «“±|- 

Ex ‘ 4 ‘ l-V[l-rfj~ 1+ V(1 -«*)“ JP ; t0 511(1 *• 
Simplifying the left-hand side, we have 

1+ V(l-a*)~l+ V(l-a?) 1. 2VflUa?) 1 

1 — (1 - a?) ”a:*’ 0r 5 s “5* 

2 V(1 -a?) = 1 ; squaring, we have 

4— 4a?«l ; .*. 4a?=3 ; x=jc^~J r 3. 


ifo. A *+ V(« I -a 1 ) = -rr r — r j to find ». 

Multiply each side of the equation by V^-o 1 ), then 
a) s/"(a? — «*) + a? - a* *= «a 2 

xV (a: 1 —a 1 ) = (n-f I)a 2 — a?. 

Squaring both sides of the equation, we have 
a; 4 - a?a? = (n + l) z a 4 - 2a*a?(n + 1) + a? ; 
o?a?(2n-t-l) => (n+ l) J a 4 ; 


t (n + l)*a 4 fa 4- l?a £ 
{2n+lja z ^ 2n + l 


X = A 


fa+ l)fi 

7 (271+1) 


Ex. 6. 


m 


~r + 


x — 2 


V(x+1)-1 V(x-1) + 1 


V(2x+1) • find a;. 


(g + l)-l . 

V(a: + 1) — 1 + 


fa-l)-l 
V (® — 1) + 1 


= V(2aj+1) 


J 


. + + { V(jg — 1) — 1}{ Vfa — 1) + 1} 

V(£+l)-l V(®-l) + i 


V (2a*+ 1). 



QUADRATIC EQUATIONS. 


z 


V(z + 1)+1+ V(a-1) — 1= V(2® + 1). 

V(« + l)+ •/(x-l)= V(2a+1). 
«+l+»— l + 2V"(a* — 1)=>2« + 1 
,\ 2V(x*-l) = l 
4a*-4 = l 

4®* = 5 ; a= ■+£ -/5. , 

Othencise : — Rationalizing the denominators, we have 

• «i^L+H±li+ (g ~ 2){ >/(a-l)-l} _ fgj . 1 . 
x x — 2 ” ' 

.'. v r (a + l)+l + V(a-1)-1=> V(2a+1) ; etc. 
EXAMPLES LXY. 


Solve the following equations, 

1. (a: + 3)* = 6a; +25. 2. 7®* -83.= 7* + 3a: 1 . 

0 10a* + 17 12a* + 2 5a* -4 


¥¥ 


11 ®* —8 


„ 30a;* + 13 3a* +1 _ . c 

4 — 5 ^- 1 ) 5 - 


2 3 4 5 .. 

-;+ -+ + — j + -7 ,=, 56< 
a* a* a* a* 


6 . 


7. 


a* + l + 2a* + 2 x 1 — 1 
14a* + 16 2a* + 8 2a* 




21 8a;* -11 3 ' 

9. V(a* + 13)<=2 + V(a*-ll). 

10. a + V{a z + x t - as v r (a* + a*)}=o. 

1 1 1 


8 . 


a + 3 ®-3 _ 

a + 2 + ®-2 =5 ' 


11 . 


1- Vll-«*) 1+ V(1 —sc*) 


^ 12 . 


*/(l + ffll 


V(1 - a) 


1 + V(1 + ®j 1 + </(l - x) 
13. ! /(l+a)+e/(l-a) = y2. 


•0. 
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ELEMENTS OF ALGEBBA. 


14. m + V {a* + (1*71* -a 2 ) . 

-v (x l - a 1 + a'n *) 

rr-3 s: -2. 2r 

AD ' VtJ + l)-l V^-li-rl‘ = V^x+l)-r 

„ _ * »-2a 

V(x+«|- Va + -S\j; — a)+ Va = 2;+a ^‘ 

«• -1 - VS*+»+2 V(»,+7)). 


io . y - 2 , gy +* 

A °* V(x + 1)-2 V(x~l ) + l V2V(w + 1)-1' 

x*- Zflx 2 * - a 2 ”) l 2 + 1 
19 ' x 1 - Vcz 10 - n 1 ") ~ t*~l ' 

20. ^ 7(0* + **) + ~V (a* + X 1 ) = 7(**). 

•o u 


^ <r + -/(r 1 — x-Vir^-a’) 82 
j ' S1 * sc- V(P-a‘, + ®+ 7{x*-a*;“ "9 * 

1 oo O* + /('I 4 - -T*,) ,^±1 rn , f J{a 2 + X 2 ) - V(a 2 -x 2 ) \ 

' ‘ a*— V(a 4 — a;*) \/ ( V (.a* + **;+ V(o* — ®*i/* 

■ Jy^^\ 

Adfected Quadratic Equations. 

185. T£ both the first and second powers of the unknown 
qnantity be found in an equation, arrange the terms ncconiing 
to the dimensions of tiie unknown qiwniirv. beginning with the 
highest, and transpose the known quantities to the other side ; 
then, if the square of the unknown quantity be affected with 
a coe-ffieient, divide all the terms by this eoe-ffieient, and if its 
sign be negative, change the signs of all the terms (Art. 109) 
that the equation may be reduced to one of the forms, x z +px^ 
j^q, Then ad 1 to both sides the square of half the coe-fficienfr 
of the first power of the unknown quantity, by which means, 
the first side of the equation is made a complete square (Art. 98) 
and the other consists of known quantities and by extracting 
the square root of both sides, a simple equation is obtained, from 
-which the value of the unknown quantity may be found. ' 



QUADRATIC EQUATIONS. 


Ex. 1. Let ie 1 +px = q ; now, we know that a: I +^a; + ~u 
ihe squaro of % + ~ (Art. 98) ; add therefore^- to both sides, and 

, . p l p 1 

we have, x~ +px+~^q+ 

Then by extracting the square root of both Bides, 

± V{* + t)- 

By transp. «•= \/ (v + j)- 

in the same manner, if x 2 -px = q, 

Ex. £?. Let or— 12a + 35 = 0, to find x. 

By transp. ar - 12s; = — 35 ; and adding the square of 
V s or 6, to both sides of the equation, 
x z — 12* f 36 = 36 — 35 = 1. 

Then extracting the square root of both Eides. 
m-G= ±1 
x =• 6 ± 1 = 7 or 5. 

Either of which, substituted for x in the original equation, 
.answers the condition, that is, makes the whole expression, 
ss 2 — 12® + 35 equal to nothing. 

Ex. 3. Let — A- -—3 j to find x. 

'x+1 x 

2»+2 „ _ 

6 *i — = 3a+ 3, 

m 

6* + 2* + 2 = 3* 1 + 3a;. 

- 3s 1 — 5®=2. 

z x -{;®=3 

* — 

a;=gij=2 or-£. 
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186. Em. 4. Let ®+ V(5® + 10) = 8, to.find ®. 
Bytransp. V(5®+10)=8-®. 

Squaring 5®+10 = 64 — 16® + ®*. 

.*. ®* — 21®=— 54. 


®*-21®+( 2 ,?)*=-54 + *£i=-2-££ 


®- s /=±L c . 
s = ^±\« = 18or 3. 


By this process two values of a are found ; but on trial 
ft appears, that 18 does not answer the conditions of Jtho 
equation, if we suppose that -J (5m + 10) represents the positive 
square root of 5® + 10. The reason is, ‘that 5® + 10 is the 
square of — v r (5® + 10) as well as of+ V(5® + 10) ; thus by 
squaring both sides of the equation V(5® + 10) = 8-®, a new 
condition is introduced, and a new value of the unknown quan- 
tity corresponding to it, which had no place before. Here 
18 is the value which corresponds to the supposition that, 
®- V(5®+10) = 8. 

It should be particularly observed, that since (+®) x (+y) 
is equal to ( — ®) x ( —y), in the multiplication and involution of 
quantities new values are always introduced, which, if not again 
excluded by the nature of the question, will appear in the final 
equation. 


„ V{®* + 4)+ v r (® + l) 

' V («* + 4) — V(® + 1) 


3 ; to find ®. 


V(®*+4) 3 + 1 

«/(®+l) — 3-l — 


Art. 148. 


V'(® 2 +4) = 2 V(® + 1). 

®*+4=4®+4. 

.*. ®*-4®=0 

•*.®(®-4) = 0; ®=0or®— 4 = 0. 

or®*-4®+4=4 
£5-2= ±2 


®=2±2=4 or 0. 


187. An equation of the form a®*+ bm +c=»0, (where a, l r 
c, are any quantities whatever) may, however, be solved as fol- 
lows, without dividing by the coe-fficient of ®*. 



QUADBATIC EQUATIONS. 


7 


Multiply the whole equation by 4 a, that is, four times the 
coe-ffieient of $*, and add l * (the square of the coe-fficient of a;) 
to each sido ; then 

4a*®* + 4.abm+b z = l t — 4ac ; 

2a®+Z» = ± V(5* — 4ac) 

— h ± V(Z>* — 4ac) 


m =- 


2a 


.2J®. 8«* — 13® + 5 = 0 ; to find xc. 

Multiply by 4 x 8, then 
256®*-41G®= — 1G0. 

Add (13)* to each side, then 
256«* - 416® + 169 = - 1G0 + 1G9 = 9. 

1G®-13 = ±3. 

13 ±3 


16 


» 1 or f . 


This method of solving quadratic equations may be found 
in the Yija Ganita of Bhaskar Acharjin, a famous mathematician 
who lived about the beginning of the thirteenth century. 

Ex. 6. a®(a®-2)+4®(a+®) + a* + l*=(a + 2®)* ; to find x. 
a*®* — 2a® + 4a® + 4®* + a* + 1 ■= a* + 4a® + 4®*, 
a*®*-2a®+l = 0. 

. . 2 1 

a a* 

. 2 1 1 ,1 - 

a a 1 a* a* • 


x — = 0 ; 
a 

1 

®*= 

. a 


Here the two values of ® are equal or are the Bame. 
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Acharjia’s method, a z x z - 2 ax = — 1. 

’ Multiply by 4a 1 , 4 a*x* - 8a e x = - 4a* 

Add 4a*, 4a 4 a I — 8a’a; + 4a*= — 4a*+4a*=0 

2a 1 * — 2a = 0 
ax - 1=0, etc. 

Ex. 7. Let «* + 4r + 25 = 0 ; to find x. 

ro*+4a;+4=~25 + 4«= — 21. 

/. £+2 = 4; ^(-21) 

.*.£=-2+ V(-21). 

To extract the square root of —21 is impossible, therefora 
the values of x are impossible or imaginary. 

Ex. ‘8. Let 5a;* — 21a;— 20=0, to find the values of x. 

r§)*- - 

a;-ft = +t$; 


Ex. 9. a;* — 100a;+ 196 = 0, to find 
- «* — lOOai + 50 1 = 50*- 196 

A £-50 = ± ^{50*- 14*} 

~±*/{(50 + 14 )( 50 - 14 )} 
■= ± (64 x 36) 

■=■ ± (8 x 6) = + 48 
£=50+48 = 98 or 2. 


Ah;. 70. Let adx — acx 1 = 5cx — bd ; to find a;. 
acx z — adx + bcx^hd. 


, ad -hr. bd 

x 1 x= . 

ac ac 


, ad — he , 
a* — — S + 


ac 




ad—lc 
2 ac 


■= + 


<T(? + 

2ac 



QUADHATIC EQUATIONS. 


■9 


O'? - lo 

• A* » 

O'? * 6c 

2nd 

— 26c 

2ac 

2 uc 

r» — or 
lac 

2ac 

<Z 6 

a?** - or — 

C G 





Ex. 11. 256k 1 - 40k+ 1 ^0 ; to find x. 

“-rta 

«*-*»+ (*)*“^*-W* 

a («5J + T e)(eV ' tW 

•“THT * tiV” 

® = ci ± A " b ° r ijV 

-Ee. 22. (*-i)(a;-4) + (4j-i)(*-it = (2»-J)(2a-|) ; 

to find k. 

(2x-‘})(z-4) = (-2x-$>(2x-i), 

(2x - $) (2® - J - x+ i) •=> 0 
(2 k — £) (® + = 0. 

2k - J = 0, or x + ** 0. 

2k= J or 

.’. « c= § or « => — -jV. 


» ®-2 , 

k-3 

x-2 

S. r 4* 

. =3 

» - 4 

x-£ 

x - l 

k-2 

x~\ 

re-2 

k — 4 

a— 3 x- 1 

«*-53; + 6 

-a- ! + fiK-4 


+ a - — g ; to find x. 
x - 3 ’ 

x-3 

~ x-2’ 

x 1 - Ax + 4 — x z + 4a— 3 


(k-4)(k-3) (k-1)(®-2) 


2 ^ 1 
(®- 4 )(k- 3 ) (k- 1 )(k- 2 ) 

A 2'cc — 1 )(k — 2)=>(o3 — 4 )(k— 3). 
2 x £ -Gk + 4 =k i - 7 k+ 12 . 
a; 1 + x =■ 8 

a 1 +k + ^ = 8 +i=^ 
a + i «= ± A V” (33) 
»=-£±£V(33). 
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I 


Ex. 14. (4— 2 V3)® 2 — ( a/3 — 2)a;=2 : to find or. 

V3-1 2 

(V3 — l) tS; = (V3 — l) 1 ' 

a*-i(v r 3 + l)»=K^3+l)* 

X " — */3 + 1)® + • , /3+ 1J* 

= i(V3 + l)* +I V(^3 + l)*=^(^3 + l)*. 
«-£(V3 + l)- ±2(^ + 1). 
ar=i(V3 + l)±2(V3 + l)= V3 + 1 or -}(V3 + 1). 

Ex. 15. — — f — , — =* 0 ; to find x. 

x + a x+b x — c 1 


Multiply by (a; + a)(® + b)(x — c), then 

(m ■ 1 rb)(x~c) + {x + a) (x-c)~ (a + a) (x + b)~ 0. 
n^-2ca;=ac + 6c+oJ. 


a* — 2cx + c* — c* + ac + be + ah. 
x-c—lc. V{(6 + c)(a + c)} ; 

®=c± V{(fc4-c)(a + c)}. 

®* + l 2a; , - , 

iff. v. o , - , ~ , - t = -7- — rrTi> to ^ ^ 

a^ + aaO+O 1 a z + a6+o* 

s* + l a* + 3a5+5* 

2® a z + a5+6 z 


a^ + 2® + l a l +2ab + b z 
m z -2x-i-l ' <*b 


Art. 143, 


® + l 0 + 6 a +6 

® — 1 = ~ V(ab)~ ± V (ai>) 

gzfc •/(ab) 4- 5 
o=f V(a6) + 6' 

jSc. 17. 2®+ V{4®*+ V(7®*+2)} = 1 ; to find 
V{4a^+ V17® 1 + 2)} = 1 - 2®. 

4a* + v r (7a*+2) = l -4a+4a*. 

V(7a^ + 2)=1 -4®. 

7a*+2 = l-8a+16a* 

/. 3x l - 8x—l. 



QUADItATIC EQUATIONS. 


n 




a°-i±S = l or -a. 


Ex. IS. 


x-b 


cc— 3 


3z-G 


V\a;-1) + 2 T V(m-‘2)-l Vtfte-6) + l 


; to find x. 


{v- 1)-4 (k-2)-1 (3k- 6) — 1 

V(x-l)+2 + V(s-2)-l V (3 k-5) + 1 * 


v r O-l)-2 + V(*-2) + l= ^(3*-6)-l 
/. V(k- 1)+ -/{*-2) = V(3r-5). 
w — 1 + x — 2 4- 2 ■/(« : — 3» + 2) = 3a — 5. 
2/(k j -3k + 2)=!c-2. 

4k £ — 12* + 8 = x* — ix + 4 

3x £ -8x=-4 

a; £ -§:e«* 

*-a=± 5 - 

•*. a:«=^i 5 Q 2 or §. 


Ex. 19. (l-aj+a'‘ I ) 4 =j~(l+» , +a: < ) ; to find x. 


l-»+ffl £ 


1 — a l+a ! + ® 4 
I + a X "l-* + K* “ 


\~(U-X + &)r 


. 1 -« + a £ _ 1 ~a 
l+x + a; 2 "' l + o 


* 1+x * _ _L. 

— a —o’ 


x “ a 


a + aa; 2 «.a; 



a* 1 — ®=- a. 


4 a £ 


- 1 . 


■ fl, ~ 4 - ± V / ( 

® I 1 VC 1 - 4 a*)}. 
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' Ex. 20. 4(x! t - 3x + 2) - v'C-c 1 - 3x - 6)' 

= V(20) — V(12), to find a;. 

(a; 1 - 3a; + 2) - (z* - 3x - 6) = 8 = 20 - 1 2. 

By division 4(x t -3x + 2) + V(®*-3®-6) = </(20)-i- /(12) 

By addition 2 4 (x 2 - 3x + 2) =2 V(20). 

® I -3.r + 2 = 20. 

/. ^-327 + ^ = 18+^=“ 

a - 3 = ±R. 

a^ijAl^G or -3. 

Uar. SI. a + a?— V(3a t + 2a»-a: 1 ) 

•= 4(3a z -4ax+x*) + 4(a t —x t ) ; to find a;. 
a + at- 4(a t -x i ) ^ 4 {(3a-at)(a-at)} + V{(3 a — x)(a+x)}. 
■4(ai-x){ V(a + a:)— V(a-®)} = V(3a-at) { 4(a-x) + 4(a + to)), 

4(a+x) 4 (a - x) 4- 4 la + x) 

*= — 

V (3a — a) V (a + x) — v (a - so) 


. a + x a+ 4(a*~a?) 

» . i — . r~t . — m 

3a — x a-~4(a z — &) 

2 a a 

at -a 4(<* l -'X t ) 


Art. 148. 


2 4(a* —&*) •=%— a 


4a z - 4x z => x 2 —2ax + a z 
&X 2 -2ax=3a z 
2 /I \* I 

^-6 fl * + lS B ) = 2T° I + 


3 

5 


a- = 


16 , 
25 a 


•• ar-io-=±Ja. 

.*. at=>|a±£a = a or-fa. 


AJa?. S£. To Solve 
/ 3x — 1—44 l\r, z — x) \ | 
\8a> - 1 + 4 V(4» I - at) / 
1 2 4x- VTlr-lj N m 
± \2 V® + 4 (4s — 1)/ 


2 ra 4 -l 

> (4a! 1 ~x) * 


2 4xx 4 (4k 

2 4x — 4 I4x - 


(4x z —x) 


;o-n 

4 


/2^at + VT4a>-inf 
\2 -/a; — 4{ 4k — 1)/ 

/2 4 x + 4 (Ax - 1 ) \ 
\24x- V(4r-1)/ ’ 


a 


Vat + V (4® 


1 i\ 2<n+l ggj; 1 

_j a =(4a: 1 -®) ^ . 
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IS 


/2j/£-j/f4r-r)\ 2n+ 1 

V- V*+ •/ O-C - 1)/ 


(4®*-®) - . 


Extracting- 2m + 1/A root of both the ridc-s nnd rationalizing 
iho denominator of the left-hand member, we have 


{2Sx- V(4x-l)} i = V(4s £ -ar). . 

.*. 4x + Ax~l-~4V(4x t —x)*=V(4x t -x). 
8z—l=o\ r (4x t -x). 

64aA - 1 6a; + 1 = 1 00z l - 25®. 

36a^ — 9® = 1, 

.*, ^ = jt, + c ij = j-.jj. 

••• 

® = i‘ A = i Or — d.y. 


EXAMPLES LETT. 


Solve tho following equations, 


3. 

®*-3® + 2«=0. 


2. 

x*- ox +0 = 0. 

3. 

® £ -7*+6 = 0. 


4. 

2® £ -5®+ 2 = 0. 

5. 

6z‘ - 5® r 1 *=> 0. 


6. 

6®* -13®+ 6 = 0. 

7 

2z* + 5® - 3 = 0. 


8. 

6®*+ 13® + 6 = 0. 

9. 

G® £ +X- 2 a-0. 


10. 

9a4- 9®— 4=0. 

11. 

3z*-2® = 133. 


12. 

3®* + 2® — 85 = 0, 

13. 

3® 1 - 2® - 65 ■=• 0. 


14. ‘ 

V(z*~9|»2®-6. 

15. 

9a; 1 + 9® - 4 = 0. 


16. 

4®— 3z : = 6®-8. 

17 

® (2® + 1 ) = (x + 3) (a: + 8). 

J8. 

2z £ — 2(® — 1) £ =3®(® 

19. 

if* + (x-7)‘={*[lx 

-**)■ 

20. 

« 

1! . 

1 

\ 

•4 

tj 

21. 

a* — 2ax = l/ : — a 5 . 


22. 

a* + 100®= 1100. 

23. 

(2ar — 3) 2 - 40 = (a; - 

2>. 

24. 

(3® - 2J 1 = 4 (2® - 3) 1 . 

25. 

(3x-l)‘-G(3x-l) 

+ (2® 

-3j £ = 

25, 

29. 

(x-ij(x-i)-i-(x- 

l)(x- 

i)-(2 




u 


elements of algebra. 


27. 


® i + 1 


X 


ia*+2a + 2 a + 1 


28. 


2® , 2m-5 


F + 


x — 4 m- 3 


»8J. 


on £+5, ®+3 19 

^ -m+9 + ®+7 1 99" 

m 2 ® 4 
• 3L 2 + * = 3 + 3' 

OO ® + l <8-1 4m-7 

od - — =-4 rr r • 

x-1 a + 1 2® -4 


1 99 

30. 9®+±=— +4. 

® a 

on mj-1 ,'g-l 4m 4- 2 
® + 2 + x— 2 a 2m-l ' 


34. 


m 


26 


a + 6 a — 6 a E - 6* 


35. 

x + 3 ■ 

m+1 

3m - 5 

3m — 3 

m + 5 

® + 3 

3m — 7~ 

3m — o' 

36. 

a — 3 JB-1 
® — 5 x—3 

3m+ 5 
3m + 7 

3m + 3 
3m-f-5 * 

37. 

m + 2 

m+3 

4m-7 

4m- 9 

a + 1 -m+2 

4« — 5 

4m — 7 " 


38. m E - (a+ 6)m+a&<=0. 39. a*- (a- b)x=>ab. 

-40. ® J + a s = (a + l)a E ®. 41. m* — 2am+a I =«*. 

42.] a E ® 2 - 3am + 2 =0. 43. acx t = (bc+ab)x-b t . 

44. m z -am+4( a + a;-6)6 = 0. 

45- (m E + l)(a E + a& + 6 E )=2®(a= + 3a6 + 6 E ). 

46. 46 : ® — (6 E — a E + ®) E =0. 47. (6-a)® E + 2a = (a+ 6)m. 

48- x z — ax+'ba + i[x — 1) = 0. 


/ 49 . i + J— = * + J_ 50 . ^ 

mm+aoa+6 o 

51. a t x i + b t + c i = a i + 2£c + 2a®(6 — c). 

1 a — c 


2m + l 
1 - a 


* ■ 


52. 

53. 

5d 


(a + b)(a+c) Jr (®— a)(x- b){a + b) {a - a) (a + c) ' 

1 1 a — a - c a 

ab — ax bc—bx a[b -m)(c — ®) ab{b — x)‘ 

(a 1 + b t )x-2(a~b) t +4b t (m + l) E -3 
{a z + b z )x — 2(a + b) z + 46 s - (®— 1) E — 3" 
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* 


tv 


55 . 

56 . 

57 . 

58 . 

59 . 

60 . 
61 - 

62 . 

63 . 

64 . 
66 . 
66 . 

67 . 

68 . 

69 . 

70 . 

71 . 

72 . 

73 . 

74 . 

75 . 


**-3(2+ V3)* + 2(7 + 4 V3) = 0. 

(11 ~G V2)«* + (3- V2)z-G-0. (o^JW-v) \ 
(** + 5)(«- V3) = (* + V3) (x- -3). 

V* + l ,. V* — 1 14 

Vie — 1 + ° V»+l 3 

_S_L + I),1 + J!±£- + * 

a-c\ x) (a~c)x (a-e)\ x) 


, V3-1 

2— V3 


* 1+ V3 + 1 

r+ 2+V3 = 1&> 

3 . 

2 

2 V* 

1+3 V® 

V«(2«- 1) 

“ 2*— 1 * 

v« 

Vff X ~ Cl 

. _L 9« 

Vt» — Va 

V # + V ci 

l • v 1 

m + a 

V(2* + 9)- 

--/(*- 4) « 

= V(a?+1). 

V(s + 7a) ■ 

- V(® + a)«= V(2a>). 

V(s + 2) + 

V(« — 1) = 

V(2ar+5). 

V(» + l) + 

V(*-2) = 

V(* + 6). 


V(a*+5*) + V(a z ~bx) =» V(te + a*). 
V(aJ 4 + 3*+9) — ^(**-9) = 3. 
V(2®+1) + V(7» — 27}-=» V(3* + 4). 
V(2*+7) + V(3aj-18)~ V(7* + l). 
V(2®-1) + V(3*+10) = V(13*- 1). 

V(5-«) + /(5 + .)- 7 i^. 

V(12-a?)_ 3 

5 *“ V(12-*)+2' 

1 + Vll - 2s) 2- V (1 — 2a?)_ 

1 — V (1 — 2*) it & y. 

2 : + V(1 2a - *1 Va + 1 

2 - V (12a - x ) = Va - 1 ' 
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elements of algebba. 


*76. 

l 

_ 4. . 

1 

V (x + 2a) 



V t® + a) 

V (x — «; 

V var 2 - a 1 ) * 

. 


77. 

4 (2a 1 — re*) 

+ b 4 (2a 

- x) 4 ('+ b 



• • * 

V (2a 1 - a. 1 ; 

— b 4 (2a 

-jl) 4a-b‘ 



78 

x-3 

+ 

2 5(*- 

-1) 


f wr 

4 (a?+ 1; -2 

4(x- 

lj + 1 V(5x- 

-i)-v 


79 

x-2a 


® — 3a 

2x- 5 a 


V(«-a) + 

Va V (*+ a) -2 Va 

V (2x—aj — 

24a' 

6 

CO 

a^+ax+^a* 

=„_ i ^(- r4 $«*** + & 

a 4 ). 


81. 

a — ®4- 4 (3a* -2a®- 

x z ) = V (3a 1 + 

4a® + ® l ) - 

V(a* - 

82. 

V (2«* + »- ll + V ,3x 

-1-2® 1 ) 





= V(3 + x - 2x 2 ) - V (2x ] 

! -5® + 3). 


83. 

V («x+2x*) - 

f V 12a 1 - 

- 5ax + 2®l). 





= 4(2u* 

+ 3ax - 2x z ) - 4 {ax- 2® 1 ). 



/a + V <2ax- 


(lzJLV=i? 

/ ./’(2a - r) 

- Va-V 

0*4. 

\a - V(2ux- 

-«‘7/ 


\ V - ® ) 

+ Vx/ 


Equations which may he Solved 
like Quadratics. 

188. Every equation of the form a?" ±qx n i=p, where the 
unknown quantity is on It found in two tenn u , and its index in 
one is twice as great as in 1 lie other, may be solved by processes 
similar to those given in the prt. ceiling chapter. 

JSx. 1. Let x 1 - 13®* + 36 =■ 0, to find x. 

33y transp.' x i - I3x* =-36. 

a;* — 13a; 1 + (k 3 ) 1 = (\p)* — 3G. 

•=(\ s + 6)(¥-6)« 

= = «§)*■ 

»*«• V±g = 9 or 4. 

»*. cf = i3 or i2, 
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Ecu, 2. Let a 1 - 6* 1 — 27 =» 0, to find a:. 
a 4 — 6 a 1 =27. 
a 4 — 6» £ + 9=27+ 9 = 36. 

.**- 3=±6 
** = 3 + 6 = 9 or -3 
®=> ±3 or + V( — 3). 

Two of the valacs of a, +3 and -3, are real and the other 
two values are imaginary. 

Ex. S. Let *+4a^ = 21', to find x. 

* + 4*- +4=21 +4 = 5*. . 
a- +2 = ± 5. 

*^= —2 + 5=3 or —7 
.*. a? =9 or 49. 

Ex. 4. Let ar^+af - = 6, to find u. 

X~ l +X~~ + £ *» G + £ = 3 / . 

tt - + £ = ± £ 

/. a~^= -£+£=2 or -3. 

® - =£ or — 

Ex. 5. Let a'' -(<t + 6)«" + a&=0, to find a. 

x tn — (a + b)x" + {J(a+ £>)}* = {J(a + 6)}* — ab 

“{*(«-*)»*• 
x n -i(a + b) = +i( a ~ &)• 
a n = J{a+ J+ (a-Z>)} 

= a or 5. 

By extracting tho n ih root, the values of x are known, ’ 
Ex. G. Letts'-* — 5*^+ 6 = 0, to find a. 
x^ - 5a 3 = - G 



'• ELEHE3TS OF ALGEBRA. 


a#-5a^+ ^ = ^-6=* 
4. 

o^=§±£ = 3 or 2. 
a =27 or 8. 


' 9jb° 

Eb. 7. s* Va^- 77 — +8=0, to find 

x n *2-9x n ~*+8 = 0. 

3o 3n 

a ) -' — 9 a ; *'+8 = 0 . 
ae^-Sar* +(§)*=(£)* _8~y. 
a; ■* — §= 

.*. aA =£dfc|=8 or 1 

Extracting the cube root of both the sides. 

1} 

m 4 =2 or 1. 
x " —16 or 1. 

By extracting the 71 th root the values of x ar e known. 
1-12 

Ew. 8. Lety2(a; n +a; ")=4" + l, to find a. 


"Jx 2 

Multiply by ^ w>" + 1 ■ 



2 



(Vi) t -¥2Zri + l^^ 
4V4 


/V4-1N 1 
V 2V2 ; 


1 t/"4 + l _ V4 — 1 

■'*** 2^2 * 2V2 ' 

1 V4+1. V4-1 I 

*' ® ” 2^2 * 2 V 2 v2 ^2 
«=2orf. 
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Ex. 9. Let l ~da i ) 

S' 

^a^~ l (a~ n ~ l -5a- n ~ 1 ), to find a. 
Because (a"* 1 ) t <=x- x "’' r =a 2 ”. 

X-" - 2a- B ~ 1 x~ n ~ 1 - 3 a ~ n = a~ n ~ l x" n ~ l - 5rei” 



a- n - 3 a-"~ 1 x- n ~ 1 + |a 2 ” = |a s " - 2 a^^ja 12 * 
a- — ga- , 

rt q nfl~l 1 « ft “l 

.*• a- =|a- 

=*2a 2 or a~ 


Extracting 2"~Hh root the values of x are found, 

189. The equations, which are reducible to the form X aa 
ijiPijo 0, (in which X represents any simple or quadratic 
expression involving the unknown quantity) may also bo solved 
liko quadratics. 

Ex. 10. Let a; 4 - 10ar B + 35a: ;: - 50r+ 24=0, to find the 
values of x. 

( x 1 - 5a;) 1 + 10 (a; 1 - 5a) + 24=0. 

Let ~ 5a; = y, th en 
y 1 + 10y + 24=0. 

.-. y*+10y + 25 = 25-24~l. 
y + 6= ±1. 
y = - 4 or - 6. 

/. x*-5x= — 4 or -6. 

a^-5® + ^5=^— 4 or - 6 
= 5 or 

a- 1= ±§ or 
•*. »=£±#or£±^ 

= 4 or 1 , or 3 or 2. 

jE». 11. Let a 1 — 5a;— 6 -/(x 1 — 5® + 10) + 18=0, to find K. 

a^-5a;+10-6 V(a l -5a; + 10) + 9 = -8 + 9=1. 
Extracting square root, ■/(ai*-5a;+10)-3 = ±l. 
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V(* E -5a+10)=3±l=4 or 2. 

03*— 5aj + 10=16 or 4. 

33*— 533= ±6. 

33* -533+^6 =-*^±6 = or 
* • 33 — ,jf = + A Or i 
33 = ^rti Or f±^. 

33—6 or —1, or 3 or 2. 

y Ex. 12. (ffl*-13a*)*+2aa3(®*-13a*)+a*(33*-13a*) = 
to find the values of 33. 

33* — 26a*33* + 169 a* +2aa3 5 — 26a s x+a t ar— 49a* =0. 

.-. 33* +2az s +0*33* -26a* (X s + aw) + 120a* =0. 

(«* + aa3)* - 26a*(33* + a33) + (13a*) * = (13a*)* - 120a* = 49a* 

' B* + aa3-13a* = ±7a I ; 

1 43*+ a»= 6a* or 20a*. 

33* + a© + \a* — (6 4- ^)a* or (20 + ^)a* 

=' l 5 a* or ^*a*. 

.*. 33+^a= ±fa or dbfa. ' 

.*. ro*=» — 4a±f-a or — iaiSa. 

<=2a or —3a, or 4a or -5a. 

Z?33, 25. Let V(«* — 733+11) +-2-=J»- 4, to find the values 
of a. 

2 %/"(** — 733 + 11) + 3^ — 733 + 8 = 0 
33*-7m+ 11 + 2 ^(a:*-7« + ll) +1=4. 

•/(<8*-733+ll)+l = ±2 
a </(«* — 733+11) = -l±2 = l or -3, 

. .-. 33* -733 + 11 = 1 or 9. 

a* -733= —10 or —2. 

33* -733+ 0*=^-lO or -V -2 

= |or V- 

»-+= ±| or ±4 V(41). 

.-. 33=f±§ or V(41). 

.*. 33=5 or 2, or 4{7± V(41)}. 

< 
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Ea. U. Lot \ r {12x t +49 + 8V(x : +Gx~7))^=4x+3 1 to 
find x, 

12 a 3 + 49 + 8 V (a; 1 + 6® - 7) = 1 6a 1 + 24® + 9 ; 

, 4® 2 + 24®-40-8V(® l + 6®-7) = 0 

/. ®* + 6® ~ 10 ~ 2 a/^® 2 + 6® — 7) ■=■ 0. 

/. X 2 + 6a;— 7 — 2 ■/(»* + 6®— 7) + 1 =«3 + 1=>4. 

V (« £ + 6®-7) — l = i2. 

V(® 2 + 6®-7) = li2=3 or -1 
® ! + 6® — 7 = 9 or 1 ; 
a. ® : + 6® = 16 or 8. 
x 2 + 6* + 9 = 25 or 17. 

®+3 — ±5 or ± V(17). 

«c= — 3±5 or - Si V (17) . 

®=2 or— 8, or-3i V(17). 


of x. 


Ex. IS. Lot2m*-® t + 8-9® 8 + 18®x=0 1 to find thovalnee 
4 9 9 

Divido by 2a 2 , x 2 ~j + —. ~® + -=0 ; 

X & 00 


!(*"§) + I“°- 


... (®-£)‘-*{®-g)+fS-?J-S = f£ 

®-S-£=i£. 

® - §= 2 ±|=£or i i 
® l - 2 = 7® or a; 

.’.a 2 — 1®=2 or ® £ -®=2. 


® , '-J® + Jg ~^£+2 

®-f=i£ 
a;»Jif = 4 or-A 


®*-®+^-= 2 +^ 
(rr-a + i = % 
m — :£«=■ i§ 
®=^i§=2 or-1. 


22®, 16. Let x 2 -4x V®+7®-24 «/®+36=<0, to find tho 
values of a;. 

Ti * .. , . _ _ 24 36 ’ 

Divido by ®, ®-4 V«+7 — + • — = 0. 

V® ® 
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a; + 12 + 4 ( 'J'en-k- - 7 -^ =5. 

x \ V®/ 

(• / " + 7 i )’- 4 (- / * + 7 i ) +4 “ 9 - ' 
' r * + ^- 2 -* 3 - 
Va? + - 7— =2 ±3 = 5 or -1 


a;— 5 V;5°- 6 or a;+ V®= -' 6 . 


® — 6 •/m J r 2 £ =^— 6 =-£ 

Va;— £-*= ±4 
•Ix*a\ dLi<=3 or 2 
a; =9 or 4 


ib + V r m+i=-6+i c = " 2 /< 

Vw + i = ±'f(-y > )- 
•.^=-4 ±£^(-23). 
■.««=>{ -^±4 V (- 23 )}* 


190. If all the terms of an equation be brought to one side 
and if the expression thus obtained can be represented as the 
product of simple or quadratic factors, then the solution of the 
equation can be effected by the methods already given. , 


Ex. Let (®-a)(cc I -36a;+26*)=*0. ’ 


Dividing both sides of the equation by each factor we may 
see that other factor is zero ; s-e =0 or a; t ^36®+26**=0. 

From the first equation we get x=a and from the second we 
get «=£> or 26. 


Ex. 17. Let ® E =7® + 6, to find the values of x. 

«(«* — 1 ) — 6 (® + 1 ) «= 0 . 

(« + l)(«* — ® — 6)=0. 

0 -plt=O and x l — x— 6=0. 
x= —1 and o t — a+i=6i= s £. 
to — 4 «= ± £ . 
a;=4±g=3 or-2. 
x= —1, 3 or-2. 

Ex. 18. To solve •/(«* — 4a® +3®*) + V(a f — {jas+fi® 1 ) 

=■ VX2 a*— 9aot + 9x t ]. 
-f{{a-2>x){a—a)\ + -/{(« — 3®) (a— 2®)} 

— V{(a~3®)(2<z-3®)}=0. 
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*S(a-Za){V(a—x) + V(a- 2s;) - V (2a-3a;)} =0. 
V(c5-3i) = 0, a — 3ar=0 ; x^=\a. 

Also V”(c-a;)+ -/(a—2x) = V(2a-3a;). 

Squaring a-®+a-2«+2 V'{(a-«)(a-2aj)} = 2a— 3ar. 

2 V{(a— ®)(a-2a;)}*=0 ; V(a~a;)"=0 or V(a-2fc) «=0, 

<s=a or « = |a. 
a;=a, ia or f<r. 

.Er, 70. Let x® -3a; — 2 = 0, to find the values of a;. 

<r(a^— 1) — 2(a;-l) = 0. 

(x— l){a; s + ® - 2} = 0. 
x — 1 = 0, x=l. 

Also x t +x-2*=0 ; .% a t +a+i= 2 + £; 
a;+£=>±S; a;=> -^=feg = l or-2. 


Ex. 20. Let a<=Vl, to find the values of a or to find thn 
cube root of unity. 

a 8 = l. \ 

a J -la0, or (a-l)(a I + a + l) = 0. 

A a ~1«=*0; and «*=*!. 

Also a : +a + l=.0 ; 

hence a-=i{ — lA V(- 3)} 


Ex. 21. 

b x bx b 2 x 


3l+ 5 + F + ^’ tofind *• 


n s 


a-b t a(b-a) a*( b-a ) , a 5 (w-b) n 

— + -ggr— +— ^ -U 




6’a; 1 


, T . fl a a z o ! ) . 

•* <- a ~v{b~ Vx~ b^> + tvr 0> 


.. m — b*e0 and a=b. 

Al ^ ° «* Q 8 

b bx 6 ! a; + t^a; 1 


= 0 . 


ba t —abx~a t x + a B =0. 
.'. bx(x—a) — a z (a)—a)=0. 
(bx— a 2 ) (m - a) => 0. 
®-o = 0 or 4® — a*=0. 
a* 

ora;=*- r '. 
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Ea. 22. Let (a + l) i =8(x i + l), to find the values of x. 
s < + 4rc ! +6a:*+4a:+l=8x 4 + 8. , 
7x i -4a t -6B t -4x+7=0. 

This may be solved by Art. 189 or by Art. 190. We will 
.solve it according to Art. 190. 

7(a; 4 + 1) — 4 (k s + a;) - 6®* =0. 

Divide by 7m 1 , then ^(x+~\ - ~ = 0. 

*o* 7\ xf 7 

a+|_f=±i^. 

••• ®+i=f±\r=2 or- V. 

» a 1 — 2«+l = 0, or a* + V ) ® + l r =0. 

From the first equation ®=1 ; from the second 
aJ =-J{5±^(-24)}. 

Ex. 28. Let g B -o 6 »0, to find the values of tr. 

a? B — a c «=>(« — a)(a: 4 + ax s + a 2 !c I + a 8 flj+ffi 4 )=6. 
a;— a=0 and a = a. 

Also ar 4 +aa: s + a I <o I + o s a;+a 4 >=0; 

d® €L ^ 

divide by or, a^ + aa> + a*-l + “j = 0. 

X X 


.a 4 / tz*\ , ~ 

x* -i — T +alx + — ) +a* = 0. 
x 1 \ «/ 

•« 4 / a J \ a 2 , a* 5a 

••• ^+^+«(*+ ? )+4““'+r4 


a s a a*S5 
s+-^r + 2 = ± ‘ _ 2~ ‘ 


” " + 7' = ~2 ± 


a a Vo 


-*. a 2 +ia(l — V5)a; + o z = 0; orar : + ia(l+ V5)iC+a* = 0 ;etc, 

191. We will now solve some miscellaneous examples 
reducible to quadratics. 
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Ex. 24. Let ® + to find the values of x. 

a-vfa 1 — «■) « 


•; .*. ar(s-a) s = (a; i -a £ )(«! + o) ! . 


«/{%*- a 1 ) x-a 

(®— a){® l (®-«) — (® + a) s } = 0 . 

.*. ® - a =0 and x = a ; 

Also ®*(®-a) - (® + a) 8 «>0 ; 

® 8 — ax z -x? -3as ! — 3fi ! » — a 8 = 0 ; 
4&® I +3« : ® + « 8 = 0 ; 

®*+3«r + ;fra : = - -jfra*. 

•*• ®+5a«=±Ja^(-7) ; 

® = £a{-3± V(~7)} 


-Em. 25. Let J® 1 = 
to find the values of x. 


at 1 -5® +8 ® 8 ~5®+2 > 


3 . 5x -8 , . 

^ ”V-5®+8 + 1 


/ 5® 

~ \ar-l 


” ^*"® l -5® + 8 **-5® + 2 ; * ® ss0 • 

. , 3 1 1 

011 ^ ® s — 5® + 8 x 1 — 5® + 2’ 


^ — (x‘ — 5® + 8)(»* — 5®+ 2)' 

(® : — 5® + 8)(«*-5®+2)= — 8. 

.*. {(ar-5®+5) + 3H(® , -5®+5)-3}= -8. 
.-. (® £ -5® + 5) t -9=-8. 

.% {® 8 — 5® + 5)*=l. 

® 2 -5® + 5= il. 

/. ffl t -5® + 4=0, ®* -5® + G = 0. 

.-. a«.l, 4, 3 or 2. 
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Ex. 26. 


Tpt V(l-«) 

1+ V(l+»r 1- V(l-®) ’ 


to find the values o£ ®. 


Va+x) V(l+»)-l .1+^(1-®) 

Vll+®) + l x V(l+®)-l“ 1- V(1-®) X 1+ V(l-a) 

1+®— V(l+®)_ -/(l— ®) + l— ® 
a; ® ~ 


2«= V(1 +®) + V(l-»). 


4®*=l + ® + l — ®+2 V(l-® r ). 
4® : — 2=2 V(1 — ®*). 


2®*-l= -/(l-® 8 ), 

4® 4 — 4® 8 + 1 = 1 — ®*. 

* 

4® 4 =3®* ; ®*=0 ; .’. ®=0. 


Also 4®* =3 ; .\.»=±A V(3). 


jEfe. sr. 


8 7 

Let V® — = — = , to find the values of ®. 

x V®— 2’ 

Multiply by -fm~ 2, 


a-2-fz— 


JL+ — 

V® ® 


=7. 


®+8+— ■— 2^V®+-^^ +1=16. 

•• (^ + ^)'- 2 (^" + vi) +1=16 - 


, 4 , 

•/%+—? — 1 
V® 

jb-6-/®+4=0 

x - 5 V® + ©*="/— 4= $ 
V®-f=±5 
V® = £±£ 

.*. V®=4orl 
®=16 or 1 


= ±4. 

or ®+3 V® + 4=0 

® + 3 V®+(t)* e, 5'“^= ~i* 
V®+ f=±^V( _ 7)- 

/. ®=i{-3±V(-7)}» 
=+{l±3 V( — 7)J 
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? 

v/ Ex. SS. To solve. 

W(« £ - 2 ) /<* ± 

ic+ V(*>-2)“^' /( “ )X( * ^ W(* + V2J- '/(s-*/2)| 

f Vfa+ V 2 )-^(a;-V 2 ) ^ 

X '/{x+ */2)+ V(x- -/2)] 

J ± d® - ^ - iffi/U =■ (2 e)£ x (a;* -2)*. 

\^(®+ V 2 >+ V(*-^ 2 )/ ; 

Extract tho fifth root of both the sides and rake them to 
tho fourth powor, 


” m + V (x 1 ~ •_') ’ 


-2x •/ (a* — 2). 


at+ v r («*-2j a;- V(s*-2) = 2< ^ “>* 

x £ - 1 - £ V(x* - 2) =2® S(x z -2). 
x £ -l=3x^(®'-2). 

«* - 2® 1 + 1 = 9® 4 - 18®* 

8 ®* - 16 s 1 - 1 = 0 . 
x t - 2 ®* + l=^+l = g. 
ar-l = ±ft^(i). 

•*• ®==l±|v(£). 

.•. ® = ± V{1±{} </(£)}. 

1 3 


Ea. 29. i 5 a; 2 _^^ a . + 2 ^ i0x*-9x + 2' 
the values of a. 


18® s -9« + l, to find 


(5®-2)(3®-l) + (5®-2)(2®-l)“ (3 * W 6 ®” 1 )- 
(5® - 2) (3® - 1 ) (2® - 1 ) “ ~ 1) (6 ® ~ 1)* 
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(3*-l)*(2»-l)(6*-l)=l. 

(3a; — l) : (6ca — 3) (6a;— 1) =3. 

(3x- l)*{2(3a;-l) - 1}{2(3»- 1) + 1} =3 
(3a? — l)*{4(3aj — l) 2 — 1} = 3. 

4(3a; — l) 4 — (3ar-l)* = 3 

1 (3a?-l> 2 -i-==fcf. 

(3a;-l) E =£±£=lor-2 
3®-l = ±l or ±4 V(-3). 

3a;=l ±1 orldb}V(-3). 
k *. «-=>0 ora;=f, or a;=£{l±£ -/(-3)}. 

EXAMPLES LX VII. 


1. 

a; 4 -5a; 2 +4=0. 

2. 

a? 6 — 9a; E + 8 = 0. 

3. 

x 10 -33a; 3 + 32=0. 

4. 

a;-3 V®+2=0. 

5. 

a;— 14 Vor + 45=0. 

6. 

2a; 8 + 3 V (a?*) = 152. 

V. 

ar" — 5a;” + 4=0. 

8. 

a;*— 41m*+400=0. 

9. 

x+3*f(ax) = 10a. 

10. 

2a; 4 — 3a: E =1175. 

1L 

x%+7aft = 4A. 

' 12. 

1 \ 

2 1 

«j n -8a; m +7=0. 

13. 


v 14. 


15. 

33^- 14a?' 1 4- 1=0. 

16. 

af E +§a; -1 =$. 

17. 

8 - 

18. 

ar*"-ar“=*2. 

19. 

2(a^-aT*) = 3. 

20. 

8(ar r + a;""" 4 ) ■=* 65. 

21. 

V(a?-9)-3 4 /'(® 8 -9) + 

2 = 0. 


22. 

V{8(a;*-5)} — 4V{8(a I 

- 5)} + 3 = 

= 0. 

23. 

3 4 /(a;*+7) + V(a;* + 7) =10. 


24. 

a^ + ®+2 V(a; i + a;+4) = 

20. 

. 

25. 

2a; J -5a;+12-5 V(2a;*- 

5a; + G) = 

0. 
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26 . 

27 . 

28 . 

29 . 

30 . 

31 . 

32 . 

33 . 
34 - 

36 . 

X37. 

38 . 
/ 39 . 

y 40 . 

- 42 . 

43 . 


4 15a 15 35 

X-^ + T =a 

(a— l)(a— 2)(a-3)(«— 4)=120. 

(a - 2a) (a — 3a) (a - 4a) (a — 5a) = 360a 4 . 

(a* — 5aa +■ 2a 1 ) 1 + 6(a : — 5aa + 2a I )a i + 8a 4 = 0. 

Oa 1 + 62a : a : + Ga 1 — 35(a : + a s )aa = 0. 

8a 1 — 54a Va + 101 a - 64 Va + 8 = 0. 
a : — £a V (3a = — 4aa + 4a J ) =g(2a+ 13a) a. 
m : - 2 V(3 e : - 2aa + 4) 4- 4= 3«(« + la + 1). 

V(a 4 -1)+ V(n’--l) = m’. y35. 3- +1 + 9^ = 108- 

«_4 + V(^=^r. 

v \a + 4/ a + 4 

(aP 4 -)^ r =s(^Tfcl)(® r + a; r ). 

2 Va — V{4a — V(lla+5)} =1. 

a : (2a- 1)= + 8a(a - 1)' - 3(2a+ 1)* + 4(2« + 1) + 3 = 0. 

12 


« »■ 16 60 , r 
a — 2 Va 4 — t — h — = 15. 
Va a 


41. 


a* -a — 2 


*9+a— s*. 


/ 


a 1 — a + 5 V(2a I -5a + 6) = 4(3a + 33). 

a 5 = 116 

a* + a + 5 V(a* + a + 5) 25a' 


44 . 

/ 

46 . 


a*j-l 7a + 7 
a 2 Va 1=3 

a* -3a* + 2a = 0. 


13. 45. 


a* + 2a-2 a*-2a+3 

47. a*-2a=4. 


48 . V(a 4 + 22)-V(a^-4)=2. 

49 . l+V{(2a+7)(4Va-7)}«2 Va. 

50. (a-l)(»-3)(a — 6)(a~7) = (a-2)(a-4)(a-6)(a — 5). 

51. V(s + ll)+ V(a + ll)=6. 

52. a* + 12a - 365 = 2 V(a* + 12® - 6). 
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J 


53. V(a 1 +2a® -3a 1 )— V(a*4-aa;- 6® s ) 

= y{(a+3®)(2a— 3®)}. 
54- 7®+ */(® 2 -17®+4)=2®*-27a:+2. 

55. ® 4 -5® 3 +5a:*-5x+4=0. 

56. '®*+2® B -'ll® 2 +4®+4«=0. j 

57- 6 V(®*- 2® + 6) =21+2 ' t ‘ y 
58. y(ft + ®) + y (tJ + *) = 6. h ' 1 v ‘" h 

59 - V / (S +a 7 )"V / (il“ a: ) =I * 


// 


60. 

61. 


1 . 


4® 1 — 9® + 5 4® 2 -7®+3 

4 2 

® I -4® + 3 ® 1 -3® + 2 > 


8(®-l)*. 
® l — 3® + 2. 


62. 


63 .' 


64. 


65. 


66 . 


6® l -7®+2 + 12®*-17®+6*' 8 ® 1 “ 6a:+h 
® 1 -6® + 4 + a*- llto + 28* =X &B + 10. 

\ 

•/(x* — 4® + 12} - 4(® 2 + 1) =4- 2®. 

V(aj 1 -4®+16) - V(®* -4®+14) = V(21)- V(19). 

V{a*+ (®+ b)a + bm] + V{b z —(z—a)b-ax) 

= — (a — fc)® — 


^'67. a; 1 -2®*+® -132 = 0. 
-'68.-’ a{®+4) + l(J + 4)»14£. 


69. 


70. 


y(5+ ^®) + V(5- ■ 

® + 6 ®— 8 7(®-l) 2 „ 

^8-5T6 a ®‘- 2 -y_-72- 7h *+V® =3 - 


72. (®+4)(®-3)=36- V{(®+3)(®-2)}. 

73. 4 V(®*+3®+f)+}(2ffl*+3®)=16./ 
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74. (ffl-4) J + 2(m-4)t=i-l. 

3a 

75. V(ar-6® + 15)~ -/(K 1 - 6k + 13) = V(10)- */(8). 

-^76- i(10x s + a; + 5) 1 f (» t + 7a;-2) , = (5s , -s+4^ 

+${8K*+10K-4) f . 


77. 16k(k-1)(®-2)(«-3) = 9. 

V 78. (12 k — 5) (2* - 1) (6® - 1) (4k - 3) = 35. 

79. (k - a) (k - 2a) (b - 3a) (k - 4a) <= 3a*. 

^&0. (12®-1)(6k-1)(4k-1)(3k-1) = 5. 

81. •/(« + 2Vk)- ./{m-2 V«)=2V(k*-4k). 
-4B2. •/(! — x) + -/(l — k+ •/(l + «)}<=■ -/(l + a). 


83. 


40 


20 


8 


; — 1 


12 


si 1 — 49 k 1 +7k k 1 +8»— / 9 * «* + 3m-64* 

f. 84. (®-'l) t + (a-l) 1 = 2(«a + l}+ V(3(k + o) , +4ok}. 

85. V(k+ Vk)-2 V(«- Vk)=»o^^-~^^. 

oc //k*-2k + 3\ //x* + 2w+4\ 

86. V (k* + 2k+4 ) + V (b*I:2k + 3) ° 2 - - 

O 7 

87. 


(® — 3)(®+ 1) (k- 2)(® + 1) (» - 1)(k — 2) 


88 . 

89. 


(®-2)(k-4) + 12 = 0 ‘ 


3 + 

6 

1 

5 

2 

7 

K-l + 

k+2^ 

a — 

’ E + l^ 

a— 2 a?+3 

5 

4 

21 

5 

4 

21 


k+2 + 

® “ 3 1=1 K + l + 

K — 2 + « + 3' 


90. » j -5k=> */(50k— 24 — 10®*). 

91. k*-2k= V(8k*-16k+9). 

92. (a 4- 6) V(a* + J* + k*) — (a—b)*/ (a* + 5 1 — ®*)e=a* J- 6*. 
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93. 

94. 

95 . 

96. 
9*7. 


V (1 + x) 


*f( 1 -«) 


1 4- V(1 +ai) .1 — V (1 — a?) 

V (x* + 3a) 4- V («* — 3a) 3x + 3 </a 

V (a; 1 + 3a) — V (x 1 — 3a) 3« — 3 Va * 

V (x 2 - 5am + 4 a 1 ) — 2 VC® 1 - 5am - 4a*) 

*=■ V(3x*— 16a«-14a*). 

V(a: s — 3ax+2a*) 4- ->/(x t 4-3ax4-2a*) = V(2i8*+4a i ). 

V(x*4-a 1 )4- V(m* — a*) V(a:* + a t ) — *f(af-~a t ) 

V (a : e + a 1 ) - V (x 1 -a*) + V 1 (x 1 4- a 2 ) 4- V (sc* - a*) 


V(x4-1)4- V(x-l) V(m + 1) - V(m-l) 0 , r 
Vim 4-1)- V(®-1) + V(x4-1)4-V(m-1) U 


98. 

J“99. 2* — 14-® V(x* — 3)4-(x— 1) V(x* — 2m — 2)=0. 

aoo. 

101. 

102. 


m s - 3m + (x 1 - 1) V(x s - 4) - 2 


V(S) ; - 


a* — 3x4- (x* — 1) V lx 1 — 4)4-2 
V*4-2 V(2a— «)= V{x4- V (2ct* — 3<zs» + a;*) }. 


- (b — c)* (c—a) 1 

0-c) 2 — (s-a) 1 + (c— a)*— (» — 6)* 


(a — 5) J 


* 2 . 


103. 

104- 

105. 

106. 
107. 


(a — 6) 2 — (m — a)* 

V{x(m4 - b-x)} 4- V{ro{7! + x-?a)}+ V{w(m+»— «)>*=0. 
(x* - 2® + 2)*= 4(2x — 3). 


/x* — 13x+31\® 

\ x* — x — 11 y 


1- 


4x -8 


x— 11 ) ~ x+1 

(x I -7ffl-8) f =(x+l)(x+4)». 

(4x* - 7ax -2a 1 )* = 4(4x - a) (x - 2«) s . 



QUADRATIC! EQUATIONS. 


a — 1 a*-6a + 6 

108. i a: “ a J_6a+6 + 6(a l -6» + 7) 


109. 3a- 12 1 


a 1 -30a +12 _ a 1 - 3 k 
2a* + 2a-l a*-3a+l' 


no, "Sy 1 * ( 2o ' +s ‘ + s^)**= 3 “ ta ’(” ,+1 >- 

(a+l)(a + 2) (a — l)(a — 2) 

(a - 1) (a - 2) + (a + 1) (a + 2) 

(a-i-3)(a + 4 ) (a- 3)(a — 4) 

^ (a — 3) (a -4) (a + 3)(a+4) ' 

112. • (a+ 1) 6 + (a - 1) s = 10{(a + 1)» + (a - 1)®}. 

113. (a — 1) (a - 2) (a — 3) (a — 4) 

=>1* + (a— l) z + (a~2) s + (a — 3) 2 + (a-4)*+5*. 

114- 2&{v r (l + a)-l} + 2ct</(l-a) + l} 

■=26-/(l-a) + 2c V(l + a)+ -/(l-a 1 ), 

/a+2\ I /a-2\ r „ a 2 -4 

U5 - (aT3/ + (i^3/ a^9* 

vfi+^^^ =V(Kl " ai){ ^ (<cI + aa;) ~ 

117. (l-a)av r (l + »)-(l + s)a./(l-a) . 

‘ = <C^{2 + 2 V(1 - a 3 )}]. 

118. S^(a J - l)^(a l + 1) 5 - &r(a* + l)y(«* - 1)* = V(2a). 

119. (a 1 -oa+a i ) l =§(o 4 ^-o : a J + a 4 ). 

iso* (rH) i +^ 1 +°) x (fTS)W(i-o«). 


3 
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Simultaneous Equations Involving 

Quadratics. 

, / 

191 When there are more equations and unknown quan- 
tities than one, a single equation, involving only one of the 
unknown quantities, may sometimes be obtained by the rules 
laid down for the solution of simple equations, and one of the 
unknown quantities being discovered, the others may be obtained 
by substituting its value in the preceding equations. 


Ex. 1. a — 


x-y 


2 

- x+3 y 


-4. 


,to find x and y. 


V- 


x + 2 . 


= 1 .’ 


From the first equation, 2x-m + y = 8. 

or x+y = 8. 
a«=8— y. 

From the second equation, xy + 2y-x-3y=m+2. 
or xy -2x-y—2. 

By substitution, (8 -y) xy - 2(8 -y) -y *= 2. 

8y-y z -13 + 2y-y=2. 
y t -3y— —18 

y z -9y+(?r) I =(|)*— 18<=>J; 

1 1 -%= ±i- 

y=£±f = 6or3.- 
x=>8 — y = 2 or 5. 

The solution will often be rendered more simple by parti- 
cular artifices, the proper application of which is best learnt 
by experience. 


Ex. 2. x z +y z =*6o, xy =28, to find x and y. 

From the second equation, 2an/=56 ; 

adding this to the first , & + 2xy+y l = 121. 
Subtracting it from the first, x t -2xy+y i <=9. 

By extracting the square roots, ®+y=±H. 

a-y=±3. 
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therefore 2a = ±14 Or ±8 
«= ±7 or ±4. 
and y= ±4 or ±7. 

192. It may sometimes be of use to substitute for one of 
the unknown quantities, the product of the other and a third 
unkown quantity. 0 

'Ex. S. aj* + ay = 12, xy — 2y t =l, to find aand y. 

Let x=vy, then tfiy 1 + t>y* = 12 (i) 

and vy* ~ 2y 1 = 1 . (ii) 

Dividing (i) by (ii), ’—^’=12. 

« t -ll®= —24 

.*. 24=5/ 

.'. v= ^±§<*>8 or 3. 

Prom (ii) y*=-^=% or 1. 

y = ± V(J) or ±1. 

®=oy=± 8V(J) or ±3. 


2jl fiS 

Ex. 4. — + — —18, a+y = 12 ; to find a and 

y x 

Prom the first equation, a B +y* = 18ay, 

•*. (x+y)(m s -xy+y x )>=18xy. 

12 (a 8 — ay + y x ) => 1 8ry. 


y- 


(A) 


Prom the second equation 

a I + 2»y + y l =144, or a I +y f = 144— 2a^ 


* This substitution may bo successfully applied whenever the sum of tho 
■Wnsions of he unknown quantities, in every term of each equation, is tho same' 



36 


ELEMENTS OF ALGEBBA. , 


From (A) 2(144 - 3 xy) = 3a :y 

9zy=288, xy=82. . 

y 

32 

:.—+y= 12; 12y+32 = 0. 

y 

y t -12y+36=36-32>=4 
y-6= ±2 
y=6±2=8 or 4. 
y*= 4 or 8. 

Otherwise ; — From the second equation 

- x 1 +y B + 3arj/(a; + y) = 12®. 

18xi/ + 3xy x 12=12® 

54cy = 12 s ; 

ajy=1728-f-54=>32 ; etc. 

* / 

193. The operation may sometimes ho shortened by sub- 
stituting for the unknown quantities, the sum and difference of 
two others. 

This artifice may he used when the unknown quantities in 
each equation are similarly involved. 

Ex. 5. Let » 1 +y 4 = 82, x+y^-L, to find the values of 
a» arid y. 

, Assume x=v+n. 

✓ 

y=v-n. 

x+y = 2» = 4; •*. u=2, 

x l + y* =* (u +■ n) 4 + [v — ri ) 4 ■= 82. 

.*. 16 + 24n* + n< = 41. 

+ 2471* + 144 = 144 + 25 = 169 
n z +12=±13. 
n*=-12±13 = l or -25. 

±4 or 1) 

®=2±1*=3 or 1, 

1 = 1 or 3, etc. 
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Ex. 0. Leta; c +j' 5 =244, «+y=4, to find m and y. 
Suppose x=n+v 
y=n -u 

Then x+y = 2n=4. a n =2. 

X s + j/ 5 = (2 + o) 6 + (2 - 1>) 6 = 244. 

2(2 S +10’2 , u t + 5 , 2'o 4 ) =244. 

A » 4 +8b*=9. 

t> 4 + 8u*+16-=9 + 16 = 25. 

»* + 4 = db5. 

4±5=1 or — 9. 
o=±l. 

i tc=2±l=3 or 1, eto. 
j/=2t 1 = 1 or 3, etc. 


Otherwise >From the second equation, 
a;*+jr : = 16-2jny and x i -ry i ’=256 + 2x t y i — Gixy. 

But to® + y 6 •=• (x + y) (X* - a B y + x t y t - toy® +y 4 ) « 244. 
4{«* + 2/ 4 -tOJ/(tc I +y t )-t-to , y £ }*=244. 
25G+2a t y z -6ixy—xy(16 — 2xy) + x*y t =61. 

A to z y z — 16tc.y = — 39. 

/. to I y t -16tcy + 64=64-39~25. 


xy- 8= ±5. 
tcy=8±5 = 13 or 3 ' 

to+§=4, to* - 4® + 3 = 0. 
to £ -4®+4 = 4— 3 = 1. 
to — 2 «=3 41. 
tc*=2±l = 3 or 1. 
y=l or 3. 


x l — 4<o+13>=0. 
to 1 — 4® +4“ — 9. 
to— 2 = =t3'/( — 1) 
0=2±3 V( — 1). 
y*> 2*3V(-i). 


Another method : — Divide the first equation by the socond, 
then to 1 — x*y +m z y z — ay* + y 4 = 61. (1) 

From the second, tc 4 + 4a; s .j/ + 6:o , y*+4®y ! +y 4 = 256. (2) 

Take (1) from (2) ; 5ts z y+5x t y t +5xy*=195 ; 

try(to*+«y+j' I )=39. 

But a t +2xy+y t =*16 ; a a z + wy+y z =>lQ — xy. 

* .’• ay(16-toy)x=39 or ai't/ 1 - 16toy= -39 ; etc. 
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Ex.^7. Let X 1 + 2xy = 15 and xy + 2y* = 5, to fibd x and y r 
3 1 + 2a;y = 15. 

From the 2nd equation, 2xy + 4 y* = 10. 

x l + 4xy + 4y t = 25. 
x+2y = ±5. 

From the first equation x(x + 2y) = 15 ; x(4:5) <=* 15. 

3 = ±3 

From the second equation 3 /( 3 ; + 2y) = 5 ; y = ± L 


2 / 

Ex. S. y* + a; 1 +— = 21, y + «+ — = 7, to find m andy. 

Dividing each side of the first equation by each side of the 
second, wo have 

x z 

y — x4 — =3. 

■ y 


Subtracting this from the second equation we have 
, 2«=4; 35=2. 

4 

Alsoy— 2+-=3; y I -5y+4=0. 

Hence y = 4 or 1. 

Ex. 9. a: 8 +y B «-9 and x+y = 3, to find x and y. 

Divide the first equation by the second ; 

then x 1 — xy+y*=3 (1) 

But x 1 + 2<ry +y*= 9 (2), by squaring 2nd. 

Subtract (1) from (2) ; 3xy = 6 ; xy=2. (3) 

Subtract (3) from 1 ; a*-2an/+y* = L 

m-y= ±1 and 3+y=3. 

2®=4 or 2, 2y = 2 or 4 ; 3 = 2 or 1 andy=l or 2. 


-Ss. 

m (®-y)(«*-y*J =5, (x+y)(a: t +y t )=65, 



to find x and y. 


\ 

- x l y - xy 1 +y* = 5. 

(1) 


3 s + ®*y -f ary* + y 8 = 65. 

(2) 

Take (1) from (2) ; 2a*y +2ay* = 60. 

(3) 

Add 

(3) to (2) ; .-. 3 B +33*y + 3®y 1 +y s =125. 


^Extract the cube root ; »+y=5. 
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3^ 


Prom (3), xt/(x+y) = 30. xy=5. jf»|, 

a+J = 5; .*. ay 1 - 5a+6 = 0; .*. «=3or2. 

.-. y=2 or 3. 

Ex. 11. w+y+ V(*+ 3 /)'-C and rcy=3, to find a: and y. 
(x+y)+ <f (a + y) + :J=6J=^£. 

**< V(«4-y) + i = ±^. 

V(a;+y)= -i±£ *=2 or- 3. 
a + y = 4or 9. 

.*. x = 4 — y or 9 - y. 

y(9-y)=3 or y(4-y)=3. 
y l - 9y = - 3 or y*-4y=-3. 
y t ~9y + or i/* — 4y+4=4~3. 

V(69) ory-2= ±3, 
y=2±l«=3orI, or§±£V(69). 
x=l or 3 etc. 


Ex. 12. ~~+ — =20, ands-t2y=3, 

y* »' y x 

to find a and y. 


(|-4) tl _20-8 +i -I2 } . 

(H)‘* G’SK** 

‘r?^“ , 

a?- — = — =3 or— 4. 

y x J a 

.*. m 1 — 4y 2 = 3®y or — 4®y. 

(3 - 2y)* — 4y* - 3y(3 - 2y) or - 4y (3 -2y) ; 

.’• 9-12y + 4y l -4y t = 9y-6y* or-12y+8y*, 

6y* — 21y => - 9, or 8y 2 = 9. 

V ~ i = 4= S' i *”• y = J± J ■= 3 or 
ojt=3_2y = 3-2x3 or 3 — 2 x£ = — 3 or 2. 

From8y* = 9, y=±§V(£) and aj = 3-2y=3^=3 </(!)• 
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Ex. 13. £B S ' +8 =y 3 *, to find x and y. 

3 - 1 Qj. 

w=y^sc=y^- .-. — =£; j/4-8 = 6a?. 

' Bnt3/=®*; cj* — 6®4-8 = 0. 

Hence 0=2 or 4 and y = 4 or 16. 

v / 

■E®. 14. Let ®*4-j/*-3aj— 3y4-2®y<=>0 and ®+y=5— soy, 
to find the values of a and y. 


From the 2nd equation ®* 4- j/* 4 - 2®i/= 25 -1005/4-0*2/* ; 
x t +y t =25 - 12xy+x t y i . 

From the 1st equation, 

(®*+y f ) -3(®4-2/)4-2®2/=0. 

25 — \2xy + x z y * — 3(5 — my) + 2xy = 0. 

x x y i -7xy= —10. 

- 7 xy + ©*=- 10 +^=j. 

■*• ±-§. 

.-. ®y=f ±f =2 or 5. 

0+|=6-2 or 0+|=5-5. 

®*-3®4-2=0. • «*4-5=0. 

A ®=2 or 1. »=±V( — 5). 

?/=l or 2. ••• y==pV(-5). 


E®. 15. To solve ^4- g+J/ 1 


V(f + 2iJ ) 


i® 2 / 4 - 2 VC® 2 - ®y 4- 7) «= £(ro* 4- 16)- 


(A) 

(B) 


§4-J + r4-|4-® 2+ ®^- + 2 ^ 


0 * 


0 ® 
' 2 / 


® 4 3o* . or 

35 »- -T+y'-Ty+W' 

a£ 3 ,yl_x_ ,y K 

4y*“4 0* 22/ ® 


■ 0 . 


=0. 


4 $/* i+ 0 * 


L*_Y^_^ + i=o. 

4 \ 2 j/ 0 / 

. /«._yy_ ^W=o. 

- V 2 y ®/ \ 2 y 





„ ...-a-' 19 " 0 ' 

**** * 

■p t ota^) v ' 

... •n^JU' 4 **'* - 

•• 2^ .9,«**u. 

-V 4 4 


or * 1, 

* 1 _ j- *7 7 ** 

*«. 110 * 
v ‘ ifi _ — — t3T-- . 


im 


,/„*.. «r)l" rf.,-«J eSl “ 

*’ w ^ 

4U - . 

vmV * 1 ■ 


Jto”/'" 1 "' 

•••*** ^^-s£rro*r® 1 

jw~>W ^* y+ ’ ., 
W^* #) rt-JW 

. w' z 7 ( , v t,«‘V 

^..lexy* 6 

••• ® t ^=.4*. 

, B-0- 

V- 49 *- ;- *. 

5nJ==4J, ‘ 'yi"^* 6 ’ 1 

6 *stitute ^^ 0Bt + 64- 0 - i5 c 




5.6^0® 
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Ei 8. 17. Let ai 4 = 6a: + 2y and y 4 = 2a;+6y ) to find » and y. 
m l = 6a: + 2y, 
y 4 =2z+6y. 

•• ^f+y 1 =8(2:+y), . . 

X l -y*=4(x-y). 

4(a-y)(w i +y i )=8(m+y)(x l -y*). 

4a; 6 +12a; 4 y — 12«y 4 — 4y® = 0. 
x B +3x*-y — 3xy i -y B = 0. 
put x<=vy, and divide by y B } 

\/v B -l + 3(v i -v)=0. 
v-l=0, v = l. 

a;=«y=y=®/'(6 + 2)=% r 8 = 2. 

Also c 4 +n 3 +« t +o + l + 3(c* + u* + »)=i0. 
t> 4 +4u ! + 4t> l + 4u+lt=0. 

4 1 

' t)'+4«+4-i — + -r=0. 

v tr 

( t . + -L) +4 („ t I) + 4=°. 

( v +~) + 4fv+~) +4=2 ; etc. 


_&c. 28. Let ajy+a^=5, a;y+y?«=8, a;5+y« , -=9 ; 
to find co, y, s. 

Subtract the third equation from the sum of the first and 
second, 


Then 2®y = 4 and au/= 2. 

a) 

From the first equation me =3 

(2). 

From the second ya=6 

(3) 

Divide the product of (1) and (2) by (3), 


then aj*=»l, x = ± 1. 

Divide the product of (1) and (3) by (2), 
then y* = 4, ±2. 

Divide the product of (2) and (3) by 1, 
then 2 l =*9, s= ±3. 
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Ex. 19. Let s+y +.rr=*6 

" '* I -y t + 2 l = 2y + 2 
(y t +2xz)(a+e) -y(x l + s , ) = 6j/*-4 


^ j ) to find a 
(?) J Vi *• 


Multiply the first equation by the second and add the third 
equation to the product, then 

<n 5 — y B + e 3 +3x*2+3x2* = Gy 1 + 12y + 8. 

(x + *) E =(y + 2)‘. 
x + e=y + 2. 

From (1) x+z= —y+ 6. 

y= 2. 

From (1) » + 2 = 4. a J + 2»e+e t <=16. 

From (2) x t +e t = 10. (A) 

2 xs=»6 (B) 

Subtract (B) from (A), then — 2x2+« , *=>4 ; 
x-2= ±2." 

But a + e=4. 


2»=4±2>=*6 or 2 
x«=3 or 1. 

Also 2 *=s4=f 2«=2 or G. 
e = 1 or 3. 

J&c. 20. Let §(** +y*)“S<!t' + e *)“f;l(« I + sl H®y r > 
to find a, y, s. 


ye az 8 

(A) 

V , 2 5 

r n - 

ars xy 9 

(B) 

x s ^ 13 

- 


(C) 


Subtract (C) from the sum 

of (A) and (B), then 

2 y 1 . 
5T 1 ’ 

... i 

2 

(1) 

From (A) 

r-t 100 

B 

sis; 

(2) • 

From (0) 

s 1 

xy ** 18 

(?) 
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Multiply (1) by (2), tben^= ^ ±£; a ,n ±4. 

Multiply (1) by (3), tben~= ^ ; a l = ± £ ; a a; =* ± 6. 

Multiply (2) by (3),!tben~-^ T ; a a y=±12. 

* y y 

EXAMPLES LXVHL 

Solve tbe following equations. 

- 1. 3to s + 2y*c= 35, 4®* — 3y* <=■ 24. 

2 . x+y*= r I,xy-=12, - 3 . x-y=5, xy<=3G. 

4- tc*+y l «26, «+y=*7 5. ®*+y* = 13, 3®+4y=17. 

6. **-y*£=9, a7+2y«-13. 7. a*+a;ya28, ®y+2y t «=30. 

8. — + —■= — «+y=5. 9. —4 — “2, ®+y=5. 

x y G' J my 

10 . 2ffl+jr<=17,<o*-2/*^ll. 11. £e z +®y=45, ® i -y I = 9. 

12. 4a? I +7y z =43, 3x t —y z =26. 

13 . z t +3xy-70, y 2 -f 6-try. 

14 . m t +my+3y*=33, 2x*~3xy+y**=6. 

15. a:*-2a;y-t-2y*.= 10, 2m i ~4xy+y i = -7. 

16. «*+2icy=45, xy+3y t >=22. 

17. ®*-®y=l5, y*— :cy=10, 18. <0*— 9iy=10, ®+y*=ll. 

19. m t ~9y s =16, ®y-3y*=2. 

20 . a* +43^+1/* = 121, 5a4+2?/* = 130. 

/21. (w+3y)(3®+y)=60, 2x(x+y) =25-y*. 

22 . ® J +®y+y t =208, ®+y=> 16. 

23. , 4® I -7y I +27=>0, ®+y=6. 

24. — 3®y+2y*<=3, 2®+3y=16. 
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25. 

x z — 3my— 10=0, my— 3y*=2. 


26. 

*+y + *-y_ yl=9 . 

®-y ®+y 

- 

27- 

*+;-«l. »+;-*!• 28. 1+1- 1 1 + 1 

13 
= 36 • 

29. 

x—y «+y " * 


30. 

2m+y=(®— 1)*, »-y=3. 


31. 

x z + y z + x+y = 32. x?-y z +x-y=8. 


32. 

x+y* V{xy) = 28, a 5 +y* + ®y = 336. 


33. 

y'=y+m, x*=5a+2y. 


34. 

20m* - 12y* = mV, 4y z -3^ = 7. 


35. 

a^am + Jy, y z *=bx+ay. 


36. 

(m+2y) z — mr=.2(y + G), 2m+y = 5. 


37. 

y*-4«y + 9m* + 2m = 6y. 3y* - 12my + 2m* — 4m + 12y=0 

38. 

y 8 — m 5 *=19, y-x=l. 39. m 8 +y ! =>28, m+y 

= 4. 

40. 

3(m r -l) = 4my, 2(2y t + l) = 3my. 


41. 

, a 6 

ax — oy=mmy. =n. 

® y 


42. 

2y t ‘=my + 2, 4m*<=zy + 30. 


43. 

my+y = 9, mV+y ,= 45. 44- Vm- Vy= 1, 

V(my) = 

45. 

11 , 115 

® y *’ sn z+ y t=J 16’ 


46. 

® 8 + y ! =28, m z y+my z «=12. 


47. 

— — — =7, m— y=2. 
y x ’ u 


48. 

(x+y) (m J +y t ) = 175, {x-y)(x z -y t )=7. 


CD 

® I +y*+ V(* t +y t )=30, x+y=-fexy. 
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ffl I +y*=136, a *-?/*+ V(K*-y*)=72. 

116 

x-V*= 7, 5f*-5/2/=l. 

£• 1 _c 5 

o c =a e a y , a"=a?a A . 54. x a¥!i =y i ; y s+s = a, '' 

a/”</ n =a B £>’V’ , ' , ' n , ® n J/” =a ra 6”c m+B ; m and n are not both 
odd or both even. 

V(y+x) + •/(y-x)=2x, 5x=3y. 

1 1 | _J_ 1 11 

a; + y = 20’ ttJ+l + 2/ + 1 0 30" 

V ® /y r. 1 /«* /v® A 9 

y + V «" 2 20 ; Vy + Var =9 20‘ 


/ 59. a*+y i -x t -y z =l2, x t +y t +z t y t ^9. 

__ a* 4a; 85 _ x 5 1 w 20 

6a F- + 7" 9 ' X ‘ J '” 2 ' 61 - a2,+ r S’S5,+ != 3 • , 

/62. **=3aj+2y, y*«=2*+3y.f . ‘ 1 ’-' c ' r '*'"// 

63. = (® -f) (y + f), *V“(®* + 3)(y*-4). * 

64- a B + llart/*>=30, y:c*+i/ B = 5. ' 

65. «+2=2(a-y)«=2 V(a;+6y-l). 

66- 2 Va:+3 Vj/ = 13 = i(a;+«/). 

67. j^+ji'+j+f -«.>*=«• 

68. b*x t + a 2 y z s=a : b i ,ax — by^0. 

69. x i +y l =272, x-y*=2. 70. m s -y 5 =31, »-«/=!. 

r 

71. ®2/(®*+y*) = 10, s;*^*(3r 4 +y 4 )=68. 

72. a;*+®y+j/ 1 =7, a;* +a;* 2 /*+jf 4 = 21. 

73. ®*+a:y+i/ l = &, ®+ ‘/{xy)+y = f. 

74. ®- V®=7-y,y- 4y=9^-x. 



V\ 


/. 

so 


91. 

93. 

94. 
'V 95, 


quadratic equations. 

' x + S ( x + y ) = s - y ’* t + y t=1 °- ■ 

a; 6_yS=.33a ti , x-y*" a * 

..+18W+U /-S9,!/(-' + W + !'‘ ) - 13 ; 

*‘ + io 

3l+s + 4/(3«+!/ + «)- 26 , 3 “‘- ta - ! '‘ +41 '' 
V(*'- 2 y =)-2 ^*+v^'- 5 » r )“ 0 ’ “ +! '" 3 ' 

_ . v(a .t_4v*) V(a> + 2j/)-^ jgyM ; 

. sc' 4- ^(a 1 " J/ 1 ) ,. = 91, 

2m* + 2+ V (®* - 5»y + 6) = 10a; y- • 

7 xVG' 1 - 1 )-^ V (»'-!)“£ 

8. ^ + «)=24, y (» + O = 40.^+^= 48 - • ' 

9. x : +y , +2= 17 >i' z+7 ’’ 2 - xz,e=2a; ' 

,0. «+»+*- 7 f **+y‘+* t -2i.»-»** 

,1. x+2y+s='8, » I 4-4y I + »* = 26, »y=2. 

)2. x+z/ + *-6, + « + »y*“ 6 ' 

33. x*+^ + ^ = 50,^ + l4=2^,y z = ^ 

34. x*+y i +2 i:= 29, y*+*=ll, y* + 3“ 13 - 
95, y + a:2=«+a2/“ 5 . ® + J' 2 ’“ 7 *' 

is. «. + ^ + ..- 6 ,^^«" 12 ' E ' + “ !, - f * S=18 - 

/ 9T xV = =8*.^~ 64 J'> !,I * I=1024 ‘ 

’ * TO r h* P r a «*t «V«:^VC t, . 

98 x m y n ~a m c°b™+”, ® * *“ 6 c - a ,y - 
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99. 

S±2 

&=y 1 , 

II 

a 2 —z. 

- 

100. 

^=2, 

w+y 

m+z 

y+z * 

• 


101. 4y+2e+ |=7, 4z+y+~=4, {m+iy= 1. 

t/ 

102. 3®+3y— #=3, ® 2 +y*— e 2 =- — q-— i 

x l -t-y* J rz t *=3xyz+ - , 

103. (®-2) 2 +(y-3) 2 + (A-l) 2 =24, a^+^+oi*>=63, 

2x+3y+zt=30. 

104. a?*+y®— e*=(»+y--a') 2 — 4, 

® B +y 8 -' 2,, = (®+S'-fi) I -30, wyz=6. 

105. (® +y^) (y + *s) (a + ®y) =>1540. j 

(a 2 — l)(y 2 — 1)(^*— 1)=360. (- 

® z +2/ t +3 I +2a^0»=>77. ) 



Theory of Quadratic Equations and 
Quadratic Expressions. 


194. quadratic equation, properly so called, cannot have 
more than two different values of the unknown quantity which will 
satisfy it, or it cannot have more than two different roots. 

Let a® 2 + bx+c= 0* 

By solving the equation we obtain the following two 
values of x : — 


— b+ ff(b t ~4 ac) 
2a 


and 


-b- d(b t ~4ac) 
2a 


i 

If a and R represent these values, then -a and 0 are the 
only two values of x which satisfy the equation. 

If possible, let y represent a third value of x different from 
‘ a and fi. By successively substituting these values in the 
original equation, we have/ 
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aa £ + ia + c=0 ... (A) 

a/3 r + 5/3 + c=0 (B) 

a7*+57+c = 0 (0) 

Subtracting (B) from (A) a{a' — /3*) + 5(a — (Q)=>0. 

Dividing by a-/3, which by supposition is not zero, wo have 
u(<x+ /3) + b «=^0. (1) 

Subtract (0) from (A) and divide by a— 7, 

then, «{a + 7) + 5 = 0 (2) 

Subtract (2) from (1), a(P-y) = 0. 

Now a is not zero, because then the equation will become 
5a:+c = 0 ! a simple equation, therefore /3-7*=0; that is, /3 = 7, 
which is impossible, because by supposition 7 is different from 
P. Hence a quadratic equation cannot have more than two 
| different roots. 

' 195. By dividing any equation by the coefficient of the 

! second power of the unknown quantity, the equation can be 
! reduced to tho form x'+px+g=>Q. 

I 196. In a quadratic equation of the form, **+jpa)+gr<=0, the 
I sum of the roots is equal to the coefficient of the second term icitTi 
1 its sign changed, and the product of the roots is equal to the last 
t term. 

By solving the equation, the two roots we get aro 

-P+ V(p t -4g) and -p- ■/( p t -4q ) _ 

2 2 
i If a and /3 represent the two roots, then 
a+t 3= —p. 

) agn £ z£±ig =g , 

Obs. ^Ve may now easily find the values of expressions in 
which a and /3 occur symetricaUy. 1 

Ex. 1. a t +P z ’={a+ff) t -2ap-=p z -2q. 

Ex. 3. (a -/?)*■= (a +/3) 1 — 4a(S*=p t — 4q. 


Ex. 3. 


1 1 a+ (3 —p 

d + /3 a/3 q 


P 

a 


Oon. If wo know one root of a quadratic equation, WC 
may find the other without solving the equation. 


4 
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P~2 P+2 


mm 
+ 


P-2 


x 

P+2' 


) 

i 


i 

i 

I 


Here m=m obviously satisfies the equation; multiplying by 
p - 2 and transposing, we get 



mjp-q) ^ 
P + 2 


0 . 


Hence - — — is the other value of as. 

P+2 

197. If a and IS be the roots of the equation &+px+ 2=0, 
then the expression x z +px + 2 — (® - a) [x - fi). 

, Hecauflep= — (a+/3) and2 = ajS. 

V . .*! X z +px + q=as z ~(a + P)x+a/S 

1 ' • ^(m~a)(x — fi). 

Cob. Hence we may form an equation of which the roots 
are given. 

Ex. 1. To form the equation whose roots are 7 and 8. 


X—a*=*a~ 7 and x — (S — x-8. 

.'. the required equation is 
(®-7)(a;-8)=0, or aj t -15w+66=0 


Ex. 2. To form the equation whose roots are ;8 .and — 10. 
01 — a^x— 8 and a — /3==w + 10. 

.'. (m-8)(a?+10)=0, or a; 1 + 2a; -80=0. 

198. The two roots of the equation x* +px+q*=0 are real 
r and equal, real and different or impossible according asp x is =>, >■ 

I or c 4g, and the converse, f 

Thejroots are -p+ ‘/{p 1 —&g)}\or £{-.p — -/(p 1 — 4q)} 

, First. Let p z = 4g, then V (p* - 4 q) is^equal to zero [and 

> then each of the roots is equal to the real quantity —• , 

! M 

Secondly. Let p* =» 4g, then «/(p s -4o)]is a real quantity 
and the roots are different in value. 


Lastly. Let p l <4q, then V (p z - 4y> '{ isjjan imaginary 
’ quantity and the'roots are both impossible. 

199. If p z —4q be equal to zero, then the left hand ex- 

? ression!of the equation x z +px+q=*0 is a perfect square, and 
be converse. c . j/ if* v / <+ • ■ X 7 -t-r '■ 
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' Por in this case the two roots a and p aro equal. 

£*+#*+ 5 = a; 1 — (a+ 0)#i + a0=s*— 2as + a' = (s- a)*. 

CoR. Henco the expression s 1 +px + q 5b a perfect square 
if the two roots of the equation i v 2 +p)X+q<=-0 are equal, and the 
converse. 

200. In the equation am 1 + Is-t-c^O, if 5* ^-4ac and' if 
i 1 — 4ac ho a perfect square, then the roots of the equation aro 
rational and the expression arrf-fim + c can ho resolved into 
rational factors, and tho convorso. n 

m t -b+V(b z -4ac) ,-l~ </(b i -4ac) 

Tho roots aro -and ^ . 

2 a 2a 

They aro rational when l 2 — 4a c is a perfect square. Let a. 
and P represent tho two roots, then dividing tho equation by a 

£ c 

m , +^s+~‘=>s 3! - (a+P)x + aP = (a~a)(x-P)*=0. 

+ = a(x- a)(m- P). 

j Cob. Tho expression am' + Jx + c can ho resolved int* 
| rational factors if tho two roots of tho equation as' + Js + c^O 
} are rational and different, or in other words, when 6 l >■ 4ac and 
^'b t —4ac is a perfect square. 

t 

Obs. Tho student should be careful to distinguish between, 
a quadratic expression and a quadratic equation. In the quadratic 
equation ax z + bm + c=Q, a may have only two distinct values, 
but in a quadratic expression ax 1 + 6x + c, when it is not mad# 
Cqual to zero, s may have any value whatever. 

Ex. 1. Eesolve s £ — 13s + 40 into simple factors. 

Suppose s £ - 13» + 40 = 0. 

Hence a = 5 or 8. < 

x 2 - 13s + 40 => (s — a) (x — p) => (» - 6) (s ~ 8) = 0. 

/. x - 5 and m — 8 are tho two factors. 

Ex. 3. Eesolvo 6s £ — 13s+ 6 into simple factors. . 

Suppose Gw* — 13s + 6«=0 ; 
then ta=§ or 

.\ Gs t -13s + 6 = G(m t -ijis+l)-6(s-?)(w-^) 
= (2s - 3) (3s - 2; . 
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Ex. 3. Resolve x z — (y ■yc)x~2y t +ocy~2c z into simple 
factors. 


Suppose a 2 - (y + c) x - 2y- + 5cy - 2c 2 = 0. 

- Hence m=2y — c or— y+2c. 

® — 2y + c and x +y — 2c are the two factors. ’ 

. 201. The quadratic expression ax 1 + mx+n is ‘divisible by 

A a;— r only rvhen r is a root of the equation ax 1 +m£+« = 0. 

Divide by x — r, the quotient is ax + ar+ m and 

the remainder is ar* + mr+n. Since by the question there 
should remain no remainder, the expression ar 1 +mr + n must 
vanish, that is, at^ + mr+n^O, therefore r is a root of the equa- 
tion ax t + mx + n=0. 




v v 202. To calculate the sign and value of the expression: 
ax t +bx + c. 


■t 


ax t + bx+c=a 


( x ‘+l x +$ ■ 


'b c 

Let p, q represent — , - respectively ; 




- — a (a; 2 +px + q). Hence the sign and value of the original 
expression are ascertained when the sign and value of the 
expression x 1 +px + q are known. Therefore we will calculate the 
sign and value of the expression x : +px+q, in which each of 
p and q is positive or negative, fractional or integral 

First. If jp*-<4 q, the trinomial x 2 +y>a; -pg can never become 
negative, whatever real value be assigned to a. 1 

For x z 4-pa; + g = x 2 4 -px 4-^4- }(4 q -p 2 ) 

I °(®+^) 2 +i(42-y*). , 

.y-p ,Now fa;+A) 2 .. and i(4g— p 1 ) are positive, whatever real 
‘ yalue be assignealo m. the expression x 1 +px+ q is positive. 

Cob. If p 2 <4g, then the roots of the equation m z +px 
* 4 . 2 = 0 , must be imaginary; therefore the expression x z +px 
‘ + 2 is positive when the roots of the equation m z +px+q — 0 
‘are imaginary. 

Secondly. If p 2 =>4g, the trinomialican never become nega- 
tive, whatever real value he assigned to w. 

■ For ® t +p®+2=o*+pa>+ip*+i(42.^p*5 
=x t +px+ip t +0 
= (» + 4p) 2 , a positive quantity. 

r 

Cob. Hence the expression a*+px+q is positive when 
the roots of the equation a* 4-pa: 4- 2=0 are equal. 
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DASTDT. If 7 , the expression x 1 +px+q may bo posi- 
tivo or negative. It is negative when x lies in value between, 
o and /3, tbo two real roots of the equation a;* +|>a; + g >= 0. 

For, m z +px + q'=x z +px+ip z -ip t + q - r 

= (x+i P y-i(p*-4q). 

Tbo expression is positive or negative according os 
(X + iP ) 1 =* or < i {p 1 - 4g.). 

£t s +p» + g = {x 4- ip — 4 V(p* - 4<2)} {» + Ap + W(p* — 4g)} 

= (or — a)(ar — /3), , 

where a and p represent the two, real roots of the equation 
3 £+jMj+g = 0, that is, a= -4p + ^-/(p 1 -4g) and p*=— ip — 

}Sfc-ig). ' ' 

The expression (x-a)(aj- P) is negative when .one of the , 
iaotors a — a and x- P is positive and tbo other negative. Then 
X must lie in valuo between a and P. 

Suppose x—a bo positive and x— p negative, then a must 
be greater than a and less than p. Therefore x lies in, value 
between a and p. 

Likewise, if X — a be negativo and a - p positive, then to 
Would be less than a and greater than P. ' ' 

Therefore the expression (z-a)(x~P) is negative ’only 
when a lies in value between a and p. > 

Wherefore wo conclude that the expression x t +px + q is 
always positive and may have any value whatever for all real j 
values of x, except in the case when the roots of the equation j 
tf-bpx+q^O are real and different and x lies in value between/ 
them. 

»j*2 JQu 35 

Ex. If a; be real, to prove that — s — cannot have 

2x- 6 

any real value between 6 and 10. 

„ a^ + lOx-35 ,, 

Suppose — q then 

x : + l0x-35*=2px-6p. ■ ' 

x‘ — 2(p-5)x,+6p — 35 = 0 
Henco x=(p- 6)± V(p*-16p + 60). 

If arboreal, p z — lGp + 60 must be positive ; that is (p — 6) 
(p— 10) must be positive. p cannot lie between 6 and 10, 

Wherefore if a: be real, ? — can have no real val ne 

£x — b 

botween 6 and 10. 
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1 203. "We will add here some miscellaneous examples on 
the fore-going articles. 

J Ex. 1 . To find the sum, difference, and the product of the 
roots of the equation as* - 50®+ 576 = 0. 

a+/3 = 50, a /. 3 = 576. 

(a — j8)* = (a + /3) 2 — 4a /3 = 50* — 4 x 24 E = 50* - 48*. 

a-/3= ^{(50 + 48) (50 - 48)} 

- = V(98 x 2) = V(49 x 2 x 2) « 

. =7x2=14. 

Ex. 2. For what value of n will the equation 4®* — 12®+n 
=0 have equal roots ? 

, t _ ®*-3®+£n = 0 

Solving the equation ®=£{3± 4 (9 -n)}. 

If the equation have equal roots the expression V(9-«) 
must be zero (Art. 198). .% 9-n=0; :. n— 9. 

Ex. S. For what value' of a will the expression X s — 
(3a — 2)® + 2o*~ a~ 3 be a perfect square? (® is a real quantity). 

The equation® 1 — (3a — 2)®+2a* — a — 3=0 will have equal 
roots (Art. 199). 

(3a-2)*=4(2a*-a— 3). (Art. 198) 

Hence a= 4 

Ex. 4. For what values of a will the equation ® ! - (3a - 1)® 
+2a*+2a-ll = 0 have equal roots ? ® is a real quantity. 

(3a -l) z =4(2^+20-11) Art 198. 

Hence a =5 or 9. 

Ex. 5. If a and 2 be , the roots of the equation a'X i -bX 
+ c=0, form the' equation whose roots are^, jj. 



a/3®* - (a + /3)®+ 1=0. 


• ~ ®*+ -®+l = 0. 

- a a 

c®* + i®+a = 0. 
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(,/ ~ Ex. 8. If a and (S be the roots of die equation +£)»+£ 
= 0, form a quadratic equation with rational coefBcients, one of 
whose roots is a/3 + 4(a + <3). 

The other root must be such a multiplier as will rationalise 
dj8+ 4 (a + /3), also it must be such a quantity which when added 
to a/3 + 4(a + fi) will givo a rational sum. 

a/3 — 4{a + p) is such a quantity. 

Suppose a/3 + V(a+/3) = iJ and a/3— 4 (a + /S)=r. 

Then the required equation is 

(x-E}(x-r) = 0. ( 

or x 1 - (R+r)x+Er = Q. > 

or x 1 — 2a/3a; + a J /3* - (a + /3) <= 0. 
or a; 1 — 2 y®+ 2 *+p = 0, 

^ jSr. 7. If the equations a® l + 5s+c=>0 and ca: i + aa: + 6*=0 
have a common root, show that a s + 6 ! + c*=3atc. 

Let r bo the common root, then 

ar' + Zu'+cnaO (A) 

cr*+ar+6 = 0. (B) 

Subtract c times (A) from a times B and transpose, thon 
(a* — ic)r •=■ c 1 — ah. (1) 

Subtract c times (B) from b times (A) etc., then 
b z — ac = (c I -a6)r. (2) 

, Multiply (1) by (2) and divide by r, then ‘ 

(a 1 — 5c)(& 3 — ac)=>(c l — a&)*. ' < 

Hence a 3 + b 8 + c 8 = 3a6c. 

Ex. 8. If x— r be a common measure of a t n x +acx J rC t and 
c** 1 + hex +b z , then shew that c 4 + a6o ! + a 3 5 3 = 0. 

r is a common root of a 1 ® 3 + acx + c 1 =* 0 
and c 1 a 2 + bex + £* = 0. 

. Therefore a I r , + acr + c I = 0 (A) 1 * , oft1 

c*r*+bcr+b*~ 0 (B) J Art. 201. i 

Subtraot b 1 times (A) from c* times (B) and e* times (Ay 
from a* times (B), then 

(o*— a l 6*)r= — 5e(e 3 -aZ>) (1) 

and(c 4 — a 3 6 3 ) =— ac(c 3 -a&) r (2) 

(c* + a&)**»a&c*. 

.’. o* + ate 1 + a*6 3 — 0. 
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- Ex. 0. Ji x~a bo tlie square root of x t — nx + m : , then 
shew, tlipt (a 2 — m t ) z = a{an — 2m*){2a~n'£x is a real quantity. 

a is the only root of 'the equation m 1 —nx + m 1 =0. (1) 

.* (x — a) = 0 ; /. x t —2ax+a t = 0. ~ (2) 

Subtraet (2) from (1) and m 1 times (2) from a 2 times. (1) 
then (2 a—n)x = a z — m i , r 

and (an-2m I )a = (a 2 — m l )x. 

' a(2a — n) {an — 2m~) = (a z ~ m l ) z . 

^ Ex. 10. For what values of n will the equation a; 2 - 6xy 
4- 6# + 8y 2 — Any + 8 = 0 have rational roots, a, y are real quantities. 
Then (6y — 6) 2 — 4(8y 2 — 4«y + 8) is a perfect square. Art. 200. 

y* + 2(2)i — 9)y-f 1 is a perfect square 
y 2 + 2(2n — 9)y + 1 = 0 has equal roots. Art. 199. 

.-. {2(2« — 9)} 2 -4 = 0 Art. 198. 


n = 5 or 4. _ 

'Ex. 11. The expression x* -f axy -±4xz + ba*yz-2a i y t -Wlz* 
is resolvable into simple factors ; find the values of a. {x, y, z 
are real quantities). 

The equation m z -’raxy + 4xz+ba l ijz-2a t y t ~Z2z z *=0 has 
rational roots. ' Art, 200. 

(ay+4z) t -i(5a 2 !/3~2a z y 1 -32t 2 ) is a perfect 
square Art. 200. 

(ay + 4z) i —4(5a t !/z~2a t y l —32£ t ) = 0has 
equal roots Art, 199. 

' or 9a z y t +4a(2z-5az)y + 144z z ^0 has equal roots. 

/. 16a z (2s—5az) z — 4xya s xl44z z *=0. Art 198. 

(2— 5a) 2 — 36x9 = 0. 
a = 4or-^. 

* Ex. 12. J£m= , m, a, 6 being rational quantities, 
a - b 

2&771 * ^ 

Bhew that the expression can be resolved into 

rational factors. 



hence etc. 
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Em. IS. If the expression ax t + Jy i + cr s + 2aye + 2 Ixz+Zcxy 
bo resolvable into rational factors, then shew that a*-J-5 B +C s 
<=3a6c. 

The roots of aK* + 2(Se + cy):c + oy £ -f cs £ + 2a)/2= 0 
are rational. Art. 200. 

.-. {2(fe+cy)} I -4(5y I +c.s t + 2ay2)a is a perfect sqnaro. 

Art. 200. 

.*. the roots of (bz + q/) t - ( by 1 + cz* + 2ayz)a => 0 
are equal. Art. 199. 

/.tho roots of (c : -ab)y z ~2(a~ - lc)sy 4- l : z z — aes * = 0 - 
aro equal. 

/. {2 (a £ - bc)z } * - 4(a*£ s - acs*) (c s - a J) must vanish. 

(a t —bc) t —{b~~ac){c t —ab)— 0. 

Hence a B + 5® + c* «= 3aie. 


Ew. 14. Show that will be capable of all valuo 

a^+4»+2 r 

Whatever for all real values of x. 

T ,2a> s + 4:s + l 

6 £* + 4(8 + 2 

2x z + 4x + l**yx t +4yx+2y 
(2 —y)x z + 4(1 - y)» + (1 — 2y) ■=> 0. 

. „ -4(l-y):W{16(l-y) £ -4(2-y)(l-2y)} 

2(2 -y) 

.*. tho expression 4 (1 - y) *— (2- y)(l-2y) 
■=*2y*-3y + 2 

=2(y £ - fy + 1) =2(y £ -3y + + &) 

, =2{(y4-}) I + I r ff } is always positive. 

Hence y may have any value whatever for all real values 


of X. 


Ew. 15. Shew that for all real values of x the expression 


a) E— 2w+4 

tfT2x+4 ll0S betweeu * and 3 - 
T , a* -2»+4 
Ut *+2£+i ay - 

x‘—2x+4 = a z y + 2 my + 4y. 
( 1 ~y)a*-2(l+y)a:+4-4y=0. 
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.. „ 2(l+s)± ^{4(1 +j0*- 16(1 -y)*} 

'• 2(W0 

H-yAy{q+y)«-4(l-y)«} 

i-y 

If ® be teal, the expression (l+y)*-4(l-y) s 
=*(ld-y+2-2y)(l+y-2+2y) 

. = (3— J0(3y— 1) most be positive. 

Bat it is positive only -when y lies between 3 and eta 


EXAMPLES LXIX. 

1. Constrnct tbe qnadratic equations whose roots are 


CD 

0) 

(<5) 


(9) 

( 10 ) 


16 and 5 

—4 and —5. 

V"5 and' - V5. 

a+b ,o-6 

r and r 

a—o a + b 


12 ) 

(5) 

(7) 

(9) 


4 and \ . 
a-b and a + b 
V3 + 1 and V3-1. 
*/5 + l 


(3) 8 and-J. 


V6-1 

, J{a+b) + 4 {a-b) and 4{a + b)~ (a-b) 

S. If a and /3 bo the roots of the equation »*-7y3S— 12j» fr 

1 1 

=0, form the equation whose roots are- , - . 

3. If a and b be the roots of the equation m z ~2px+p t - £* 
■=0, form the equation whose roots are a + b and a~b. 

4 If i and i be the roots of the equation a)*+pa?+? 
cr 6 

~g*=0, form the equation whose roots are a* and i*. 

5. If a and 0 be the roots of the equation 2x s -2(a+b)x 
0, find the value of a* + fi x . 

Q , Given the equations a; s -pj;+r = 0, and nx+m*=0, 
each of the two roots of the first is reciprocal of the two roots 
of the other ; prove that mp t =rn s . 

7 • Jf a and b be the roots of the equation s £ -50:r+600,- 
find the values of a*+ab + b 1 , a l + b 8 and a 4 +a 1 b* + b i . 

8. If a and & be the roots of the equation x* -px+Q^O, 

form the equation whose roots are and — . 

9. If a and b be the roots of the equation x t +px+g* 

7 j S 

chew that %*"- -—+2=0. 
bag. 


■ 0 , 
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10- Frad tlie sum and product of the roots of the equa- 


tion, 


a b c 
a t-a x—b x-c 


11. Form a quadratic oquation with rational coefficients 
one of whose roots is <r + h + V (a £ + 6 £ ). 

12- If a and 0 be the roots of the equation ® £ + ha> + c«=-Oj 
form a quadratic equation with rational coefficients, one of 
whose roots is aP+ 4 (a 1 + /3 £ ). 

13. Find the value of a 5 + b c , a and b being the roots of 
the equation «* —px +2 = 0. 

14. If a and /3 be the roots of the equation qx tJ rqa J rl 

a* 

= 0, find the value of — + — . 


15. If a and 6 be the roots of the equation x z +px+q<=>d, 
form the equation whose roots are a* + b * and o £ + b*. 

16. Find the relation between the co-efficients of the equa- 
tion x*+px+q**0 one of whoso roots is » times the other. 

17- Find the value of a 1 + 2a*b + 2a l b z +2aW + 6* wbero 
a and b are the other two roots of the equation 2xB-(aj_2) B 
— 10(a— 2) £ -26(a>-2)»16, beside the root ® = 2. 

18. Shew that the roots of the equation x z -^(p t -2q)x 
+ 2 1 — 0, ate the squares of the roots of at 1 —px-Vq^d, 

19. Shew that the roots of the equation x t -2lp x — 2q t )x 
+p t (p l ~4q*)‘=0 are the squares of the sum and difference of 
the roots of the equation x z —px+q t <*-0. 

20. Resolve tire following quadratic expressions into the 
product of simple factors. 

(1) a*- 43a; +280. (2) 15x £ -34« + 15. 

(3) 8a^-2ar-15. (4) 12x»+-25m + 12. 

(5) x z — ax- bx — 6a 1 + 13a6 — 66*. 

(6) x £ + o* + 6 ! — c £ — 2a®+26«— 2o6. 

( 7 ) a x -Sax+2x+2a z — oa — 3. 

(8) x t + 2ax-(b+c)x+a t -ab-ac+ bc. 

(9) x x + (a+p)x-(b-f-q)w+(p-q)(a-b). 

(10) 4x x -4aa + 4bx+a z +b*-2ab-c z . 

( 11 ) z t -y x -e x + 2ye+a-y+e. 

(12) a z -y t + 3ax+2ys-ay-E t +az+2a t , 

21. For what value of n will the equation ar — 5a; + An = 0 
have equal roots ? x is a real quantity. 
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[The algebraical quantities mentioned iu the following 
examples are always to be considered real, except when the 
opposite is mentioned.] 

22- For what value of ti will the expression » 2 — (»— 1)® 
+ n + ± be a perfect square? 

, 23. For what value of '.a will the equation x z - (3a- l)x 

+ 2a 2 + 6a — 56 = 0 have equal roots ? 

24. For what values of a will the quadratic expression 
a 2 — (5a — 2 ) a; + 4a 2 + 10a +25 be a perfect square ? 

25. The equation (b z -ac)x z ~2{a z -bc)x + (c 2 -a&)=0 
have equal roots, find the relation between a, b, c. 

26- The quadratic expression tc z + 2(a + b + c)x + 3(ab+ac 
+ be) is a perfect square, find the relation between a, 6, c. 

2,7. For what values of y will the quadratic expression a 2 
~-3y{x — l)+4(<r-l)-f-y 2 -l be a perfect square ? 


28. If the equations aa; 2 4-5K4-c = 0, bx z + cx + a = 0 have 
a common root, find the relation between a, b, c. 


29. If x~r be a common factor of ax z + bx + c, and a 2 ar 
+b t x + c t , shew that b z (a — b)(b — c) — ac{a ~ c) z . 

30. If the equations am 1 + bx + a=0 and (a + c) (a+b)x z 

+ (&.+ c)(6 + a)aj + (c+6)(c + a)=0 have a common root, shew 
that b l (<? — a £ ) 2 = ac(J 2 — c z ) (a 2 — b z ). ' 


I) 2 CLZG 0 

31. If x~- be the square root of a; 2 — j- -f 




relation between a, b, c. 

32 . Given x z — ax + b = 0, x 1 —cx+d<=0 ; one root is com- 
mon to both and the second equation have equal roots ; shew 
that 2(b J rd)<=ac. 

33 . For what value of a will the equation < e * — Gxy 4 - 6x 
+ 8»/ 2 — 20y + a=0 have rational roots ? 

34 . For what values of a will the equation x z -5xy + ax 
q. 4t/ 2 — 7 t/ + 3=0 have rational roots? 

'35. For what values of a will the quadratic expression 
X z —,(ay — l)x — 3a z y z -13ay—a have rational simple factors? 

36 . The equation xr-2(yz-b)x+2(a+c)yz~37;+b z *=>Q 
has rational roots and h-al + ac + bc, shew that a z +b z +c x =k. 

37 . If the quadratic expression x z + 2bcy z + c"z z -2{b+c) 
&j— 2a t z £ — 2(a* + b t )sy be resolvable into rational simple factors, 
shew that a* + b i +cf l =2a : c i ~ b z <r* 
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38. The quadratic expression x 2 i-2xy-i-2axz-8y t + 5ayz 
+ 3c* is resolvable into rational simple factors, find the 
values of a. 

39. If the roots of "the equation 6at 2 -f(a- £-c)at+e= 0 
be pqssible and different, shew that the roots of the equation 
(b~c) z x 2 + (a- c) z +t*—{2ac -a* ) a* +2b{2ax + c) will be im- 
possible, and vice vers! 

40. For all real values of a; shew that in the equation. 
at 2 -2(3y — l)a + 83^ ~ 10^4-6 = 0, y cannot lio in value between 1 
and — 5. 

41. Shew that for all real values of at in the equation 
a: 1 — 4aty + 6y 2 + 2at — 12y + 1C = 0, y must lie between 3 and 5. . 

42. In the equation x z - 2(y-2)at + 2y 2 -5y- 2 = 0, shew 
that for all real values of a, y mast lie between 3 and — 2. 

43. In the equation at 1 — 2(2t/ — 3)a; + 3y 2 — 7y + 3 = 0, shew 
that for all real values of at, y cannot lio between 2 and 3. 

44. Shew that for all real values of at the expression 

~ ~ “ must lio between 2 and £. 

35' — X+l 


45. Shew that for all real values of x the expression 
— cannot lie between 1 and - 7. 

46. Shew that for all real values of x tho expression 

j» 2 at 2 +l . .. , , 2 m , '2m 

r;~ir cannot he between ■■■ > ■■ ■ r and j— 

{m* + l)at m £ + 1 m 1 + 1 

1 4*7. If a >b, for all real values of at, shew that 


at 2 — 2ix + a ! 
x‘+2bx + a c 


must lie between 


a+6 

a-b 


and 


a-b 
a + b‘ 


48. Shew that for all real values of x and y in tho equation 
:t 2 4-4y 2 — 4aty-16y + 4;»+36«=0, y cannot be less than 4 and a 
cannot he less than 5 respectively. 

49. Shew that no other real valueB of at and y besides 4 
will Batisfy the equation x* — my + y 2 - 4® - 4y + 1 6 «= 0. 

50. In the equation at 2 + 12an/ + 4j/ t + 4aj+8y + 20 = 0, shew 
that for all real values of x and y, y cannot lie between — 1 and 
J and a; cannot lie between -2 and 1 respectively. 

51. In tbc equation 2m 2 -5xt/+2i/ 2 +2®+2i/-2t=0 shew 
that for real values of x and y, x and y must not lie between 
^tmd$. 

52. Find the limits to the real values of at and y which can 
satisfy the equation w 2 +12ay+4y*-26ai-44y4-89*=0. 
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Problems producing Quadratic 
Equations. 


204. Prob, 1. A person bought a certain number of oxen, 
for 80 guineas, and if he had bought 4 more for the same sum, 
each of them would have cost a guinea less ; required the 
number of oxen and the price of each. 


.uei. 


.. 80 80 
question, — 7 *= — - 
u . x + 4 a 


■1. 


80 = 8 - 0 ^ 320 -,— 4 , 

cc 

SOx = 80* + 320 -x 2 — 4a?. 
a; I +4fl)=320. 

<8* + 4a> + 4 = 324. 

•’* 37 + 2*= rt 18. 

aj= —2+18 = 16 or — 20. 


80 


x 


80 

16 


5 guineas, the price of each. 


In this, and in many other cases, especially in the solution 
Of philosophical questions, we deduce, from the algebraical 
process, answers which do not correspond with the conditions. 
The reason seems to be, that the algebraical expression is more 
general than the common language, and the equation which is a 
proper representation of the conditions, will also express other 
conditions, and answer other suppositions. In the foregoing in- 
. stance, x may either represent a positive or a negative quantity, 
and cannot in the operation represent a positive quantity alone 

80 80 ' 

(Art. 186) ; and the equation — — -1, when a; is negative,' 

or represents the diminution of the stock, will be a proper expres- 
sion for the -solution of the following problem : — A person sells 
u certain number of oxen for 80 guineas, and had he sold 4 fewer 
for the same sum, he would have received a guinea a piece more 
for them ; required the number sold. 

205. Prob. 2. To divide a line of 20 mokes into two such 
parts, that the rectangle under the whole and one part, may be 
equal to the square of the other part. 

Let x be the greater part, then will 20 — a be the less, and 
-a?*»(20 — a?)20<=400-20;r, by the question. 
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a? + 20#= 400. 

® f +20® +100 =400 + 100= 600 ; 

®+10= ± -/(500). 

x= V (6 00) — 10 or- V (500) -10. 

The observation contained in tho preceding article may be 
applied hero ; and it is to bo remarked, that the negative values 
thus deduced are not insignificant, or useless. Here the negative, 
value shews, that if the line be produced V(600) +10 inches, 
tho square or the part produced is equal to the rectangle under 
tho line given, and the line made up of the whole and the 
part produced. 

206. Prob. 3. To find two numbers, whose sum, product 
and tho sum of whose squares, are equal to each other. 


Let ffl+y and x-y be the numbers ; 
their sum=2® ; their product=a^— y* ; 
the sum of their squares =*2® 1 + 2y t . 

By the question 2®=2®* +2y £ , 
or tt = x*+y* 
also 2® = ® I ~y t . 
therefore 3®=2®* 


®=§. 

2®=®*~y s 



9-12 

4 



.“. ±4-/{-3), 

®+y = 4{3± V(-3)} 

®-y=i{3+ V(-3)}. 

Since the square of every quantity is positive, a negative 
-quantity has no square root ; the conclusion therefore shews 
that there are no such numbers as the question supposes. 

Prob. 4. A person bought cloth for -Re-675, which he sold 
at -Bs-48 per piece, and gamed by the bargain as much as onQ 
piece cost him ; required the number of pieces. 

Let]® = number of pieces. 




ELEMENTS OF ALGEBRA. 


64 


48a;— 675= what he gained by the bargain. 

By the question, 48a: -675=^^. 

x 

482;* -675a; =675. 

... 

' .*. s=15 or-££. 

1 The second value is not applicable. 


Prob. 5. A and B set out at the same time to n place at 
a distance of 150 miles. A travels 3 miles an hour faster than- 
B, and arrives at his journej.’s end 8 hours and 20 min utes 
before him. At what rate did each person travel per hour ? 


Let a;=rate at which B travels ; 
thenro+3= „ „ A „ 

and — —|r are the number of hours for which B and A travel 
x z + 3 


respectively. 

But A is 8 hrs. 20 min, or 8£ hours sooner at his journey’s 
end than B. 


TT 150 01 

Hence ^ + 8i 


150 

m 


.% a;=6 or- 9. 

m=6 miles an hour is the rate of 3. 
2+3=9 ,, „ ,j jj ,j ,, A. 

The negative value is to be rejected. 


Prob. 6. A person sells a horse for -Rs-144 and gains 
as much per cent, as the horse coBt him. What did the horse 
cost him ? 


Let x represent in -Be- the original cost of the horse. 

rox iib or ^ =tlie ^ 

.' o* _ . . 

By the question a + ^ = 144. 


w=80 or— 180. 

-B6-80 =the original cost. 

Prob. 7. A person bought a certain number of long- 
cloth pieces for Be-120, if he had got 3 pieces more for the 
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money, lie would have paid -Rs- 2 less for each piece. How 
man}' pieces did he huy ? 


Let x be the number of pieces he bought. 
120 
x 

120 , . 

a =» supposed price. 

X “r O 


Then— «= price paid for each. 


By the question 


120 120 


- 2 . 


ar + 3 x 

*<=12 or - 15. 

12 is the number of pieces bought. 

Prob. 8. A person bought coffee for -Its- 40, and sugar for 
a similar sum, and obtained of the latter 20 seers more than 
of the former. He sold 40 seers of coffee and 12 seers of sugar, 
and gained, at the rate of 20 per cent, Rs- 4. How many seers 
of each did ho buy ? 

Let number of seers of coffee bought for -Re- 40. 

w+20= „ „ „ „ sugar „ „ „ 

40 s 

m 

40 


* cost price of each seer of ooffeo, 


w + 20 


„ sugar, 


By the question ( 40 x ^ + 12 x jgg-4. 

*<=• 100 or- 16. 
a + 20 <= 120 . 

The negative value is to be rejected. 

_ Prob. 9. There is a certain number consisting of throe 
■digits ; the digit in the unit’s place is double that in the hundred’s 
place ; if the number be divided by the sum of the digits tho 
quotient is 22, but if divided by the sum of the product of tho 
oxtreme digits and 4, the quotient is also 22. To find the 
number. 


Let o», y and 2x be the digits ; 
100» + 10y + 2a; is the number. 

102s 4- IQy 
3z+y 


By the question, 


22 


5 
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Zx=y and 51# + 5y=22a;* + 44. 

.*. 51a; 4- 15a»=22«*4- 44. 

A_ a 1 — 3® 4- 2 = 0. 

.'. ®=*2 or 1, y = 3a;-*6 or 3 and 2® = 4 or 2. 

264 or 132 is the number. 

Prob. 10. The sum of two numbers is 7 and the sum of 
their cubes is 133. To find the numbers. 

Let x and y be the numbers, 

, Then x+y*=7 

aj* +2/S = 133 

Divide (2) by (1) a* — ay 4- 4* = 19 
Square (1) a; 1 + 2«y + y t = 49 

Subtract (A) from (B), 3a;y = 30 ; xy— 10. 

10 


( 1 ) 

(2) 

(A) 

(B) 


«+- 


’7, 


a;c=2 or 5-aud y = 5 or 2. 

Prob. 11. What are mangoes a hundred when 5 more in a 
Bupee’s worth lowers the price 1 rupee per hundred. 

Let x = price of 100 mangoes, 


x 


then price of each. 


m 

Too 


: 1 : : 1 : 


100 


100 , , 

}-5 or 

x 

1004-5® 

Then : 100 


x 

100 f 5a; 


the number bought for 1 Be. 


a 


■ number (supposed) for Be. 1. 


100 ® 


: 1 : the supposed price of 100. 

I. 


t. xt. 100 ® 

By the question 


® = 5 or-4. 

the price of 100 mangoes=®8-5. 

Prob. 12. The fore-wheel of a carriage makes 16 more- 
revolutions than the hind-wheel in passing over 240 feet : but 
jf the circumference of each wheel be. increased by 2 feet, it 
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will make only 10 revolutions more than the hind-wheel in the 
same apace. Find the oircumferenco of each wheel. 


Let rr—number of feet in' the circumference of the hind-wheel, 

„ ,, fore-wheel. 


)i >1 » j> ii 

„ ,, .. 240 240 

By the question, 

y x 

240 _ 240 ^ 

y + 2~ a: + 2' 

a 15a; — 15 y=>xy 
24(ai+ 2 - y - 2) — (a + 2) (y + 2). 

Hence jr=6 and 1 = 10. 


-16 

10 . 


Prob. 13. A Bhop-keeper sold 64 seers of popper and 100 
soers of sugar for R&40 ; he sold 4 seers more of su^ar for 
Rs-4 than he did pepper for Rs-5. What was the price, of a 
seer of each ? 


Let a; —price of pepper (in Re-) per seer, 
y- „ „ sugar (in -Bb-) „ „ 

J=> numhor of seers of pepper sold for 1 Be. 

ii i) sugar „ „ „ 

» >! » » )i 4Rs- 

„ „ pepper „ „ 6 Re- 

' by* ^ and 64x + 100p = 40, 
and 


1 

— es 

- v 

4 

— 8X3 

y 

4-4y 


--4 or 

y y 


A. -An 


Prob. 14. The product of each of three numbers and the 
sum of the other two are 36, 60 and 56 respectively. Find 
the numbers. 


Let x, y and z he the three numbers, then 


a(y + e) —36 
y(«+s) = 50 
e(x+y)t=56 
Subtract (A) from (B), 
From (C), 


(A) 

<B) 

(G) 

ye-xs^li, 
ye+xe- 56. 
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2ys=70 and 2a»=42. y*=35 (1), and xz = 21 (2) 

a;y=36-o>,s=*36 -21 = 15 (3). 

Multiply (1) and (2), then xyz**= 35 x 21, and diride it by (3), 
then c*=49; .% «r=±7. 

Hence y= ±5 and a>= i3. 

Prob. 15. An officer can form his men into a solid rect- 
angle. He can also form his men into tiro hollow rectangles 
of similar length and breadth but 10 deep. If his men be re- 
inforced by 100 men, the whole number can be formed into 
a solid square of the same perimeter as that of the rectangle ; 
to find the number of men. 

Let x — length of the rectangle, 
breadth „ „ 

<ry=numberof men. 

V ( xy + 100) = a side of ' the square. 

Also £(2® + 2y)«=£(®+y)t=a side of the square. 
my - 2{xy — (® - 20) (y — 20)}, 
and Vfa?y + 100) =£ (a; +y). 

Hence 80, y = 60, ®y = 4800. 


EXAMPLES LXX. 

1. Divide the number 30 into two such parts that their pro- 
duct shall be 200. * 

2. What two numbers are. those whose sum is 30, and 
product 125 ? 

3. The difference of two numbers is 6 ; and if 47 be added 
to twice the square of the less, it will be equal to the square of 
the greater. What are the numbers ? 

4. There is a certain number, the product of whose, third, 
fourth and sixth parts is equal to twice the number ; required 
the number. 

IlivuS 5. Find two numbers in the proportion 2 : 3, the sum of 
whose squares is equal to 208. 

6. Find two numbers such that their sum shall be 10 and 
the sum of their squares 58. 

7. Find two numbers such that their sum shall be 9 and 
the sum of their cubes 189. 
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8. A number is formed by tbe product of three conse- 
cutive even integers, and if it be divided by each of them, the 
sum of tho quotients is 44. Find tbe number. 

9. Find tbe number the square root of which exceeds the 
fourth root by 12. 

10. Divide 60 into two such parts, that their product shall 
be to tho sum of their squares in the ratio of 2 to 5. 

11. There is a rectangular field, whose length exceeds its 
breadth by 14 yds. ; and it contains 3200 sq. yds. ; find its 
dimensions. 

12. A person bought a quantity of cloth for Rs-337 8 as., 
whioh ho sold at -Rs-24 per piece, and gained by tho bargain as 
much as one pieco cost him ; required the number of pieces. 

13. A labourer dug two trenches, one 4 yds. longer than 
the other for -Re-25, and the digging of each cost as many annus 
per yard ns there were yards in its length ; find the length of 
each. 

_ 14. A gentleman left-Rs-210 to three servants, to be divid- 
ed in continued proportion, so that tho first shall have -fi&90 
more than the kBt ; find their legacies. 

15. The joint stock of two partners iB Ss-lOOO, one leaves 
hia money in the partnership for 12 months, the other for 18 
months ; but each takes 416-990 for capital and profit What 
stock did each invest ? 

16. Two men start from two places, A and B (whoso dis- 
tance is 910 yds.), at a uniform pace, towards each other. If 
ono of them starts 2 minutes 30 seconds before the other, they 
will meet midway ; but if both start at the samo time from A 
and B, after 20 minutes the distance between them will be 370 
yds. Find the time in which each man would pass from A to B. 

A traveller having to walk 45 miles, finds that if he 
increases his speed £ a mile an hour, he will perform his task 1£ 
hours sooner than if he walked at his usual rate. What is that 
rate ? 

18. A cistern can be filled with water by two pipes ; by 
one of them it would be filled 6 hours sooner than by tho other, 
and by botb together in 4 hours ; find the time in which each 
pipe alone would fill it 

19. A bought certain pieces of doth for 51s- go, but had he 
received 6 pieces more for the same money, each piece would 
have cost him 12 as. less. How many pieces did ho buy ? 
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2,0. A and B distribute Rs- 1200 each among a certain 
number of persons. A relieves 40 persons more than B, and B 
gives Rs- 5 a piece to each person more than A. How many 
persons were relieved by A and B respectively ? 

21. A company dining at a hotel find their bill amounts to 
•Rs-87 8 as. ; if there had been two more of the party, each of 
them would have had Rs- 5 less to pay than what he had now to 
pay. Find the number of guests. 

22. What are 'oranges a score when 16 mote in a rupee’s 
worth lowers the price 1 anna per score ? 

23. The forewheel of a carriage makes 30 more revolutions 
than the hind-wheel in passing over 360 yds. ; but if the circum- 
ference of each wheel be increased by 1 yd., it will make only 
18 revolutions more than the hind-wheel in the same space. 
Find the circumference of each wheel.' • 

24- A and B engaged to reap equal quantities of wheat, 
and A began half an hour before B ; at 12 o’clock they rested 
an hour, having finished half the whole work •, also B’ s part was 
completed at 7 o’clock and A’s at a quarter before 10. Deter- 
mine the times at which they commenced. 

25. Two merchants A and B jointly invested £200 in 
business. A lets his money remain 17 months, and received 
back in capital and profit £ 171 ; B allowed his money to remain 
12 months and received in capital and profit £ 104. How much 
did each advance ? 

20. A and B bought railway shares to the amount alto- 
gether of R&4900 ; they sell out at par, A at the end of 4 years 
and B at the end of 5, and each receives in capital and profit 
•Rs-3000. How much did each lay out ? 

27. There is a number consisting of three digits ; when the 
- number is divided by the product of the first two digits, the 

quotient is 28. If 99 times the first digit be added to the nhmber, 
the number will be inverted ; also the sum of three times the 
second digit and the first is equal to 16. Find the number. 

28. A person bought a number of sheep for R&80, and 
if he had bought four more for the same money, he would have 
paid Re. 1 less for each. How many did he buy ? 

29. A regiment of 1000 men is to he drawn up into a 
rectangular form, so that the difference of the numbers in the 
two unequal sides may be 117 ; required the numbers in rank 
and file. 
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30. A person boaglit a certain number of sbeep for Rs-90. 
Havin^' tost 8 of them, and sold the remainder at -fte-4 a-head 
profit, is no loser by tho bargain. How many sheep did he 
buy? 

31. A grazier bought as many sheep as C03t him -R&fi6> 
and after reserving 15 out of tho number, sold tho remainder 
for -R6-54, and gained Be 1 a-head by them ; how many sheep 
did he buy ? 

39, A shop-keeper sold 5 mds. of flour and 3 mdB. of sugar 
for -Re-60 ; he sold 9 seers more of flour for -Re-3 than he did 
«ngar for Re-7. What was the price of a Beer of each ? 

33. A man loft by his will R&46800 to be divided equally 
among his children ; two of thorn die before the division of 
property is made, and consequently each child receives -Re-1960 
more than it was originally entitled to. Required the number 
of children. 

34- The area of the floor of a room is 320 sq. ft., that of 
one of the sides, 200 sq. ft. ; that of the other IGOBq. ft. Bind 
-the length, breadth and height of the room. 

35. A and B set out at the same time ; A from C to go 
to D, and B from 1) to go to C ; they meet on the road, when 
it appears that B has travelled 80 miles more than A, and that 
at tho rate he is travelling, he will reach C in 16 days and that 
A will arrive at B in 25 days. Find the distance of C from D. 

36. A cistern can be filled by two pipes running together 
in 2 hours and 24 minutes. Tho larger pipe by itself will fill it 
2 hours sooner than the smaller. What time will each pipe take 
separately to fill it ? 

37. The contents of two oubical vessels are 728 inches, 
the height of tho two together is 14 inches. Wbat are the 
contents of each vessel ? 

s 

38. A and B set out from C and 1 ), A starting 3 hours 
beforo B. They meet at 20 miles from Z>, and A reaches J) 
an hour before B reaches C. The next day B starts early, 
meeting A, who had then gone \ of his journey back ; and, 
though delayed 3 hours, B roaches D iu time to have gone 
28 miles further before A reaches C. Required their rates 
per hour of journeying. 

39. Two boys start from tbo right angle of a triangular 
field, and run along the sides with velocities in the ratio of 13 : 11. 
They meet first in the middle of the opposite side, and again 30 
yds. from the starting point. Find the length round the field. 
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40. Three towns A, B, 0, he at the angles of a right- 
angled triangle, B at the right angle, and the distance AB being 
the least of the three. A pedestrian finds that thfc time of his 
going from A to B, and then from B to O, exceeds the time from 
A to C direct by 2§ hours. A coach, which Jeft .4 four hours 
after him, and travels thrice as fast, overtakes him 8 miles from 
B in the way to C, and after passing through 0 to A , and waiting 
there 6 § hours, it makes the same circuit, and reaches A again 
at the same time with the pedestrian, who had rested four hours 
at 0. Find the rate at which he walks. 


4L At a review of an army, the troops were drawn up in 
a solid rectangular mass, when there were just J- as many men in 
front as there were spectators. Had the depth, however been 
' increased by 5 men, and the spectators drawn up with the’army,, 
the number of men in front would have been 100 fewer thait 
• before. Also the army can be formed into two solid squares a 
side of which will contain 150 men less than the 10th part of the 
number of men in front of the first rectangle. Find the force 
of the army. 

42. The men of a regiment can be drawn up into a hollow 
rectangle 5 deep, the hollow part of the rectangle being double 
the part occupied by the men. The men can also be drawn up 
into a hollow square 15 deep, the perimeter containing 10 more 
men than the semi-perimeter of the- rectangle. Find the number- 
of men. 

43. Find three numbers such that each multiplied by the 
sum of the other turn will produce 56, 72 and 80 respectively. 

44. The sum of four numbers is 14 ; the sum of the pro r 
ducts of the first and second and third and fourth is 26 ; of the 
first and third, and second and fourth is 23 ; of the first and 
fourth, and second and third 22 •, find the numbers. 

45. A certain number of labourers can remove a heap of 
stones in 8 hours from one place to another ; if there were 8 more- 
labourers, and each carried every hour 51t>s. less, the heap would 
be removed in 7 hours : but if the labourers were 8 fewer in- 
number, and each carried every hour lifts, more, the heap 
would be removed in 9 hours. How many men ar e employed, 
and how much does each carry ? 

46. There were two square pieces of ground to be planted 
with trees also in the form of squares. If on the first piece the 
trees are planted 5 feet apart, and on the second 4 £ feet, 11113 
will be required. But if on the first the trees are planted 5J feet 
apart, and on the second 6 feet apart, 7816 will be wanted. How 
many feet long is each piece of ground ? 
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47. A traveller having had to go to a certain place at a 
distance of 15 miles, thought of starting at 3 A. II. Sometime 
between 2 and 3 a. m., he looked at his watch and mistook the 
minute-hand for the hour-hand and the hour-hand for the minute- 
hand ; and supposing he had been late by more than an hour 
started at once, increasing his usual rate of walking by 3 of a 
mile per hour, and reached his destination 1 hour, 38^ minutes 
before time. If the time he mistook were correct, he would have 
been late by 11 ^j- minutes (though walking at the increased rate). 
Find the usual rate of his walking and the correct time. 

48- A fast train starts from Howrah at 8 'o'clock ; it over- 
takes a goods train which travels 15 miles an hour, and after 
haiing gone 15 miles further, overtakes a slow passenger, which 
travels 20 miles an hour. Another fast train which travels at 
the same rate as the first, starts from the same station at 9 
o’clock, overtakes the goods train, and after having gone 45 miles 
further, overtakes the slow passenger, and finds it has travelled 
120 miles. Find the rate of the fast train and the time whon 
the first/ugt train overtook the goods. 


' Variation. 

207. In the investigation of the relation which varying and 
dependent quantities bear to each other, the conclusions are more 
readily obtained by expressing only two terms in each propor- 
tion, than by retaining the four. 

But though, in considering the variation of such quantities, 
two terms only aro expressed, it will be necessary for the learner 
to keep constantly in mind that four are supposed ; and that the 
operations, by which our conclusions are in this case obtained, 
■ are in reality the operations of proportionals'. 

208. Def. 1. One quantity is said to vary directly as another, 
when the two quantities dopend wholly upon each other, and in 
such a manner, that if one be changed, the other is changed in 
the same, proportion. 

Let A and B be mutually dependent upon each other, in 
such a way, that if A bo changed to any other value a, B must 
be changed to another value 6, such that .A : a :: B : 6, then A 
is said to vary directly as B. 

Ex. 1. Suppose a body to move uniformly, at the rate 
of 3 feet in one second of time ; then in the first second the 
body would pass oyer 3 feet, in Uoo seconds 6 feet, in three 
seconds 9 feet, &c. &c., therefore, whilst the time varies through 
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1, 2, 3, 4, &c. seconds, the space varies through 3, 6, 9, 12, &c. 
feet, but the numbers, 3, 6, 9, &c. are respectively in the same 
ratio with the numbers 1, 2, 3, 4, &c. Therefore, when a body- 
moves uniformly, “ the space varies directly as the time.” 

Ex. 2. Suppose a servant is employed for 8 as. a day then 
lie would receive 8 as. for one day’s work, 16 as. for 2 days’ 
work, 24 as. for 3 days’ work, etc., that is, “ the wages varies 
directly as day.” 

_ Ex. S. If the altitude of a triangle be invariable, the area 
varies as the bas9. For if the base be increased or diminished, 
the area is increased or diminished in the same proportion. 

The sign a> placed between two quantities signifies that 
they vary as each other ; thus, A cc B, is read A varies as B. 

When it is briefly said that A varies as B, it is always 
meant A varies directly as B. 


209. Def. 2. One quantity is <said to vary inversely as 
another, when the former cannot be changed in any manner, but 
: r the reciprocal of the latter is changed in the same proportion. 


A varies inversely as B, 



, if, when A is changed 


to a, B be changed to b, in such a manner that 


A : a 


1 1 
" B ' b' 1 


or A : a :: b : B. 


Ex. 1. One man can finish a work in one hour, two men 
can finish the same work in half the time or half an hour, three 
men can finish the work in one-third of tho time or in one-third 
of an hour etc. Thus the number of men varies inversely os 
the time. 


Ex. 2. If the area of a triangle be given, the base varies 
inversely as the perpendicular altitude. 


Let P and p represent the altitudes, L and b, the bases 


of two triangles equal in area ; then 


PxP p x b 
2 “ 2 


(tho area of a 


triangle being the half of the refetangle under the base and 
perpendicular) or-P x B=p x l ; therefore (Art. 141), 


P :p :: 5 : B :: 


1 1 
5 ■' V 


I 210. Def. 3. One quantity is said to vary as two others 
jointly, if, when the former is changed in any manner, the pro- 
duct of the other two will be changed in the same proportion. 

, / . / • 
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Thus, A varies as B and C jointly, (AccBC), -when A 
cannot be changed to a, bnt the product £ 0 most be changed 
to be, such, that A : a : : BO : be. 

Ex. The area of a triangle varies as its base and perpendi- 
cular altitude jointly. Let, A, B, P, represent the area, base 
and perpendicular altitude of one triangle respectively ; a, b,p, 
those of another; then BP = 2 A, and 5p=»2a; therefore 

— -r — or A : a : : BP : bp. 
a bp 

211. Def. 4. One quantity is said to vary directly as n 
second and inversely as a third, when the first cannot be changed 
in any manner, but the second multiplied by the reciprocal of 
the third is changed in the same proportion. 

A varies directly as B, and inversely as C, ^Acc 
B 0 

■when A : a :: -- : A, B, G, and a, i>, c being corresponding 

0 c 

values of the three quantities. 



Ex. The base of a triangle varieB as the area directly and 
the perpendicular altitude inversely. The notation in the last 

BP A 

Article being retained, -^-<= ~ i aQ d multiplying both aides 


B 


by we have 


Ap A a D , A a 

' £p= p-*- -5 therefore, B :b:: -p 


P P p 

212. If one quantity vary as a second, and that second as a 
third, the first varies as the third. 


Let A : a :: B : b, and B : b : : C : c, then (Art 142), 
A : a :: C : c. That is, Acc C. In the same manner, if AocB and 

then Acc i-, 

213. If two quantities vary respectively as a third, their sum, 
or difference, or the square root of their product, will vary as the 
third. 


Let Acc (7 and Seed, then (AAB)xO; also V(AB)ccC. 

By the supposition, A : a : c :: B : 5 ; therefore 
A : a :: B : b ; alternately, A : B :: a : b ; and by composition or 
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division, _A ± B : B :: a±b : b; alt. A±2? : a±b :: B : b :: 0 : 
c 5 that is A A B cc C. 

Again A : a :: 0,: c, 

and B : b :: C : c. 

therefore AB : ab :: C* : c 1 , (Art 153.) 

and V( AB ) : f{ab) :: C : c. (Art. 154.) 

that is V {AB) cc 0. 

214. Jf one quantity vary as another , it will also vary as 
any multiple , or ^arf, of the other . 

Let A cc i?, and m be any quantity, then because A : a :: B : b, 

A : a :: mB : mb, or A : a :: — : - (Art. 150) ; that is, 

mm ’ 

A cc mB or cc — . 

m 

215. If A nan/ as 5, A is equal to B multiplied by soma 
invariable quantity. 


For A : a :: mB : mb ; then A : mB :: a : mb ; if therefore 
m be so assumed that A = mB, then in all cases, a^-mb. 

Cor. If we know any corresponding values of A and B 
the constant quantity m may be found. 


Let a and b be the two values known, then ; and in 

o 

general A<=^xB. 

Ex. Let sect 1 , and when f=l suppose s = 16, then s=16l z . 

216.' If one quantity vary as another, any power or root of 
the former will vary as the same power or root of the latter. 

Let A vary as B , then A : a :: B : b, and by Art. 154 
A" : a " :: B' : b" ; that is, A* cc B n , where n is whole or 
fractional. 

‘ 217. If one quantity vary as another, and each of them be 
multiplied or divided by any quantity , variable or invariable, the 
products or quotients will vary as each other. 

Let A vary as B, and let T be any other quantity. Then, 
by the supposition, A : a :: B : b ; therefore AT : at :: BT . bt, 

and^: f | (Art. 151.) 
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Ex. 1. The area of a triangle varies as the base when the 
height is invariable, also the area of a triangle varies as the 
height when the base is invariable, when both the base and 
height vary, the area varies as the product of the numbers 
which represent the base and height. 

223. Cor. In the same manner, if there be any number 
of magnitudes P, Q , R, etc., each of which varies as another, 
V, when the rest are constant ; when they are all changed, V 
varies as their product 

Ex. If -Bs-48 be the cost of digging a trench 360ft. long, 
4 ft. broad, and 3 ft. deep, what would be the cost of digging 
a trench 400 ft long, 9 ft. broad, and 6 ft deep P 

The cost o; the length of the trench, 

when the breadth and depth are the same. 

The cost cc breadth, 

when the length and depth are the same. 

The cost c c depth, 

when the length and breadth are the same. 

When length, breadth and depth are different, 
the cost ec length x breadth x depth. 

the cost required : -Ss48 : : 400 x 9 x 6 : 360 x 4 x 3. 

• , . . , 48x400x9x6 

the cost required™- iv — 5 — = 240 -fts- 

^ 360 x 4x 3 

Examples taorlxd out. 


Ex. 1. Given that y varies as m, and that y<=>G when x=2 r 
find the value of y when x «= 4. 

Here y«=# multiplied by some constant quantity, m 
suppose. 

6=7nx2. 3. 

y=3xa>=3x4=12. 

Ex. 2. Given that y varies as a; inversely, and that y=3t 
when xr=2, find the value of y when a?=»3. 


_ 7TV n TTt n 

Let y= — : o=*— ; ?n«= b 

sc & 


y n 5 a 2. 

Ex. 3. If ffl+y oe x-y, prove that £*+y* « xy. 
Let x+y=m(x-y). 

x t +y 1 + 2xy‘*Tn t {x t +y t -2zy). 
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*. (m* +y t ) c =2(,m t + l)zy. 




2(m I +l) 


ay. 


f. x*+y*a: ay. 

Ex. 4. if yet the sum of two quantities, the first of which 
varies as x and the second as a 1 and y «= 8, when x “2, find y°=15 
when x«=>3 ; express y in terms of a. 

Let/the quantities be mx and nx 1 , then 

8«=2m + 4n, 

15<=3m + 9n ; 
n = l and m** 2. 

:. y^Vx+z*. 

Ex. 5. Given that y varies as the sum of three quantities 
of. which the first is constant, the Becond varies as * and the 
third varies as x x , and j/«°21, 36 and 57 when x =■ 1 ,^2 and 3 res- 
pectively, find the equation between j/Fand m. 

Let the second quantify **px and the third 
a+jfx+gx'atho sum of tho quantities. 

y^mia+px+qx*). 

2l**ma+mp+mq 

36«»f7iaf2»yj + 4nig, 

57 =% + 3 mp + 9mq. 
mq ■=* 3, mp ■=■ C and ma «= 12. 
y~12 + 6» + 3x I =3(4 + 2x + fl! ! ). 

Eri G. Three globes of gold whose radii are 1£, 2, inches 
, aro melted and formed into a single globe. Pind its radius, given 
that the volume of a globe varies ns the cube of its radius. 

Let v*= volume, r«> radius and m the constant multiplier, 
then t)*»nir 5 . 

•“> volume of the first =>?n{§) s 

j, „ second =>TO(2)*"=8m... 

» „ third — 

the sum of the volumes = ?J-m + 8m + 1 £ 5 Jn = 27njt=S , m, 
The vo], of the 4th»»rf3r s = 3®m. 

r 5 =3*. r*=3. w 

the radius of the new globe =3 inches. 
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' EXAMPLES LXXI. 

. 1. Given that y varies as x, and that y = 4 -when x- 3, find 
the value of y when at = 5. 

2. Given that y varies inversely as x, and that y = 8 when 
<b = 2, find the value of y when a; = 4. 

3. If ® varies as y and a = 10 when y = 9, find the relation 
between a; and y. 

4- Given that y varies as x and s jointly and that y<= 24, 
when #=2, z— 4, find the value of y when x = 3, s*=l. 1 

5. If -R&20 be the cost of a piece of carpet 174 ft. long, 
8 ft. broad, what must be the cost of a piece of carpet of similar 
quality 15 ft. long and 14 ft. broad. (Apply Ex. 4). 

6. 'Given that a varies as y directly and a inversely, and 
X = a when y ™ b and c=c ; find the relation between x, y, z. 

*7. If the cube of x vary as the square of y , and that a;=4 
when y =3 ; find the relation between x and y. 

8. If a cc be *, and 2, 3 and 4 bo the values of a, b, c res- 
pectively, express a in terms of b, c. 

9. If x ac z and y cc z, then 6hew that both x+y and 
'/(xy) cc z. 

10. If y : — a* cc x+b, and x-a when y = b, find the value 
of x when y = 3a. 

11. If a : cc b+c, and if when b=*0, o>=2 c ; shew that 
eri=4c(6 + c). 

12. If c 2 x a z — b z , and b ■= V(<z z - a4) when ac=x z , find 
the value of b when c=%x. 

J.3. If - cc a;+yand ■- cc m-y, shew that ar - y 2 is con- 
V x 

Btant. 

14. If y cc and z cc shew that x l y t is constant. 
a x 1 y l 

/ 15. If 2a + 3J cc 4a + 5b, shew that a cc b. 

16- If a cc b, prove that a* ±5 2 c c ab 
' and a z i>±aif cc ( a + b ) s . 

: n. if cB+y a- a—y, prove that <s s +y B cc »y(®:fcy). 

.--18. If a + b a: c and 5 + ccc a, prove that o + eceband 
a 1 cc be. 

19. If (C=a + b+c, where a is constant, b varies as y and 
c varies as y inversely and a:=>3, 5J and 7 when y = 1, 2, 3 res- 
pectively, find the equation between x and y. 
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20. Given that y is equal to the snm of throe quantities, 
tho first being constant, the second varies as a and the third 
as a 1 , ondy=8, 12, 20 when m = 3, 4, 5 respectively ; find the 
value of y when a; =2, also find the value of a when y = 32. 

21. Given that K=8umof three quantities of which the 
first is constant, the socond varies as ab and the third as air 1 ; 
and that #<=0 when a=6 = l and x = 6 when a= 6=2 and a;<=l 
whon a= 0. Express a; in terms of a, b. 

22. Given that y varies as tho sum of two quantities one 
of which varies as x and the other as x ?, and y = 18 when x<=l 
andy=»60 when a;=2. Eind tho equation between x and y; 
also find the values of x when y = 6. 

i 

23. Given that y varies as the sum of three quantities of 
which the first is constant, the second varies os x and the third 
as a* ; and that y = 21 when a; = 1, y = 63, when (e=2, and t/ = 129 
when a; = 3. Find tho equation between x and y. 

24. Givon that y varies as the snm of three quantities 1 'the 
first of which is constant, the second varies as x and the third 
as m*, and that y«*3a when a=>a, y—la whon ro=2a, and y = 13a 
when a;«=3a; find the value of y when m=>(n — l)a. 

25. Two globes of gold whose radii are R and r are melted 
and formed into a new globe. Find tho radius of the new 
globe, given that tho volume of a globe oo os the cube of its 
radius. 

26. A spherical shell has -within it a hollow sphere of half 
its diameter; compare its weight with that of a solid sphere 
of the same diameter. Givon, the volume of a sphere vanes as 
tho cube of its radius. 

2 I 7. Two circular plates each fonr inches thick, the dia- 
meters of which are 15 and 20 inches are melted and formed 
into a single circular plate an inch thick. Find its diameter, 
having given that the area of a circle varies as tho square of 
its diamoter. 

28. The value of diamonds cc the square of their weight. 
A diamond of 2 carats is worth five times the value of a ruby 
of 4 carats and both together are worth £600. Required the 
valuo of a diumond, weighing 4 carats. 

29. A locomotive engine without a train can go 24 mileB 
an hour, and its speed is diminished by a quantity which varies 
as the square root of the number of waggons attached. With 
four waggons its speed is 20 miles an hour. Find the greatest 
number of waggons which the engine can move. 

. 6 
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30. The number of marts lost by a student in a mathe- 
matical paper varies directly as the number of days he was 
absent in a year. He would have received 75 per cent, of the 
total number of marks had he been absent for ten days only. 
He barely passed though absented from the lectures for 24 days. 
Bind the minimum per cent, of the number of marks for passing. 


Arithmetical Progression. 

\ 

^ 224. Quantities are said to be in Arithmetical Progression 
when they increase or decrease by a common difference. 

Thus the following series are in Arithmetical Progression : 

1, 3, 5, 7, 9, 

' 30, 27, 24, 21, 18, 

<z, <z + 6, <z+26, <z+36, 

a, a — b, a — 26, a — 36 

In the first example the common difference is 2, in the 
second —3, in the third 6, and in the fourth — 6. 

•,/Hence it is manifest, that if a be the first term and 6 be 
the common difference, thena+6 is the second term, a + 26 
the third, a + 36 the fourth, &c. and a + (rt — 1)6 the nth term. 

f 225. The sum of a scries of quantities in arithmetical pro- 
gression is found by multiplying the sum of the first and last terms 
by half the number of terms. 

Let a be the first term, 6 the common difference,. n the 
number of terms, l the last term, and s the sum of the series ; 

Then a + (« + 6) + (a + 26) + (a + 36) + + Z=>s, 

then writing the series in the reverse order, 

Z+(Z-h) + (J-2&) + (Z-36) + + a=s. 

By adding the terms that are vertically opposite, 

(a + Z)+(a + Z) + (a + Z) + (a-f Z) + -f (a+ ,* 

• and since a+l is repeated n times, 
therefore (a + Z)n=>2e. 

Hence «=(a + ZJ3- 


( 1 ) 
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Also l=d + (n- 1)6 (2) 

theref ore c = {a + a + (n - 1) 6 }~ 

= {2a+(«-l)6}| (3) 

^ 226. C!or. In an Arilhmelkal Progression the mm of any 
iiOO terms equidistant from each end of the series is equal to the 
eum of the first and last terms. 

The truth of this is manifest from the preceding demon- 
stration. We may also prove this in the following manner : — 

Let a bo the first term d the common difference and l the 
last term. 

Then the n tb term from the beginning=n+ (n- l)cZ, and the 
«Oi torm from the end«=Z — (n— l)d ; the sum of these terms 
*3 a + Z= the sum of the first and last terms. 

227. Any three of the quantities l, a, n, b, being given 
the fourth may bo found from the equation Z=>'a + (n - 1)6. 

Em. l. Let 2 be the first term, 3 the common difference 
end 10 the number of terms, to find the last term. 

The last torm«=a+ (n- 1)6 
<»2+ (10-1)3 
= 2 + 27 
=*29. 

Ex. 2. Let 3 be the first term, 6 the number of terms and 
18 the last term, to find the common difference. 

Z=a + (n- 1)6. 

18=3+ <6-1)6. 

18-3 = 56. 

6=3. 

Ex. 3. Lot 4 be the first term, 2 the common difference 
and 28 the last term, find the number of terms. 

28 =4 + (n- 1)2, 

Hence n = 13. 

Em. 4. Let 30 be the last term, 3 the common difference 
and 8 be the number of terms, find the first term. 

30 -a + {8- 1)3. 
a =30-21 = 9. 
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f 228. 


To insert a given number of Arithmetical Means 
between two given quantities. 

Let m be the number of terms to be inserted between a 
and 6 ; let rf be-the common difference ; then, since the number 
of terms =the number of means + the number of extremes, 
therefore n (or the number of terms in the progression) =ro+ 2. 

b (the last term) =a + (h-l)d=a + (m+2-l)d 
=a+(m + l)d. 

. b— a 

d = T . 

m+1 

Hence the required m terms a + c?, a+2d, a + 3d, 

a + md are obtained. 1 


Ex. 5. To insert 5 Arithmetical Means between 3 and 15. 

7 is here tire total number of termB. Let 6 be the common 
difference, then 

15=34- (7 — 1)6. 

6 = 2 . 

The Arithmetical means are 
3+2, 3 + 4, 3 + 6, 3 + 8 and 3 + 10 
or 5, 7, 9, 11 and 13. 

229. Any three of the quantities_ s, a, n, l being given, 
the fourth may be found from the equation 

s={2o+(n-l)6}|. 


Ex. 6. To find the sum of 14 terms of the series 1, 3, 
5, 7, &e. • 

Here o=l, 6=2, n=14, therefore 
s = {lx2 + (14-l)2}^<. 

= (2+26)7 
=196. 

Ex. 7. Required the sum of 9 terms of the series, 11, 9, 
7, 5, &c'. 

In this case a=ll, 6 - - 2, « = 9 ; therefore, 

«=(11 x2 + (9 — l)x(-2)}f 
= (22 r R5) x § 

= 27. 



ABIT25IETI0AL MOGItESSIOS. 


85 


'Ex. s. If tho first term of an Arithmetical Series bo 14, 
■and tho sum of 8 terms be 28, to find the common difference and 
tho series. 

Since {2a+ (n-l)5}^=s. 

2a + (n-l)6=^-. 

(n- 1)6=-- 2a. 

.28-2 an 
~n(n-l)'" 

In tho case proposed, s«=28, o» 14, «=>8 ; 

, , 2 x 28 — 2 x 14 x 8 

therefore, b~ 

- 7-28 X „ 

=o 

Hcnce s 14^ 11 % 8 N h,, &c. is the required series. 

Ex. 0. Tho sum of an Arithmetical Progression consisting 
of 10 terms is 145, and the common difference is 3 ; to find the 
first term. 


Since {2a+ (n — 1 )&}^*=s. 

2au=28 - (n — l) 6w. 

2* — (n-l)nb 

** °” 2n 

_145 x2 - 9 x 10 x 3 
2x 10 
290-270 , 

“ 20 “ 1 - 

Ex. 10. The sum of an Arithmetical series is 42, the 
common difference is -4 and the first term is 18, to find the 
■number of terms. 


Hence n 


{2a + (n-l)&ig“*. 

2a» + 6n J -5n«=2s. 

In* -f (2a — 5)n=2s. 

£-2a± V{{2a-5)*+8*6} 

25 

— 4-36-t V{ {36 + 4)* - 42 x 4 S 8> 
-8 

—404=16 


= 3 or 7. 


-8 
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2B0. In the preceding exercise two values of n are found 
both of which are applicable. For the progression is 
18, 14, 10, 6j 2, -2,-6, &c. 

and the sum of the first three terms is the same as the sum off 
the first seven terms. 

231. In some cases one of the values of n is positive and 
the other negative. In such cases the negative value is ex- 
cluded, since the number of terms can only be expressed by a - 
positive integer. 

Ex. 11. The first term of an Arithmetical Progression is 7, 
the common difference is 2 and the sum of the terms is 27 ; to 
find the number of terms. 

, __ 2s=2an+n(n — l)b. 

54 = 14u+2n l — 2n 
n* + 6n=«27. 

Hence «■= 3 or —9. 

The series is 7, 9, 11. 

If we put 6 more terms before 7 we obtain the series 
-5, -3, -1,1,3,5,7,9,11, 
the sum of all these terms is also 27. 

But 7 is not here the first term, therefore the negative value 
is to be excluded. 

An explanation for the negative value of n may be obtained 
in the following manner: — Put —n for n in the original egua- 

71 * 

tion a = {2a+(n— l)i}^, then 

s= — in{2a — [n+\)h} 

• >=4n{(n + l)& — 2a} 

=»fn{2(6-a) + (7»-l)5} 

Prom this it is manifest that the right-hand member is the 
sum of an Arithmetical Progression whose first term is 6 — a, and 
the common difference b. 

Hence the first term in the progression for the negative 
value is — 5 or 2 — 7. . 

232. In some cases, however, only one of the values of n 
is integral and the other fractional. 

Ex. 12. Let 13 be the first term, —4 the common differ- 
ence .and 27 the sum. of the terms : find the values of n. 

2xl3n+n(n-l)(-4)=27x2. 

Hence n = 3 or 4£. 

The value 4| suggests that of the two numbers 4 and 5, 
one will correspond to a sum greater than 27, 3 nd the other- 
to a sum less than 27. The sura of 4 terms = 28, the sum ot 
5 terms =>25. 
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233. To .find the sum of the first n natural numbers. 

The n nnmber is n. 

+n). Art, 225. 

234. To find the n tl > term and the snm of the first n odd 
integers. 

The series is 1, 3, 5, 7, 9 

The rt fl > term^l + (n — l)2 = 2n - 1. 

s«=^(l + 2n — 1) 

= ~ x2n«=n*. 

235. To find the n th term and the Bum of tho firBt n even 
integers. 

The series is 2, 4, 6, 8 

The term ■=* 2 + (n - 1)2 = 2«, 

.*. 8=g{2 + 2n}«=»«(n+l). 

236. To find tho sum of the squares of the first n natural 
numbers. 

Let s be tho required Bum ; then 

s=P + 2 i + 3*+4 I + +n*. 

• Because n , -(n~l) , «»3?z*— 3 r+ 3, 

(n-l) 8 -(»~2) s ~3(n-l)*-3(n-l) + l, 

(n-2)*-(n — 3) , =»3(n-2) I -3(u — 2)+l, 


3 5 -2* 

=«3'3* 

-3*3 


2* - 1* 

= 3-2* 

-3-2 

+ 1, 

l»-0 5 

•a 3*1* 

-3T 

+ 1« 


By addition 

tt*=3{l*+2 I + 3*-t- + (n-2)*+(n-l) 1 + n*) 

— 5(1 + 2 + 3+ 4 - (n — 2) 4 - (n — 1) +n) +n 

n , <=3{l , + 2 l + 3‘ + +«*} - 3 x (n + l)^+n 

it 

_o„ 0 «(«+- 1) . 

« 6s o — ~ — + n 

3 8 = n * + ?5i| lil n(n + l)( 2 n+l) 

$=Jn(n+l)(2n + l). 

237. To find the sum of the cubes of the first n natural 
numbers. 
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Let s be the required snm ; then 

s= l ! + 2® + 3 s + +7i 8 . 

Because n i -(n-l)* = 4n i -6 n l + 4n- 1, 

(72 — l) 4 — (72 — 2) 4 = 4(ti — 1) B -6(72 — 1) 2 +4(t 2 - 1) — 1, 
(n — 2) 4 — (b — 3) 4 =4(n — 2) B — 6(n — 2) 2 + 4 (t2 — 2) — 1, 


3 4 

-2 1 

= 4-3* 

-6-3 2 t 

+ 4-3 

2 4 - 

-l 4 

~4“2* 

-6-2* 

+ 4-2 

l 4 - 

-0 4 

= 41 2 

~6l 2 

+ 41 


By addition 

n i „ 4(1* + 2' + 3 s + ... + rc J ) - 6(1* 4- 2* + 3 2 + ... + «*) 
+ 4(1 +2 + 3 + ... + n)-n 
= 4a-6x^n(n + l)(2n+l) + 4(l + n)ln-n 
=4s -n(n + 1) (2n+ 1) +2n(n+l)-7i. 

.*. 4s == n 4 + 2n E + n l 

8=^i 3 (n + l)* = {j7i(;2 + l)}* 

Cor. Because 1+2 + 3+.. .+72 = ^72(72 + !) ; 

therefore I s + 2* + 3 8 +...+n s = (1 + 2 + 3 + ...+«}*. 


EXAMPLES LXXII. 


1. Eind the last term of each of the following series. 

(1) 3, 5, 7, ..to 20 terms. 

(2) 4, 7, 10---to 32 terms. 

(3) 12^, 144, 16J...to 40 terms. 

(4) h h ~ & <..to 10 terms. 

(5) — 9£, —64, -3£...to 12 terms. 

(6) 1, 4, 7 ...to « terms. 

(7) 1, 3, 5 to 2n terms. 

(8) 2, 4, 6 to 2 b terms. 

(9) * 1^1 *~ 3 


( 10 ) 

( 11 ) 

( 12 ) 


..to b terms. 

72 • 72 ' 72 

J, 2 to 272 — 1 terms. 

(z+y) 2 , m t +y t , (®-y) r to 72 terms, 

a — & 3a — 2 & 5a — 35 
a+ 5’ 


.to 72 terms. 


a+i ’ a+5 

2. The sum of an Arithmetical Progression of 40 terms is 
1600, and the common difference is 2 ; find the first term. 

3. In an Arithmetical series the first term is 28, and the 
sum of 8 terms is 140 ; find the common difference. 
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4. The sum of an Arithmetical series is 1240, the common 
difference -4 and the number of terms 20 ; find the first term. 

5. The sum of an Arithmetical series is 1455, the first term 
5 , and the number of terms BO ; find the common difference. 

6 * Insort 6 arithmetical means between 2 and 16. 

7. Insert 7 arithmetical mean 3 between £ and - 1. 

8 . Insert 4 arithmetical means between 1 and - 1 . 

9. The 4tB term of a series is 29, the 7 lh is 50 ; find the 
first term and the common difference, 

10. Sum to 16 terms 2, 5, 8 , 11, 

11. Sum to 12 terms 12, 8, 4 

12. Sum to 36 terms 40, 38, 36, 34, 

13. Sum to 20 terms 15, 11, 7, 3 

14. Sum to 32 terms 1, 1£, 2, 2J, 

15. Sum to 150 terms f, 1, 

16- Sum to 100 terms 1, 3, 5, 7, 

17. Sam to 8 terms' -7,-4, -1, ' 

18- Sam to 16 terms §, J, 

19. Sum to 2n terms J, § , $, 

12 3 

20. Sam to n terms 1 — , 1 — , 1 — 

n’ n n’ 

21. Sum to n terms 1-n, l-~, 1,.... 

22. Sum to n terms 1-n, 2 -$n, 3~$n, 

23. The sum of n terms of an arithmetical series of whiohl 
is the first term, is 4n* -3n ; find the common difference. 

24. The sum of n terms of an arithmetical series, of which 
the common difference is 10, is 5n l - 4n ; find the first term. 

25. A travels uniformly at the rate of 6 miles an hour 
and sets out on his jonrnoy 3 hours, 20 minutes before B ; 
B follows him at the rate of 3| miles the first hour ; 44 miles 
the second, 51 the third, and so on. *In how many hours will 
B overtake A V 

26. There are n arithmetic means betwoen 3 and 17, and 
the last is 3 times as great as the first ; find the number of 
means. 

27. The sum of a scries in Arithmetical Progression is 140 
the first term is 28 and the common difference - 3 : find the 
number of terms. 
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28. Given a= 7, b= 2, s^567 ; find n. 

29. A traveller bound to a place at the distance of 198 

miles, goes 30 miles the first day, 28 the second, 26 the third 
and so on. In how many days will he arrive at his iour- 
ney s end ? , 

30. Find three numbers in Arithmetical Progression, such 
that their sum is 9, and the sum of their cubes 153. 

31. The sum of three numbers in Arithmetical Progression 
is 15, and the snm of the sqnares of the two extremes’ is 58. 
What are the numbers p 

32. There are four numbers in Arithmetical Progression, 
the sum of the squares of the extremes is 272, and the sum of 
the squares of the means is 20S. What are the numbers ? 

33. There are four numbers in Arithmetical Progression, 
the sum of the two extremes is 8, and the product of the means 
15. What are the numbers ? 

34- The shortest side of a right-angled triangle is 12 in- 
ches, and its three sides are in arithmetical progression ; find the 
other sides. 

35. One hundred stones are placed on the groubd, in 
a straight line, at a distance of 2 feet from each other. How 

' far does a person travel who brings them one by one to a 
.basket standing at a distance of 20 yards from the first 
stone ? 

36. Between the numbers 3 and 27 as extremes, to find a 
series of arithmetic means whose sum shall be 75. 

3*7. The sum of the first nine terms of an arithmetic series 
whose first term is unity, is one-third of the sum of the following 
nine terms ; find the series. 

38. The sum of an arithmetical series is 507, the lost 
term is 75, and the common difference 6 ; find the number of 
terms. 

39. The term of an arithmetical series is £ (3n-l)j 
shew that the sum of n terms = ^u(3n + l). 

' 40. If S t , jS 2 , S 3 be the sums of n terms of three arithme- 
tical series, of each "of which 1 is the first term and the common 
differences are 1, 2, and 3 respectively ; prove that S y + <S 3 = 2S , 2 . 

41. The sum of the first two terms of an arithmetical pro- 
gression is 4, and the fifth term is 9 : find the senes. 

42. Divide 25 into five parts, which are in Arithmetical 
Progression, and such that the sum of the squares of the least 
and greatest of them is less by 1 than the sura of the squares of 
the other three. 
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43. The first term of on Ar ! tb n raeticftl „ ?u°f r the° sum 
flt_ n + l, and the common difference is - ; P rov 

of n terms is n 8 . „ 

If the first term be + 1, the sum of n terms » • 

, 44. If a be the first term, and l be the last term, of^ 

Arithmetical Scries, and if an antfimetici ean^ems^^ ^ 8nm 

... mean, 

1 " 45 . %hc. latter bait of 2n terms of an ''' 

equal to one-third of the sum of 3n terms of the some sen 

tt°,o C r K. ».*• reepeotively. 

prove that S: S x : : n : n-1. „ 

47. The difference between the sums of m nnd n term _ ^ 
an arithmetical progression is to the snm of m + n er 

xs t0 « 8 + n ' F ; nd sum of the first n numbers of the form 

"‘ m + 49. If s = 2pn+m t whatever bo the value of n, find the 

mtb term and the sum of m terms. - , n 1 t i,„ Bum 

/ 50. If the p«* term be P and g«x term be Q, find tbe sum 

of n terms of P, Q, p, q, n. . , • • „ 

51. There are r arithmetical progressions, each _ 
with 1, and their common differences arel, 2, 3 &c. , 

the Bum of their terms = I)/* 1 + ( n- ^ 

SO Tf* * 5 &c be the sums of r arithmetical senes 

each to n terms, tLe first terms being > , > • ^ 

common differences 1, 3, 5, &c. ; prove that + s 3 + 

= lrn(ni + l). 

“ 53 If, in an arithmetical series, the (m + n)"' term~p, 
and (mi«S= 2 ; then prove that the m«> term = i (p+q) and 
, . .m 

the n^term^p-iip-q)— • 

J 54 There is a number of series in A. P. whose common 
differences are 1, 2, 3, &c. ; prove that, if thesum 
of each of these bo r‘, their first terms will .form » decreasii^ 
arithmetical series, whose first term is •.•(.+ ) 
mon difference — i(r — l). ’. , 

•^55. If S r denote the sum of r terms of an antlimetica 
series, then will In(n — 1) S 2 n -n(n — 2)S„ — ^ n i % 
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56. Sum to 2n terms 1-3+5 -7+ 

^ 8am r terms of an arithmetical series be to 
the sum of p terms as r* : jf- - shew that the rU> term will be to 
the _ptii term as 2r — 1 : 2p — 1. 

^/^8. Sum to 2n + l terms 1-2+3-4+ 

a be.. 

are Arithmetical Prog. ; prove 


59. 


that 2(a B + c z — 2 J s ) = (a + 6+ c ) (a* + c* - 2&*), 

*■{50. Sam to n terms 1 x2+ 2x3+3 x4+4x 5 + 

^ 61. Divide unity into four parts in A. P. so that the sum 
of their cubes shall be equal to 

62. Sum to n terms a*+ (a+ 6)* + (a + 26) 1 + &c. 

y 63. If s n be generally the sum of n terms of an A. P, 
shew that ~ 3s B ^.o + 3s fl ^2 — 


•n 


Geometrical Progression, 

238. Def. Quantities are said to be ,in Geometrical Pro- 
gression, or continued proportion, when the first is to the second 
as the second to the third, and as the third to the fourth, &c., 
that is, when every succeeding term is a certain multiple, or part, 
of the preceding term. Thus the following series are in Geome- 
trical progression : — 

1, 2, 4, 8, 16, 

Ij ii 4i it ■^V) 

In the first example the common ratio is 2 and in the 
second 4. 

If a be the first term, and ar the second, the series will be 
a, ar, ar £ , ar 1 , ar 1 , &c., the term being ar' -1 . 

For a : ar : : ar : ar z : : ar 1 : ar s , &c. 
ar ar 1 _ ar s ^ 
a ar~ ar 1 ‘ 1 

239. The constant multiplier by which any term is derived 
from the preceding, is called the common Ratio, and it may be 
found by dividing the second term by the first, or any other term, 
by that which precedes it. 

Ex. 1. 1, 4, 16, 64, &c., are in Geometrical Progression, 
find the common ratio. 

The common ratio =^=££=4. 
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Ex. 2. If, i, j’s, &C. arc in Geometrical Progression, 
find the common ratio. 

Tbo common ratio = f-r- If =£. 

240. If quantities be in geometrical progression, their 
differences are in geometrical progression. . 

Lot a, ar, ar 1 , ar 1 , nr 4 , &c. bo the quantities ; their 
differences, ar — a, ar 2 -ar, ar* — ar 2 , ar l -ar B , &c., form n, 
geometrical progression, rvhoso first term is ar - a, and common 
ratio r. 

241. Quantities in geometrical progression arc proportional 
to their differences. 

For a : ar :: ar-a : ari—ar :: ar 2 — ar : ar 5 — ar 2 , &o. 

242. In any geometrical progression, the first term is to tho 
third as the square of the first to the square of the second. 

Let a, ar, ar 2 , ar 3 , &c. be the progression, then 
a : ar 2 :: a 2 : a 2 r 2 . 

^ 243. In tho same manner it may bo shown, that the first 
term is to tho (n+ipa term, as tho first raised to tho nth power 
to tho second raised to tho same power. 

244. If any terms be talcen at equal intervals in a geometric 
cal progression, they will be in geometrical progression. 

Let a, arf-ar 9 ,...ar tn ,.-ar ,n ,...& c. be the progression, then 
a, ar", ar 2 ", ar B °, &c. are at intervals of n terms, and form a 
geometrical progression, whose common ratio is r n . 


246. If the two extremes, and the number of terins in a geo- 
metrical progression be given, the means may be found. 

Let a, and b be the extremes, n the number of terms, and 
rtho common ratio; then the progression iB a, ar, ar 2 , ar 3 ,.. 
ar" -1 ; and since b iB the last term, therefore 

ar n_1 = 6 and r” -1 = - . 

a 


of 


Therefore r = 1 ; and r being thus known, 

the progression ar, ar 1 , ar 3 , &o, are known. 


the terms 


Ex. There are four means or intervening terms, in a geo- 
metrical progression between 2 and 64 ; find them. 

Here a=2 and Z=64. 


,-(£)-‘>- 32 s 


= 2 ; 


and the means are 4, 8, 16 and 32. 
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246. To find the sum of a series of quantities in Geometri- 
cal Progression. ' 

Let a be the first term, r the common ratio, n the number 
of terms, and s the snm df the series. , - 

Then S‘=a + ar + ar J + +ar B- * + ar* _ i; 

andrs = ar+ar x + . ........ +ar''~ t +ar*~ 1 +ar li . . 

Subtracting, rs—s^ar"'— a. -- 

ar n —a r n — 1 
‘ s= — — — = a- 


r - 1 


r-1 


Cor. 1. If Z be the last term, l=ar n ~\ 

rl—a 
s = 


r-1 


rl—a 


’ 247. Cor. 2; From the equation s —~ — - , any three of 

the quantities, s, r, . Z, a, being given, the fourth may be 
found. 

248. Cor. 3. When r is a proper fraction, as n increases 
the value of r n , or of ar n , decreases, and when n is increased 
•without' limit, ar n becomes' less, with respect to a, than any 
magnitude that can be assigned. Hence the sum of the series 
ar u — a ar n a 


■which in general is - 


, or" — , 
1 ’ r-1 


r-1 


j 


is reduced in- this 


case, 'to that is, —— . 
r — 1 1 — r 


a 


The quantity, y—, which we call the sum of the. series 

is the limit to which the sum of the terms approaches, but 
never actually attains; it is however the true representation 
of the series continued sine fine, for this series arises from ■ 

the division of a by 1 -r ; therefore may without error be 

substituted for it. 

Ex. 1. To find the sum of 20 terms of the series, 1, 2, 4, 8, &c. 

• Here o=l, r— 2, n = 20; therefore’ 
lx22°-l 


2-1 


»2 20 -l. 


Ex. 2. Required the sum of 12 terms of the series 64, .16, 4, &c. 
Here 0=64, > = i,n= 12; therefore 

64 x - 64 64-64x(i) u 64 x4 u - 64 

• a US -C= 

* i-1 


64 4 11 -! 
s a 4S x 4-1 ’ 


1-i 

1 4 U -1 

' 4 s ’ 3 ‘ 


4i*_4n 
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Ex. S. To sum to 12 terms the series 1,-3, 9,-27, &c. 
In this case,a=l, r = -3, n = 12, 


therefore s< 

■ V',' 


(-8) 12 - 1 ,,3 12 — 1 

= -3-1 “ ’ 4 ' 


Em. 4. Findh-th'd’ sum of the’ series 1— $ + £-£ + &c. to 
infinity . ■ 

Here a«=l,r= — 


249. If the common ratio in a geometrical progression, con- 
tinued to infinity ho less than unity, each-term bears a constant 
ratio to the sum of all which follow it. Let o + ar+or' + ar’ + ••■ 
be the series, then the term is ar "~ l ; the sum of all the 
terms which follow ar n ~ x . 


•=ar" + ar" +x + ar " +I + cr ,,+s + 


(IT 

- a r n (1 + r + r* + r 8 + . . . ) = — — . 


The ratio of the n th term to the sum of all which follow it 


(Z7* n J — 

is ar” . This is constant whatever n may be. 

■ 1-r - r 

250. Recurring decimals are quantities in geometrical pro- 
gression, where xirmi &c., ttre the common ratios 

according as one, two, three, &c. figures recur ; and the vulgar 
fraction corresponding to such a decimal, is found, by summiflg 
the series. 


Thus for example •123123123”’&c. denotes 
123 123 123 

1000 + 1000 * + 1000 8 + 5 

here the common ratio is xifars- 


Therefore it is equal to- 


123 

1000 


1000 


123 

999’. 


Otherwise , let s = '123123123 

1000s = 123T23123123 
Subtracting, 999s = 123. 


123 

" S = 999' 

261. To find the value of a mixed recurring decimal. 
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Let the non-circulating part he represented by a number E 

SEatetaK’’ “ Dd a peri ° d * ““““e 01 r di s i,t ' 


_ & . K , R , i2 

y-' 10* 10 n+ ’’ 10 ,+2r+ 10 «+jr+... 

_N R f l 1 \ 

= 10 n 10” +r \ + I0 r+ Itji 7 + - j 

„ 10 r _(^xlO’-+iZ)-JV 
10 ft+ 10 n+ ' r 10 r -l (lO'-l^O 0 ■ 

Ex. To find the value of -24346 


Vo , ExlO'+R-R 243x10* +46 -243 

' (10 r -l)10 n “ (10*— 1)10* 

24346-243 24103 

“ 99000 “ 99000 * 


Otherwise : — Let x= ‘243464646, 
then 100000a?=24346-4646 
and 1000a; = 243‘4646 


99000a; - 24346 - 243 = 24103. 


252. There are some series which are not actually composed 
of terms in Arithmetical or Geometrical Progression, but -whoso 
sum may however be easily obtained by applying the rule3 laid 
down in the preceding articles. 

Ex.' 1. To find the n term and the sum to n terms of 
2 + 6 + 14+30+&C. 

ntiitenn’=2’' +1 -2. 


The series * (2 2 - 2) + (23 - 2) + (2* - 2) + - + (2° +1 ~2) 

= 2* + 2 s +2 1 + ...- (2 + 2 + 2 + 2---to n terms) 

= _ 2n = 2' + * - 4 - 2n. 

A — i. 

Em. 2. To find the sum of a series of quantities in geo- 
metrical progression, having their coefficients in arithmetical 


progression. 

Let a+ (o+ 6)r+ (a + 25)r + ...he the series. 

Let s = a+(a + f>)r + fa + 25)r* + ...+ ta+(n-l)i}r"" 1 
.*. sr = ar+(o+6)r*+...+ {a+(n-2)f>}r»- 1 +{a+l«-l)&}r 


By sub.tr. 


g(l -r) = a + Jr+ Jr*+ ,.. + Jr* -1 — {a+ (n— l)5}r 
= a+ 5r(l+r + r* + - (a + nb)r\ 


o ML-0_ {a+nJjrn 

l — r 



-—-T 


«T 


1 

03 * 

ji-nffl*" * » 

«r it-t + V* 1 x * 

i* tB ‘ 31 'W+- +Cn ' +«”' 1 ' nx ' 

i^*u- rrs 

••• *" I. 1 -'' 5+ 55 + 555 * 

frin^et® 9 J..-I + ..* 

. JZ,S. 4 - ft*lO + 5 * 1 1S 

1he3» tte +5 *lO l + 5 . l0 *+l0+ l 3 

e5ll0 iA-f w ' 

■ v ^ 5 + 55 + r/ob .'+ ^°" ' ^ ' n ter© 8 '> 

Let*’ rO+ 660 + *b+5 + - 

lOs ® 50 . 1 x_<!»+& + »7 

- 9 , : 1 - 

, 19 tet® 8 1 — 

»• C »« w ' 

3- SU to l0te**° B% * 4 + ... 

* ^**^Y+itt + * 1 ** b 

% %>»^'*JZ*~***** 

n. Zv *> *»+«r 

8- B “”^,tofc il > 2 ' H+ s U i_+- 

Stl iQto^ 3^-i-,+ T0» 

to.s.»» to6 “ WT0 1 


1 
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11. Sum to infinity a 1? + ..., when 6 »a. 

12. Sam to infinity 2+2a+2a i +2a l + ... 

13. Sam to infinity — A ^. ... 

14- Sam to 8 terms V 2 + V 8 + 4 V 2 + ... 

15. Sam to 10 terms -Z2 + V 8 + V(4|) + ... 

16. Sam to 8 terms 5 — V§ + 1 - ... ' / 

17. Sam to 8 terms Vg — V6 + 2 V(15) — ... 

18. Sam to n terms Vi + Vf + §v r 2 + ... 

* 111 

19. Sum to n terms + ^ 4 - + ... 

20. Sam to infinity 1^1+ \/'+ -\/|+&c. 

21. Sam to infinity ^_L^ + i + ... 

22. Sam to infinity i+Jl + $s + Jl + — 

23. Sam to n terms l + | + g + | + 

5 7 9 

24. Sam to » terms l + g + p+g I +g I +... 

25. Sam to « terms 2a?+g®* + | 2 : ! + |® 4 + ... 

26. Sum to n terms l-§+f-£ + 

3 4 5 

27- Sum to infinity ® + fari+^a; B +g J 2;4 + g 7 ari + ... 

28. The fifth term of a geometrical series is 8 times'tho 
second, and the sum of the first and third is 15, find the terms. 

29. There are three numbers in geometrical progression 
whose product is 8 and the sam qf their cubes is 73.N k I'ind the 
numbers. 

30. Find three numbers in geometrical progression, such, 
that their sum shall be 7 and the sum of their squares 21. 

31. The sum of four numbers in geometrical progression 
is 30, and the last term divided by the sum of the middle terms 
is § ; find the numbers. 

32. If a, b, c be in A. P., and x, y , be the geometric means 
between a, i, and b, c, respectively, prove that 6 s is an 
arithmetic mean between je* and y *. 

33. Insert four" geometrical means between } and~27. 
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«*»*■ TtteS*”'; 

J2>~&v%££ ^ 4iww *as 

»®' , Ttk“® e “‘“ ^“iV* 

ssr „ « .»<. ■£*»?*;■ ■£-** r* 

®?,toS““ #ni ' te.M»<l»f' 0 “ c to to 6«»“ eWC 

61 S9. ^ 

• rtictt^tt*-"^*' ^"" C ' fl;rits« 1 g e ° ine ^dei 

e«*“^ «,»»;.»<>'*! fffi fZi 


jli and %Vj V 0 £ tbe j. _ a r + ••• 

?i^uo£eacUOi- f + a r" . t0 1+r- , 


4 , 

**Z ’ 

E - -n, a. E tr * + j 

to d *o suxn °\es8 * ttTX Utnl ?”' &c to infin^y aT1 

»- 4 ; b u 5 s - ^**r :£: . . 

>5. u ,. 1 -^|; ■.„,!. »a**2S 

d#« ^ l c be ftJa'^ lV - 

46. iv + (»-3) + - 

6e0 „.»»'p " 

* «K°r^ b3t 
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of a geometric progression, c, cr, cr*, to infinity, find the 

sum of the resulting series, r being less than uni ty. 

49. If S, the sum of the first 2 n terms of a geometrical 
aeries, ■whose first term is a and the common ratio r, bo equal 

to tc times the («+ 1)^ term ; shew that x =- f r . 

’ a + [r — l)S 

50. If S and be respectively the sum of n terms of the 

aeries tr + ar+ar ! + and a + ar~ 1 +ar~ t + and if Zbe the 

last term of the first series, then shew that aS^lS^ 

51. If P be the product, S the sum, and s the sum of the re- 
ciprocals of n quantities in geometrical progression, then shew 

that P*= X 

52. If 8 X , s 2 , s 3 s n be the sums of n geometrical pro- 
gressions whose first terms are a, 2a, 3a na respectively and 

the common ratio in each progression is r, find the sum of 

f 1 + s 2 + +8«. 

53. If «i = 1 + i+ ~-f- to infinity, 

T T* 
i 1 1 

82 = 1 - ■“ + 

* T V 

, 1 1 

s 3 r=:1+ ^ + pr + 

shew that x s 2 =s 3 . 

0 

Harmonica! Progression. 

253. Def. Any magnitudes a, b, c,d,e ; &c. are said to be 
in Harmonical Progression, i£ a : c :: a- b : b-c ; b : d :: b-c 
: t— d, c : e :: c — d : d—c ; &c. 

254. The reciprocals of quantities in Harmonical Progression. 
are’Jn Arithmetical Progression. 

Let a, b, c, &c. be in Harmonical Progression, 
then by def. a : c :: u —b : b-c ; 

ab — ac — ac— be, (Art. 138) 

and dividing both sides by a be. 

1111 
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Again b : d :: b — c : c-d', 
be- bdtabd — cd, 

and dividing by led, j ; 

and 1 _ i hns been proved equal to — j therefore the 


quantities — , - , i , y , , have a common difference 5 that is, 

they aro in Arithmetical Progression. And the same proof 
may be extended to any number of terms. t 

255. To insert a given number of harmonic means between 
two given terms. 


Let a and l be two terms and n the number of harmonic 
means to be inserted. Since the reciprocals of harmonical terms 
are in arithmetical progression, therefore the problem is re- 
duced to the following : — to insert n arithmetical means between 


i and ~ ; the reciprocals of the arithmetic means are the har- 


monio means. 


Let b be the common difference. 

a-l 

al(n+ 1 ) * 

*'• l+a&TT) > a + a T^?T) ’ etc/aTe 1116 arithmetio J 

al(n+l) <ri(n + l) , , 

- l(n + l)+a-i > etC> nre the harmonlC meaD6 ’ 

256. If A , Q, and H respectively be the arithmetic, geo- 
metric and harmonic means between any two quantities, to find 
the relation between A, G, H.. 

Let * and y be the two quantities. 

A-x^y-A\ A (» + ?/). 

X <? <? : y ; .'. (?«=-/ (xy). 
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* :y :: x-EiE-y ; ... . , 

Hence G*=AE. 

A :G :: (? : J?. 

and 361106 ^ HeS “ valne betweerL A ar “d E, also A > <? 

For A ~E~- ttJry - 2a: ’ / p ( g + ?/)*-4^y 

■2 ®+y 2(z + y) 

(aj—yY . . 

2;a; t y) a P 0Sltl7e quantity. 

257. There is no method by which the sum of an harmoni- 
cal series can bo found", because the sum of any number of 
terms cannot be found from the sum of their reciprocals. 

EXAMPLES LXXIV. 

1. Find the fourth and fifth terms of the series 4 -f 2£ + 2. 

2. Find 16 harmonic means between £ and fa. 

3. Find a harmonic mean between — 3 and 15. 

4. Find the fourth term of the harmonic series 14, 2, 3. 

1 5. The harmonic mean is g of the arithmetic mean, and 
one of the numbers is 3 ; find the other. 

6. The difference of the arithmetic and harmonic means 
between two numbers is 2 ; and one of the numbers is three 
times the other ; find them. 

7- The sum of three terms of an harmonic series is lb 
and the sum of their squares 49, find the terms. 

8. An arithmetic mean between two numbers is to the 
geometric mean :: 5 : 3 ; and the difference between the geo- 
metric and harmonio means is 2§ ; find the numbers. 

9. The sum of three terms of an harmonic series is 11 and 
their product is'36 ; find the terms. 

10. The arithmetic mean between two numbers exceeds 
the geometric by 5, and the geometric exceeds the harmonic 
by 4, find the numbers. 

11. There are four numbers, the first three are in A. P. 
and the last three in E P. shew that the product of the ex- 
tremes is equal to the product of the means. 

12 If a, b, c be the m t*, «th and p^ terms of an harmonic 
series, shew, that {m- 7 i)ab+(p-m)ac+ (n—p)bc=0. 
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13. The nth term of an H. P. is N" and the rth term M, 
find the (n+r)tii term. 

14- If n harmonic means be inserted between 1 and r, 
shew that the first : the last : : n + r : wr + 1. 

15. If a, l, c be in harmonic progression, shew that 

11 1 . 1 
a c b - a b-c' 

16. There are three numbers in harmonic progression, if 
unity be subtracted from the first, the progression becomes 
geometric ; and if 4 be subtracted from the third, it becomes 
arithmetic. Find the numbers. 

17. Ifa"’=‘4' , =>c r •=&n.,anAa,b, c,&c. be in geometric pro- 
gression ; then will m, n, r, &c. be in harmonic progression. 

18. Between two numbers a and b, n harmonic means 
are inserted of which c is the first term, shew that a :b : : 
(a-c) n : c-b. 

19. If x, y, s, be in A. P., a, P, 7, in H. P. xa, yP, c7 in 

G. P., prove that a: y : e : : \ : 4 : - . 

1 p a 

20. If the arithmetic mean between two quantities a and 
b be n times tho harmonic mean ; then will 

a’.b:: Vn+- V(n— 1) : Vn- V(n-l). 

21. If v, a, y, z be four positive quantities in H. P. ; shew 
that t> + rr> x+y. 

22- If a, b, c be in H. P., shew that 
c-b b — a a — c a c 

23. If y * be an arithmetic mean between a 1 and e*, prove 
that y+z, a+z, a+y are in Harmonic Progression. 

24- If b be a geometric mean between a and c, shew that 
a+ b, 26 and c+ 6 are in Harmonic Progression. 


EXAMPLES LSXV. 


Miscellaneous Examples on the foregoing articles, 

1. If </ (ax) + 4 (by) + V (ce) <= 0, prove that a 1 x l 4- b*y* + c l tr 

•=*2(abxy + acxs+ bcyz). , 

2. Solve the equations 


-a) 

( 2 ) 




ayz<= 48, 



1 ay 
12 ’ 


4 

3 ’ 
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3 . 

4 . 


5 . 


Kesolve into elementary factors : — 
a z + 6* + c z — 2a& + 2ic— 2ac, and shew that 
(x + y + s)* -(as*+y*+s:*)c=3(x+y)(tt + g)(y+s). 
Eliminate y and r from the equations 
_ , e^+e^+e^p, 


e c+3 +e~* 2 + e : 


j+*. 


pr+a+e _ 


= r. 


Solve the equations 
«* + 1 13 

25 ‘ 


(«r + l) s 
1 




( 1 ) 

(2) 

*/(a — ai)+Va^V(a + x)—Va' 

(3) w t - like 1 + 31a>- 30=0. 


1 


V« 

x 


6. Sum to n terms 

a 4- (a - 61r + (a - 2b)r* + (a - 36)^ + • •• 


*7. If a be the first term, r the common ratio, n the num- 
ber of terms, s the sum, s 2 the sum of the squares of the terms- 
of a G. P., shew that « 2 (r+ 1) -8 l (r- 1) = 2 as. 


8. Solve the equations : — 

(1) 2V{i(®-4)( = 1 —4®. 

(2) (3a?+y) z -(3y + a) z =24) 

x*+y z = 5 | . 

(3) 4®* — 6®y+y z =ll 7 

3^ z — 2ay — 14 ) 

9. Skilled workmen and labourers are employed on a work, 
a skilled workman receives Is. 6d. a day more than a labourer. 
The average of their daily wages exceeds by 1 $d. the sum which 
would be the average if skilled workmen and labourers were 
employed in equal numbers. If 6 men of each kind are dis- 
charged, the average of the daily wages is raised by 14(?. Eind 
the number of men of each kind. 


10 . If a, b- c be the roots of the equation a; 3 — 7®4-6=0 r 
find the value of 


11 . 




Solve the equations. 

(1) (®-3)(®— 2)+(®-3)(*-l) + (o-2)(«-l)*=2 
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( 2 ) {ax+bjy + iay-bx)'*^* . 

. ?+2, 2 2i±£. 

y x a 1 — l) 1 

12. Find the factor which will rationalise Va + Ifb. 


13 . 


14 . 


Find the square root of 9 — 2 V3 — 2 </5 + 2 V(15). 

_ a; 1 ^ 1 «r*s* 

Provo tbat^— fj (e »-r^*) + ,y*-«*}(y*_s*j 


15. Solve the equations : — 

(1) x<-2» a -3a; J + 2 e + 2 = 0, one root being 1+ V3. 

(2) 2£ s + 3n t ”l. 

(3) a: 8 — 3is 1 + 4«=0. 


16. Sum to 10 terms 1*01 + (1*01)* + (1*01) 8 + 


17 . 


18 . 


-r , a, y V * 

If — |* — h — « 

y a 9 z y 

- 1 + V ( _ 3) 


= 6, -+ ~«=c ; eliminate m, y, s. 
’ x a 

_1_ V(-3) t 

6 Q ( prove that 


a x + ab+¥*- 0. 

19. Solve the equations. 

(1) m 4 - 2a 8 + 2 k* — 2»+l=0. 

(2) a 1 -a! 8 -3a 1 + 5»-2^0. 


20. In the election to an office the numbers of the sup- 
porters of the three candidates, A, B, 0, are in arithmetical 
progression. C, who has tho fewest supporters, withdraws 
before the day of election and of his supporters 9 decline to 
vote, and the rest so divide themselves that 4 times as many 
of them vote for A as for B. On the whole, 126 votes are 
given for A and 82 votes for B. Find the number of sup- 
porters of euoh candidate. 

Simplify 


21 . 

22 . 


{a + b •/ ( • 
Sum to n terms 




a, (a + 26)r, ( 0 + 46 ) 0 *, (a + G6)r 8 , &c. 

23. The sum of 5 or 15 terms of an A. P. is 75 ; find 
the tenth term. 


' 10G 


elements or algebra. 


24. 

25. 

26. 


If?, 


h 

' y L 


■ . a* y* 2 1 

. and — t +^5+^=1; prove that, 


c , &* , c 1 a* + 1*4-0* 

i+ -?+ — = 


n 1 ' p 1 <r 1 + i/ s + 2 I * 

Eliminate y and s from the following eg nations 
x + y + s =2 

ary + xz i-yz-. 
xyz=r 
Shew that 


2=^1 


a + b*f( — 1) o-6V(-l) . 

FiTRiji + {^r^Tpiyji 1S a P° ssibJo qnantitj'. 

2*7., If a, h, c, d be in 6. P. ; prove that 

(a-b + c-d) 1 ~(a-b) s +(c-d) t + 2(b-c) t . 

28- Find the harmonic mean between a and -_ b .- . 

2 a~b‘ 

ori a + 5 a + c 5 + c . , _ 

f — y~ j are m A. P., prove that a, b, c are 

5 n H. P. 

30. If x+ 2 '~ 1 '=2a, x~x~ 1 =‘2bV(—l), y + y~* = 2c and 
V — y~ l = 2d d’(-l) ; find xy + (xy)~\ and shew that (ac — Id) 1 
+ (bc + ad)* = l. 

31. Find what valne of to will make a z + 2am + l* the 
6qnare of a;-fc. What does the result become when a=6=c? 


« / 

i. V/ n 

t V (La 


32. Prove that v a^J alfa to infinity ^a” -2 ; and that 
(1 + a + x t + ...to n terms) (1 — x+a*~x z + ...to n terms) 

1 — a;** 

= -z — ~ , when n is an odd integer. 

1 — a z 


o • 


Permutations and Combinations. 

258 JDcf. The different orders in which any things can 
be arranged, are called their permutations. * 

Thus the permutations of a, b, c taken two and two together, 
are ah, ba , ac. ca. be, cb. 

259. Def. The combinations of things are the different 
collections that can be formed out of them, without regarding 
the order in which they are placed. 

• Some -miters call them permntation3 in the case when all the things are 
nken together; in all other cases they call them variations or arrangements. 
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Thus, ab , ac , be, are the combinations of tbe letters a, 5, c, 
taken two and two ; ab and ba, though different permutations, 
forming the same combination. 

260. The number of permutations that can be formed out of 
n things, taken two and two together, is n (n— 1), talxn three and 
three together, is n (n-l)(n-2). 

In n things, a, b, c, d, &c. a may be placed before each 
of the rest, and thus form n-1 permutations in which a 
stands first ; in the same manner, there are n — 1 permutations 
in which b stands first, and so of the rest ; therefore there are, 
on the whole, n(n- 1) permutations of this kind ab, ba, ac, 
ca. &c. 

Again, of « — 1 things b,-c, d, &c. taken two and two 
together, there aro (u-l)(n-2) permutations, by tho former 
part of the article, and by prefixing a to each of these, there 
are (n-l)(n -2) permutat ions, taken three and three, in which 
a stands first ; in tho same manner of n - 1 tilings a, c, d, 
&c. taken two and two together there aro (n-l)(n-2) per- 
mutations, and by prefixing b to each of these, there are 
(n-l)(rt~2) permutations, taken three and three together, 
in which b stands first ; therefore there are, on the whole 
«(n-l)(n-2) such permutations. 

Ex. Tho number of permutations of G things taken three 
together ■=» 6 x 5 x 4=» 120. 

261. To find the number of permutations of n things taken r 
at a time.< 

Let *P, represent generally the permutations of » letters, 
a, b, c, d, &c. taken r at a time. 

By Art, 260, "P„ **n(n - 1) 

» »>. ») "-P 3 - 1)(» — 2) 

Likewise "P i ’=>n(n — l)in-2)(« — 3) 

From these cases, we may supposo tho law to hold generally 
and that 

’Pr=n{n — l)(n-2) {n- (r- 1)} 

■=n(«-l)(n-2) (n-r+ 1). 

i Suppose n P r _ x c=n(n - l)(n — 2) (n — r+2). 

omitting a lotter ns a and putting n ~ 1 for n, 

" -1 P r -x *= {n - 1) (n - 2)(n - 3) (n - r + 1) . 

Now, prefixing a beforo each of these permutations , there 

ar<} [n — 1) (re - 2) (n - r + 1) permutations of n letters where 

o stands first, so if b had been omitted at first, we may make 
the same number of permutations where b stands first ; so on 
for the rest of the n letters and 

*P r =n{n- 1)(«-2) (n-r+1) 
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If, therefore, the formula be true for it is true for 

n P r : but we have seen that it is true for three at a time, there- 
fore it is true for four at a time, therefore it is true for five at a 
time, and so on; thus it holds universally. 

262. Cor. The number of permutations of n things taken 

all together is n(n-l)(«-2) (n-n + l)=n(n-l) 

(rc-2) 4-3-2-1 ; it is generally represented by the 

symbol \n ; [n i3 read factorial n. 

263. To find the number of permutations of n things talxn all 
together when two of the things are alike, when three of the things 
are alilx, and when r of them are alike. 

By Art 261. »P„=n(n-l)(n-2j 4-3-2T. 

Now of the n things a, b, c, d, etc., let a and b be aliko. 
The permutations of a and b are a b, ba, when a and b are 
different ; but they become aa, that is, one only when a and b 
are the same. Therefore the total number of permutations of n 
things taken all together, must be equal to [_n divided by 2 when 
two of the things are alike. 

Again because a, b, c may be arranged in 3 x 2 x 1 ways 
when they are different, but in one way only when a, b, c are 
alike, i. e. aaa. Therefore [n must be divided by 3 x 2 x 1 or by 
[3^ when three of the things are alike. 

Likewise, \n must be divided by (_r when r of them are 
alike. 

264. To find the 'number of permutations of n things taken 
all together which are not all different. 

Let there be n letters and let r of them be a, s of them be b, 
and t of them be c and the rest unlike. 

“ P n when r of the n things are alike and the rest 
different =j=. 

L t 

But if in addition to the r like things s things of the remain- 
ing n — r things be alike, then the total number of permutations 

will be = p-^(_8or-r=. 

Similarly, when of the n tilings r, s, t are alike and the rest 
unlike, the total number of permutations. 

U? 

265. To find the number of combinations of n things taken t 

at a time. ... , 

Let n C r represent the number of combinations of n tnings 

taken r at a time. 
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•Poranfn — 1) ; bnt each combination of two things admits 
of two permutations ; therefore there are twice as many permu- 
tations as combinations ; therefore 


* 


C7 2 


*P 2 -=- 2 


«(«-!) 

2 


Again, "P a =>«(n-l)(n-2) ; bnt each combination of three 
thingB admits of 3.2.1 permutations ; therefore there are 3.2.1 
times as many permutations as combinations ; therefore 


"Cs—Pa-s- (3.2.1) 


n(n-l)(n — 2) 


Similarly the number of combinations of n things taken 
r at a time, is 

n(n- l)(n-2) (n-r + 1) 

1.2.3 r. 

Maltiply both numerator and denominator by Jn -r. 



2G6. The formula for m C r may also bo obtainod in a 
different manner. 

Let N denote the number of combinations of n things 
taken r at a time, but each combination of r things admits of [r_ 
permutations. Therefore IT x [r represent tho whole number 
of permutations of n 'things taken r at a time. Wherefore 
2V x (jr=n(n-l)(n-2)..,(n-r+l). 

. , T n(n-l)(n — 2)..,(n~r + 1' 

' in 

267. The number of combinations of n things taken r at a 
time is the same as the number of combinations of n things taken 
m — r at a time. 




n(n — 1) in— (n— + 

° | w-r 

nfn-1) (r + 1) [r 

fezf * Lr 
Ls 


l n ~ r Ll' 

••• -c... 


BufCV-J^-; Art. 265. 

In -nr 
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268. To find when the number of combinations of n things 
taken r at a,time is the greatest. J 

n c f .- n <7 r _ 1 (~) ; the nnmber will increase so long 


asn— r + 1 > r ; the number will be at its maximum whenn-r+1 
= r or r+1. If n— r + l=r, r = 4(n + l) ; then n is odd, because 
r must be an integer, and n C r = n C fl _ Co _ r1 . 1) = , ’C r _ 1 . 

Therefore there are two combinations both greater than 
any other, one when r=4(« + l), and the other when n things 
are taken r — 1 or 4 (n — 1) at a time. 

When n is even, r will be obtained by making n-r+1 
= rfl, or r=>|n; therefore, when n is even, the greatest 
number of combinations is when 5 things are taken together. 

269. To find the number of combinations of n sets of things 
in which there are p of one sort, q of another, r of a, third , &c., 
one being taken out of each set, every time. 


First, let there be two 6ets of things, j> of one sort, and 
q of another. It is evident that if one thing of the former set 
be taken and combined with each one of the second set, q com- 
binations will be formed. Likewise, if every one of the former 
set be taken and combined with each one of the second set, 
altogether pq combinations will be formed. Let there be another 
set of r things, combining one of this set with the pq combina- 
tions of the other two sets, we get, pq combinations. Likewise 
combining each of the third set with the pq combinations of the 
first two sets, we get, on the whole pqr combinations of three 
sets of tbingB, one being taken out of each set every time. 
Thus, if there be a fourth set of s things, the total number of 
combinations <=pqrs. 

270. Cor. The number of permutations of 4 sets of thingB 
in which there are p of one sort, q of another, r of q third, s of a 
fourth, one thing being taken from each set^pcrsjL 


Examples worked out. 

Ex. 1. To find the nnmber of permutations of 5 things 
a, l, c, d, e taken all together. 

The nnmber = 5.4 3.2.1 = 120. 

Ex. 2. To find the number of permutations which may be 
made of the 6 letters of the word number. ' 

The number of permutations =6.5.4.3 2.1 *=720. 
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of 


Ex. 3. How many words may bo made with tbe lettera 
the expression a t b l c I . 

Here we have 9 letters, of which 3 are <t’s, 4 Vs and 2 c’s. 


the number of words 


9-8 7-6-5-4-3-2-1 
3-2-1 x 4-3-21 x 2-1 


= 1260. 


/ Ex. 4. To find the number of permutations of the letters 
in the word algebra, taken all together. 

7 is the number of letters. 

If all the letters were different the number of permuta- 
tions =7-6-5‘4-3-2T ; 

but a occurs twice ; 

.-. the number =1_7 t- 12=7-6-5-4-3 =2520. 

Ex. 5. The number of permutations of n things taken 3 
together is to the number taken 4 together as 1 is to 6 ; to 
find n. 

n(n — l)(fl — 2) : n(n- l)(n — 2)(n-3) :: 1 : 6 ; 

.-. 1 :n-3,:: 1 : 6; 

n — 3 = 6. 


n=9. 


Ex. G. How many different throws may bo made with 
two dice? 

Each of the dice may be thrown in G different positions 
and therefore corresponding to one position of the one, the 
other may have 6 different positions. Therefore the number 
of throws = 6x6 = 6' = 36. 

Em. 7. In how many ways may 5 men be selected out of 8. 


The number = 


8-7-6-5-4 8-7-6 r „ 
l-2-3-4-5“ 1-2-3 -66 ’ 


/ Ex. S. How many different words may be formed out 
the letters of the words “ quadratic ” taken 3 at a time. 


of 


Excluding one a tho number of words that may be formed 
, out of the remaining 8 letters taken 3 at a time ~ 8'7’G = 336. 


The two a’s may be combined with each of the remaining 
7 letters and thus form 7 collections consisting of 3 letters 
in each. But each such collection of 3 letters contains 2 a’s ; 
therefore each collection may be arranged in [_3-=[2 ways, that 
is, in 3 ways. Therefore the number of words that may bo 
formed out of tbe 7 collections = 7 x 3—21. 


.-. tho total number of words=336 + 21 = 357. 



312 


ELEMENTS OF ALGEBRA. 


Ex. 9. To find the number of words, consisting of two 
consonants and a vowel, that may be formed out of 19 conso- 
nants and 5 vowels. 

The combinations of the 19 consonants taken 2 at a 

time = 9 x 19 = 171. 

1x2 


But each combination may be combined with each of the 5 
vowels ; therefore the total number of collections = 5 x 171. 

But each collection consists of 3 letters, therefore each 
may be arranged in 3 - 2 - l ways. 

.*. the number of words = 5 x 171 x $=5130. 

Ex. 10. At a game of cards, 3 being dealt to each person, 
the number of collections which any one can have is 425 times 
the number of cards in the pack. To find the number of cards. 

Let n he the number of cards, 


then 


n(n — l)(n — 2) 


425n. 


«*-3n=2548. 


Hence n-52 


Ex. 11. Into how many different triangles may a hexagon 
be divided by joining the angular points ? Also find the number 
of diagonals. 

The number of triangles =■ -20. 


The number of lines joining any two angular points (in- 


cluding the sides of the hexagon) 


6x5 

ra 

1x2 


15. 


the number of diagonals = 15 — 6 •= 9. 

\ Ex. 12. Three flags are required to make a signal. How 
many signals can be given by 24 flags of 6 different colors, 
there being 4 of each sort ? 

The signals may be made so that 

(1) All the flags will be of the same color ; 

' (2) All the flags will be of different color ; 

(3) Two are of one color and the remaining one of 
any other color. 

(1) Make a signal of three flags of the same color from the 
6 different colors ; 6 signals can be so made. 



PEBITOTATIONS AND COMBINATIONS. 


113 


" (2) Take 1 flag of each color ; tho number of ways in 

•which they can be arranged taking 3 at a time =6 x 5 x 4=120. 

(3) If 2 flags be taken from any color and 1 flag from each 
of .the remaining colors, then we will get 5 collections of 3 flags 
in each collection, 2 being of tho same color. if we take 2 
flags of each color and 1 from the remaining colors, wc will al- 
together have 5x6 or 30 collections, 2 flags in each collection 
being of the same color. But each collection of 3 things in 

3'2 

which 2 are tho same admits of — or 3 different permutations. 

X u 

the number of ways in which the signals may be arranged 
when two of the flags are of one color = 30 x 3 = 90. 


total number of signals = 6 + 120 + 90 = 216. 

Ex. 13. How many words, each consisting of two vowels 
and two consonants, can be made out of the letters of the word 
devastation' ? In how many of them will the two t' s be 
together ? 

The consonants aro cl, v, e, t, l, n. 

The vowels are e, a, a, i, o, 

. Take tho consonants d, v, s, t, n. 

and the vowels e, a, i, o. 

The number of collns of 5 consonants taken 2 at a time = 10. 
» >i it » jj ^ Towels ,, „ „ „ „ = 6. 

Now each of the 10 consonant collections may be combined 
with each of tho 6 vowel collections.' Therefore the total number 
of such collections of 4 letters (2 consonants and 2 vowels) 
= 10 x 6 = 60. But each collection of 4 letters of these 60 collec- 
tions may be arranged in [4 ways. Therefore the total number 
of permutations = 60 x |_4 = 1440. 

But of the consonants tho two t’s may be taken once and 
this one collection may be combined with the 6 vowel collections, 
and each of the 6 such combined collections of 4 letters in which 


14 

the t’s occur twice may be arranged in— ways. Therefore tho 

If. 

total number of such permutations = 6 x $’,4=3 x 4x3 x2 = 72. 


Likewise of the vowels the two o’s may be taken once and 
combined with tho 10 consonantcolleotions and each of the result- 
ing 10 collections of 4 letters, in which the a’s occur twice, may 
bo arranged in $ ^4_ways. Therefore the total number of such 
permutations = 10 x$l_4= 120. 


8 
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Also the two t's and two a's may be arranged in J==- wave 

(_ 2 |_ 2 _ J ’ 


that is, in 6 ways. 


Therefore the total number of words =1440 + 72 + 120 + 6 
= 1638. 


Again the two t's may be taken once and when they are to 
be together they may be supposed as one letter and it may bo 
combined with each of the 6 vowel collections, two together, 
of a, e, i, o. Now each of these 6 collections, containing 
3 letters, may be arranged in [3^ ways, the number of suck 
words = 6 x [3 = 36. 

Also the two as may be taken once and may be combined 
with the two t’s considered as one t. Therefore the number of 

I 3 

such words = -t=-=>3. 


.*. the number of words in which the two t’s will be together 
= 36 + 3=39. 


EXAMPLES LXXVI. 

1. How many different words may be formed of the letters 
of the word fraction ? 

2. How many different words may be formed of the letters 
of the words. — Ganges, Calcutta, Allahabad, Murslddabad? 

3. The number of permutations of n things 2 together is 
to the number taken 3 together as 1 : 5 ; find n. 

4. The number of permutations of n things taken 4 
together is 6 times the number taken 2 together ; find n. 

^ 5. How many changes may be rung with 3 bells out 
of 10 ? 

6. In how many different ways may 8 persons seat them- 
selves at a round table ? 

*7. The number of permutations of 2n things, taken 3 
together, is 12 times the number of permutations of n things, 
3 together ; find n. 

A 8- How many different throws can be made with three dice? 

9. How may different words may be formed of the letters 
of the expression a t b i c z ; in how many words will a* stand first ? 

10. How many different words may be formed ont of the 
letters in the word ‘ Algebra ’ taken 3 at a time ? 

11. How often may a different party of 6 be formed from 
10 persons ? 
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12. The number of permutations of 2 n things taken _4 at 
a time is 252 times the number of permutations of n things 
taken 2 at a time. Find n. 

13. If mangoes are 10 for a Rupee, how many different 
selections' may be made in buying 3 Rupee’s worth out of a 
basket consisting of 32 mangoes ? In how many of these will 
a particular mangoe be found ? 

14. There are 4 companies of soldiers, in each of which 
there are 12 men ; in how many ways may 4 men be chosen, 
one being selected ont of each company ? 

15. The number of combinations of n things taken 4 to- 
gether is to the number taken 2 together as 11 is to 1. Find n. 

16. How many words may be formed, consisting of 3 
consonants and 2 vowels, out of 10 consonants and 5 vowels ? 

IT. How many different sums may bo formed with a 
guinea, a half-guinea, a crown, a half-crown, a shilling and 
a sixpence ? 

18. How many different words consisting of 5 letters in 
each will be formed ont of the 10 letters a, b, c, &c. ? In bow 
many will a particular letter occur 7 

19- The number of combinations of n things taken vi + v 
together is equal to the number of combinations of ft things 
taken m-r together ; find n. 

20. Into how many different triangles may a decagon bo 
divided by joining the angular points ? 

2L How many different words consisting of 0 letters 
in each (4 consonants and 2 vowels) will be formed out of 10 
consonants and 4 vowels. •• 

22- The nnmber of combinations of n+1 things taken 
4 together is 7^ times the number of combinations of n — 1 things 
taken 2 together ; find n. v,\ 

23. There are four sets of different things, one containing 
4, another 6, the third 8 and the fourth 10 ; bow many different 
collections can bo formed of them, taken four together, one out 
of each set ? 

24- The number of combinations of n things 3 together is 
24 times the number of combinations of ?, things 4 together. 
Find n. “ 

25. The number of combinations of n things 3 together 
is 20 times the number of combinations of m things 4 together ; 
also n is eqnal to the number of combinations of m things 2 two 
together. Find m and n. 
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26. _Tlie number of combinations of 4n~ things taken 2 n 
“together is to the number of combinations of 2n things taken 
n together as T35...(4n-1) is to {I*3'5...(2n-1)}*. 

2,7- A cricket clob has 20 members; how many different 
elevens can be formed, and in how many of these will (1) any 
one member, (2) any three members appear ? 

x 28. Out of seven white and eight black sailors, five are to 
be selected for a boat's crew, which must always consist of three 
white, and two black men ; in how many ways may the crew 
be formed ? 

29. In what numbers should 20 men be combined, so as to 
form the greatest possible numbers of different companies ? In 
how many of these will the same pair of men be found 
together ? 

30. Find the number of different triangles into which a 
polygon of m sides may be .divided by 'joining the angular 
points ; also find the number of diagonals. 

31. From a company of 20 soldiers, 4 are selected every 

night to guard ; on how many different nights can a different 
guard bo formed. /On how many nights will a particular soldier 
be engaged ? ' 

32- In the above example find the number of nights (1) if 
a particular soldier be always included to form the guard, (2) if 
a particular soldier be always excluded. 

J 33. If 64 soldiers are drawn up in a line 8 deep, in how 
many ways can they be arranged so as to have a different set in 
the front rank each time ? In how many" ways if the first rank 
is always to include the 3 tallest ? 

34. Find the number of words that can be formed out of 8 
letters taken all together, each word being such that three given 
letters are never separated. / 

jj 35. There are 24 flags of 4 different colors, 6 being of 
each color ; find the number of signals that may be made by 
3 flags at a time. 

36. There are twenty flags of 4 different colors, 5 being 
of each color. 'How many signals may be made if 4 fi a o® 
are required to make a signal. 

37. There are 30 flags of 5 different colors, G being of 
each color. If 4 flags be required to make a signal, how many 
signals may be made in each of which two of the flags vill he 
of the same color ? 
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38. A man has 4 coats, 7 waistcoats and 5 pairs of 
trousers. In bow many different suits may he appear. 

39. There are 10 gentlemen and 8 servants. How many 
different parties can be made, each party consisting of three 
gentlemen and three servants. 

40. A gentleman invites 20 friends to dinner, and places 
8 at one table and 12 at another, the tables being round. Find 
the number of ways in which he can arrange the guests. 

41. Find the greatest possible number of combinations 
that can be formed of the 26 letters of the alphabet. In how 
many of these will all the first 8 letters appear ? 

•f 42. How many different sides can be formed in a croquet 
party consisting of 5 ladies and 3 gentlemen, the gentlemen 
never being nil on the same side. 

43. There are 10 guests at a dinner party. The master 
and mistress of the house have fixed seats opposite one another, 
and there are two particular guests who must not be placed next 
to one another, find the number of ways in which the company 
can be seated. 


-o- 


BINOMIAL THEOREM. Positive Integral Exponent. 


271. The method of raising a binomial to any power, by 
repeated multiplication, has before been laid down. (Art. 82) 
The same thing may be shown much more expeditiouely by the 
following general rulo, which is called the Binomial Theorem. 
The theorem was discovered by Sir Isaac Newton. 

Let x + a be the given binomial ; and its nth power is 


'+na«"-i+ ? fn 9 ? (w -*ffi- 2 W -» + &c., 


where the index of «, beginning from n is diminished by ■ 
unity, and the index of a, beginning from 0, is increased by 
unity, in every succeeding term. Also, the coefiicient of each 
term is found by multiplying the coefficient of the preceding 
term by the index in that term, and dividing by the index of a 
increased by unity. 


Thus (x + a)° = j; (! +6ax 5 + ^-^a £ a; 4 +^r^a , a! s 

2*3 

+ frfrfrSy , , 6’5-4-3-2T 

2-3-4 2-3 4-5 ° * + 2-3-4'5'6 ° 

“ ® a + 6az 5 + 15a*!: 1 + 20a 8 a; 8 + lfia^a: 1 + 6a E a+ a°. 
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272. To investigate this theorem, suppose two, three and 
four of the qnantities x+a, x+b, m + c, &c. be actually multi- 
plied together : — 

(® 4 - a) (x + b) =x z + (a 4 - b)x + ab, 

{x + a)(x+b)(x + c) = ® s 4 - {a + b + c)x z + (ab + ac+ bc)x + ale, 

( x + a)(x + b)(x + c)(x+d) = x i + (a +'b + c+d)x 3 

' +(ab + ac + lc + ad+bd+cd)x- 
+ (abc + acd + bed + abd)x+a bed ; 
it is manifest, 

„ (1) That the index of the first term of the product is the 

same os the number of binomial factors, end in the succeeding 
terms the index of each term is less than that of the preceding 
term by unity ; 

(2) That .the coefficient of the first term is unity ; the 
coefficient of the second term is the sum of the second terms 
of the binomial factors ; the coefficient of the third is the sum 
' of the products of every two of the second terms of the bi~ 

, nomial factors ; the coefficient of the fourth is the sum of the 
products of every three of the second terms of the binomial 
factors ; and so on ; the last term is the product of all the 
second terms of the binomial factors. 

We shall now prove that these laws hold for n binomial 
factors : — 

Suppose these laws to hold for n — 1 binomial factors ; so that, ~ 
(x+ b)(x + cXx + d)...(x + m) =x"~ 1 + Aa n ~ i + Bx , ’~ s + ... +51, 
where A = 6 + c+ d+... 

JS = be + bd+cd+ ... 

" C=bcd+bce + bde+ ... 


M<=bcde...m 

Multiply both sides of this identity by a new factor ® + o ; 

then 

: (a + a)(x-hl)(x + c)'‘'(x+m)‘=x n +(A+d)x , '~ 1 + (B-i-aA)x z 

+ (<? + a£)® n-s + ... + Md. 

Therefore A +a=a + b+c + d... 

r»the sum of all the second terms a, b, c, d, &c. 
S + aA = ah + ac + ad + .,. + 6c + &d+crf+ ... 

= the sum of the products of every two of the 
terms a, b , c, d,...m ; 
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C + aB = C+a[bc+ bd+cd + ...) 

= the sum of the products of every three 
of the terms a , b, e , 

Ma-abcd m. 

= the product of all the terms a, b, c, m. 

Therefore, if these laws hold when n-1 binomial factors 
are multiplied together, they hold when n factors aro multiplied 
together. But these laws hold when 4 binomial factors are 
multiplied together, therefore they hold when 5 factors aro 
multiplied together ; and if they hold for 5 factors they hold 
for 6 factors ; and so on ; therefore they hold for any number 
of factors. 

The product of n binomial factors may be written thus : — 
(»+a)(a; + 6)(a+c)...(s+m) 

« x" + Px n ' l + Qx n ~- + ffa'-s + ,.. + & 

Where P •=*a+b + c + ... 

Q *=ab + ac + lc + ... 

~R<=dbc + abd+acd... 

S'nctbc---m. 

Now, let «=>5«»c = eto. 

then P =a + o + a + &c. to n terms = )!a 

Q^a 1 +a t + o t + ...to as many terms as is equal to the 
number of combinations of n things taken two at a time 

n(n — 1 ) . 

~x~ a • 

lt*=a B + a s + a*+ ...to as many terms as is equal to the 
number of combinations of n things taken three at a time 

_ n(n-l)(n — 2) 

1-2-3 


S = a.a.cr.a...to n terms => a". 


And (35+a)(« + 6){a;+c)...(a;+m) = {a;+«) n . 


(x + a) n : 


1x2 


n(n-l)(n-2) 

1x2x3 


a*®’ 1- ® 


+ + a°. 

The right-hand member of the identity is called the ex- 
pansion of (a +a) n . 
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2 <3. This theorem may be demonstrated differently. By 
actual multiplication the successive powers of a;+a are found 
to be as follow : 


(x + a) l =x+a. 

(x + a) 1 = +2ax + a*, 

{m + a) 5 = X s + 3a« £ + 5a l x + a® , 

{x + a) 4 = a* + Aax'- + 6ahr* 4- 4 a z x + a*. 

W e assume that the ■ theorem is true for the nth power of 
x+a, then (x+a)” 


„ , , 71(71 — l ) 

:a)"+na« n M — ' - ' a^x 

1 * u 


! r M’j 


n(n— l)(n — 2) 
' V2W 


a B x ”~3 4 . , 


Multiply both sides of the identity by x+a, then 
(*+u)" +1 


’S° +i + nax" + -w- r + * . • 


1-2 


+ am n a 1 **" 2 + ... 

_ XU 


=*"« + (n+ l)am n + 4- - ( — + ... 


Hence the expansion for (a;+a)“ +1 is of the same form as 
that for (x + a)", Therefore, if the theorem be true for any 
exponent it is also true when that exponent is increased by 
unity. But it is true when the exponent is 4, therefore it is 
true when the exponent is 5 ; therefore it is true when the 
exponent is 6 ; ana so on. Thus the theorem is true for any 
positive integral exponent. 

Ex. 1. To find the expansion of (x+a) 0 . 


Heren>=6. 

n(n-l) 6x5 n(n-l)(n~2) 6'5'4 ofl 

• -^=~~15,.— -1^3=20, 


n(n-l)(n-2)(n-3) 6-5 - 4‘3 

l-2-3-4 al ’ 


7 i(n — l)(n — 2){n — 3)(n — 4)_ 6-5-4-3’2 ^ . 

1 - 2 - 3 - 4-5 " 1 - 2 - 3 - 4 - 5 “ ’ 

*. (x + a) G jl ’=m° t + 6 mfja + 15 x i a t + 20a 5 « s + 15a i x t +• 6a B x+a 6 . 
Ex. 2. To expand (a t +xy)°. 

(a 1 + »y) e *= (a 1 ) 5 +5(a*) 4 »y + 10 (a l )*(xyY + 10(a J ) £ (*y) t 
+ 5(a t y(xy) i + (xy) s 

< s* a 10 + 5 a B xy + 10a*:c*y*+ 10a 4 :cV + 60?$*}/* + x 5 y s - 
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Ex. 3. To expand (a £ + 2a^)° 

(a 1 + 2x t ) c = (a 1 ) 0 + 6 (a*) E ftm*) + 15(o*)* (2® 1 )* + 30(a 1 )*(2x , ) ! 
+ 15 (a 1 ) ‘(2a: 1 ) 1 + 6 (a«) l (2K*) c + (2«* ) e 
= o u + 12a 1 °a: 1 + 60a 8 a;‘ l +240a°a; 8 
+ 240a*« B + 192aV° + 64a) 11 . 


274. In the expansion ui. p-rcy- jmi. j uuu 

„ , , n(n-l) , n(n-l)(n-2) M i 

(l+£) = l+n«-l — p, — •* I 4- r 35 + + m n . 


Hence the coefficient of the second term is n ; the coefficient 

— 1 ) • 
of the third term is '■ ■ ■-■- — ; and generally the coefficient of 

1 A> 


the (r + l)tt> term is the number of combinations of n things 
taken r together, that is, 

n(n-l)(n-2)...(n — r-4-11 

Lt 

nfn — l)(’n-2)...(h-r + l) x ]n-r (_n 

jr |n-r “ Lr |n — r ' 


91 + 1 . 


275. Tho number of termh in the expansion of (1 + «)" is 


The coefficient of tho (r + l) ll » term is derived by multiply - 

hence tho rts 


’ ing tho coefficient of the rM> term by - — 


'term will be the last if n-r+1 is equal to 0, .\ r=n + l. 
Thero is no term after the rtii term. Therefore the number 
of terms is n + 1, that is, tho number of terms is greater by one 
than the index. 

276. To find tho (r+l)W» or general term of the expan- 
sion of (o + o)". 

The 1st term is aj”, 

„ 2nd term „ «aV“ l , 

' „ 3rd term „ 


4 ih term 


n(n- l)(n — 2) 
2~x3 0 


The index of x decreases by one in each term ; 
therefore the index of a in the (r + l)tB term is n - r. 
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The index of a increases by one in each term ; 

-therefore the index of a in the (r+l)th term is r. 

The coefficient of any term is formed of the factors n, 
n — 1 7i—2 

~2 ~~ ) ~ g _ j the number of these being one less than the 


number which expresses the position of the term ; 

the coefficient of the (r+l)tt term will be 
n(n — l)(n-2) (n-r+l) 

Ll 


.v the (r + l) th term is 


n(n-l)(n-2) (n-r + 1) 

1.2.3 Zf 


X a 


1 Obs. The index of a is the last factor of the denominator, 
and the sum of the indices of x and a, >=n-r+r=7i. 

Cor. 1. If r= n, then the (r+l)th term or the (n+l)tE 
term will be the last term ; for it will be equal to 


n(n-\){n-2) 
1-2-3 


...3.2.1 . 

x°a n - a n . 

.71 


Cor. 2. By multiplying both the numerator and denomi- 
nator of the coefficient of the (r + l)tti term by \n~ r it may bo 


| 

written thus, — ~ — . If r-n, this expression tabes the 
f_r \n — v 1 

form = : but we have found in Cor. 1. that the coefficient 

L2L0’ 


is 1 ; therefore unless we consider [0 equivalent to 1, the general 


expression 


III 


-does not hold for the lastrterm. 


Lnjn-r 
Intbeea^ 

t4-o terms equidistant from the beginning and end are the same. 


f 277. In the expansion of (a + a) n , the coefficients of any 
two 


• The coefficient of the (r + 1) 01 term from the beginning is 
equal to the coefficient of the (r + l) ft term from the end. 

Because the number of terms is n + 1, tbe ’(r + l,) 111 term 
from the end, having r terms after it, is the {(n+ 1) — or 
(„_ r+ l)th term from the beginning; and its coefficiently 
Art. 274), putting 7i — r for r. 

nfrt — l)(n — 2)...{n — (n— r)+l> 
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' n(n-l)(n-2)...fr+l) r(r-l) 3.2.1 

“ 1.2.3 (n-rj X r(r-l) S.2.1 

in 

■= coefficient of the (r + l)th term from the 
beginning. (See Art. 276). 

>278. To find the greatest coefficient in the expansion of 

(1 + ®)". 

Let the (r + l) th term have the greatest coefficient. 

The coefficient of the (r + l) ll >term is<=»the nnmbor of 
combinations of n things taken r at a time. But this nnmbor 
is the greatest when if n is even and r«=J(n± 1), when n 
is odd. (See Art 268). 

279. To find the greatest term in the expansion of 

(» + «)". 


The rta term 
The fr+I) .h 

Hence the (r+ l) lli term is obtained by multiplying the 

>. . , n-r+1 a 

rta term by . -. 

J r x 


Therefore the rtfc term is the greatest, when this factor is 
first less than unity. 


Bnt if 


n~r+l 

r 


a 

x 


< 1 . 


then m - ar + a < ra, 
or na+a^rx+ar, 
or rx + ar^na+a 


orr .2lH±l). 

x+a 

Therefore the factor - — . - is first less than 1 if r 
r a; 

~x~+rT ' Thc^forc the r tlx term is the greatest when r >■ 
,a(tl-f 1) 


« + « 
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tc _ <z(» + l) , n — r + 1 a . 

Af ~x + a ’ then r * ~ ==1 - Therefore the rtt term' 

is equal to the (r+ipii, and each is greater than any other term. 


180. All the terms of the expansion of (a; — al" are the 
same as those of (a ~ + a) n , except that the signs of all the even 
terms are negative. 


For, (a;-a) n = {®+(-a)} n 
= ® n +«(-a)s»- 1 + (-a) Z z n ~ s + die. ' 


= x” — naa; 0-1 + 


72(72 — 1 ) 
1-2 


a‘x - 


&c. 


281. To find the snm of the coefficients of the expansion- 
of (l + ®) n . 

(1 +s?} n - 1 +^^~z z + + nx n - l +z' a . 

Pnt 1 for x, then 

(l + l)«-2*-l+n + " ( ”~ 1 - ) - + +P + 1. 

.*. the sum (?f the coefficients is 2”. 

282. The sum of the coefficients of the even terms in the 
expansion of (l + a;) n is equal to the sum of the coefficients of the 
odd terms. 


Puta>= — 1 in the expansion of (1+#)°; then (1 — 1)” =0 


= 1 — n+ 


72(71 — 1 ) n(n — 1 ) (« — 2 ) 


+ &c. 


1-2 23 

=sum of the odd coefficients -snm of the even coefficients. 


Transposing the even coefficients to the other side, the sum 
of the even coefficients = sum of the odd coefficients. 

283. The trinomial a+b + c may he raised to any power by 
considering two terms as one term, and proceeding as before. 

Thus, (a+5 +c)"= {a + (6+ c)}"=a n +n(b+c)a n ~ 1 
+ 7rin-l) (6+c) j o n_ I + 

The powers of 6 + cmay be determined by the binomial 
theorem. 
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Examples loorlxd out. 

1. To expand (3% + 2ij) s . 

The expansion^ (3®) 5 + 5(3®) 4 (2y) + (3®} B (2»/) t 

+ DO P»>*P0‘ + fill (3®)(2y) 4 + (2y) 5 

=b 243a E + 5 x 81cc 4 * 2y + 10 x 27a 8 x 4?/ 1 

+ 10 x 9a* x %* + 5(3®)16y 4 + 32y 6 
«» 243a 5 + 810» 4 jr + 1080®V + 720«*/ B 
+ 240ap 4 + 32y 6 . 


2. To expand (2a — ky) 1 . 

The expansion** {2«) 4 -j- 4 (2aj)*( — ly) + 6(2a;)*(-$ji) 8 
+ 4(2*)(-&)»+(-&)* 

«=* 16a* — 16a 5 y 4- 6®*y * — xy* + •fay*'- 


8. To find the 9th term of (a* - a 1 ) 13 . 


9 th term 


12.11.10.9.8.7.6.5 

1.2.3.4.5.6.7.8 


( a *) 13 - B+1 (-® I ) B “ 1 


/ 


495a 8 m 18 . 


4- To find the 1001st term of (afo +a^ s )°° 

There are altogether 1002 + 1 or 1003 terms. 

The required term is 3rd from tiro end, therefore the coeffi- 
cient of the required term = the coefficient of the 3rd term from 
the beginning. 

1rt(vmi . 1002x1001 / J-\ 1002-ioox+x/ l\ iooi-i 

.\ lOOlf* term = — x far la 40 1 

=•501 x lOOla^a 100 . 


S 5. To find the coefficient of a in the expansion of 

(—£ )*• 

a;«=a 10 -+-a; 0 =-a 1 °-f-(a 8 ) s . 


9 
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If A represent the coefficient of the term, then 

( a z \ s 

—j I will be the term whosemoefficient is 

required. But (js) * -(;£)* *• 

the 4 th term is the term whose coefficient is required. 

The 4 th term= =10 a°x. etc. 

6. If a bo the sum of the odd terms and b the sum of the 
even terms in ‘the expansion of (l + ») n , prove that 

a t -b t = (l-z*) n . 

‘ a + b~l+nx+ n{n ~ - 1) -x' + =(1+*)-, 

a~b=l-nx+^~ x z - ■■ ... = (1-®)“. 

' a*-i* = (l + »)«(! -»)•«(! -»*)*. 


7- Simplify 11 + S(x* - 1) } 6 + { 1 - S(x z - 1)} c . 
v {1+ V(x z —l)} e =1 + 5 -f(x z — l) + 10{tt z — l)- 
+ 10(«* - 1) V(®* - 1) + 5(»* - 1)* + (s* - 1)* Six'- - 1), 
and {1- V(«*-1)} 6 -1-5V(«*“1) + 10(«*-1) 

- 10(cd* - 1) ^(o* - 1) + 5(«* ■ -l) 1 - («* - 1)* - 1). 

{1- V(®*— 1)> B + {1 — V(«*-l)} 6 
=2+20(3:* -1) + 10(»*-1)* 

= 2 + 20 ®* - 20 + 10® 4 - 20 ®* + 10 
= 10® 4 -8.; 

8. Simplify {a + 5V(-l)}° + {a-5 -/(-l)} 8 - 
The expression 

=a c + 6a E 5 V( - 1) - 15a 4 b* - 20 a*5 ! V( - 1) + 15a*5 4 

+ 6a5 5 ^(-l)-£ c 

+ a c - Ga 5 5 V(- 1) - 15a 4 5* + 20a*J s «/( - 1) + I5a*& 4 

-6a6 5 V(— 1)-5 C 
= 2a° - 30a 4 5* + 30a*6 4 - 2 S 8 . 



' rSE0BE * Wc b the second, 

9 . 

*** l*,****’Z~Z w 

Sid term - 1.2 (CO 

«— 3n$ jaXb'J* 


4tb term > 


n (n--O!!L^i"' !s!,3lG0 ' 


Divide A dj l9 2 4 (IV 

sa' lc= 240°* S 


% W0.8. W* 

Divide ^ n - l) 

:. «® 6 ‘ 4 . .. *o' l = 2 - ^ 

VrotnOO t sa 11 ... a; s a= 32 ^ i. 

»«“* w ^* » «■. «» taj rr- ^ ' sr “ ,io ° oE 

*r»~ ~ - tr 


in -To BOV" — - . 

, \.,.. gn^gipB^-^. 

( I+ i) ”■ 

, . iun term is tQB \2n 

Tb %Vj „ 4ll 

0£ ti ,0 2 n factors 

• 1 - 5 - 3 - 1 

t= 2n(2n' i )- .43.2.1 

C3 2“n(n-' 1 'H n ~ ....7.5.3.1- 

r= 2”\n(2 ,l -- 1 ^ 2n " ( 2 n ’_lV2n^3h^i 2 '’ \£~ &C ' 

- ♦Wn + D*' 3 ^ 
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11. If (l + aj) n =j) 0 +33 1 a;+^ 2 B t +^ 3 « 8 +.„...+jp ) ,a;* > find 

the value of p x + 2p z + 3j? s + 4p 4 + + np m . 

Put 1 for a, then 


2 ” = 1 +Pi +Ps +Ps + +p n 

... 2 -=i + „ + 5^i1> + + "Jsj!i + „ + i. 

Put n ~ 1 for n, then 

2*-*= 1 + (n- 1) + ( — 1)( ” ~ 2) + (^ - 1 j( n -|K^-3) + „ > 

i.i l.Z.D 


(n — l)(n— 2) 

1.2 


+ (n — 1) + 1 


Multiply by n, then 

on , i\ , n(n — 1 )(b — 2) 
2 n =n+n(n-l) + -i — ~ -+. 


1.2 

n(n-l)(n — 2) 

IX 


+ n(n — l)+n 


»n + 2 


,7i(n — 1) ^ g«(n — l)(n — 2) 


«(«-!) 


+ +Cb-2)'-^ 


2 ‘ " 1.2.3 

+ (« — l)n + « 

=p a + 2p„ + 3p 3 + 4p 4 + + (n — 2)p n _ 2 + (n - l)p„-i + nj>„ 

required value = 2”. 


EXAMPLES LXXVL 


1. 

2 . 

3 . 

4 . 

5 . 

6 . 
* 7 . 
8 . 

9 . 


Expand (l + 2m) 10 . 

Find the 4th term of (5 + 4m) 10 . 

Find the 16th term of (§®+2 y) s0 . 

Find the 99th term of {m-£) 10 °. 

Find the 15th term of (a 1 — 5*) 32 . 

Find the middle terms of (» — ar 1 ) 17 . 
Find the two middle terms of (1 - ar 1 ) 24 . 
Find the 5th term of (a*-ar) 3B+1 . 


Find the (r+l)th term of 



2 ** 
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10. Find the coefficient of e 10 in the expansion of (e+ J)"°. 

11. Find the coefficient of a 11 in the expansion of (»—*)“*• 

'■ 12. Simplify { V(a t + ® 1 ) + V(o* —a: 1 )} 0 

+ {V(a t + E 1 )- V(a I -a t )} a . 

13. Simplify {a* + m* + (a 1 - e*) •/ { — 1) } 0 

+ {a*+E !! — (a* -a 1 ) V( — l)} 8 . 

14. Simplify {1 + V(-3)} 8 + {1 - V(-3)} 8 . 

15. Find the coefficient of E 10 in the prodnct of the expan- 
sions of {a t + E 1 V( — 1)} T0 and {a 1 — x 1 V(— l)} 10 . 

16. Find the coefficient of e 8 in the expansion of 
{ar^ + aVt-l)} 30 . 

17. Simplify (a+b V(- 1)}” + (o-6 V(-l)}". 

18 . Simplify 

19. Find the coefficient of the middle term of (l-fx)' 4 *' 1 ' 3 . 

20. If e bo tho snm of the odd terns of the expansion of 
{a ^ b)" and y the snm of the even terms, then prove that a* — y* 

2L If "e be tho sum of the odd terms of tho expansion of 
(a+b) n and y the sum of the even terms, then prove that 
4«l/ = (« + Z») 1 '‘-(a-Z>) , ^ 

22. Find the binomial expansion of which fonr consecutive 
terms are 135, 640, 1215 and 1458. 

23. The coefficient of the (r + l) th term of the expansion 
of (1 + e)" is equal to that of the ^ + 3)^ term,' shew that 
2r=n— 2. 

24. If a, b, c, d be the coefficients of any four consecutive 
terms of (1 + e) b , shew that 

(ad + lc)(b-c ) = 2(ac* - db l ). 

o 

Binomial Theorem any Exponent. 

284. Before, we proceed to prove the theorem universally 
we will investigate the following proposition : — 

If a + bxi + ca3* + dx*+~.-'=A + jBa + Cx t + Zh)*+.., for all 
\alues. of e, then a,'* A, 6=i5, c—C, d = D ) &c.~, that is, the 
coefficients of the like powers of % are equal. 
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Because x may have any valne, let ®<=0, then a = A. 

Ag a in , taking away these equals from the original equation, 
we have Ix+cxt+dz* + ...=*Bx+Cx* +Dx* 

Dividing by x, 

b+cx+dx t + ...=B+Cx+I)x t + 

Supposing x = 0, we have 6 = 5. ' 

Likewise c— 0, d=JD, &c. 

285. When n is a - positive integer, we have proved that 

(l+x) n =l+nx+^~lll x i+ 

We will now proceed to prove that this equation is true 
'whatever be the value of «, that is, whether n is a positive 
fraction, as i, a negative integer, as — 2, or a negative fraction, 
as-f. 

Since the time of Sir Isaac Newton, who discovered this 
theorem, several demonstrations have been proposed. We will 
add here the proof devised by Euler. 

Let us assume the equation 

/(»)«= l+nx+ n ^ n i ~ 1 ' ) x t + (1) 

in which the symbol /(n) means a function of n, whatever the 
value of n may be. 

When n is a positive integer the right-hand member of tho 
eq nation = (1 + m) n ; f(n) = (1 +z)“. We shall now prove 

this for all values of n. 

Let us assume another equation of the same form. 

f(m) = l + mx+ 7 ^~^-x t + (2) 

Multiplying we obtain an expression of the form 

1 4- Ax + Bar + Cx* + 

* (i +>w .5!g±W...) 

„ „ f n(n— 1) m(m— 1)1 , 

«=1 + (n + tti)x+ s T)i7i+ j- g h — — ?x x + ,„ 
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Comparing this product with the assumed expression 

1 + Aa:+Ba) t + Cx B + 

•we get A=n + m 

r> «(«"!) , m(m-l) , 

— rr - + - 
(n+m)(»+m — 1) 

- ” L2 • - 

Likewise C (»+ . m ~ 2 \ 

(n + m)(n + m-l)(n + m-2)(n + m-3) 

' L2X4 

/(«) x/(m) = 1 + (n + m)ai 4- m — ^* + ...(^1). 

The expression ( A ) is formed by actual multiplication and 
it does not depend on the values of m and n, whether they be 
positive or negative, fractional or integral. If in the assumed 
equation (1) wo put m +n for n. 

f(m 4 - n) 1 + {m + n)x -P — - ^ ~ 1 4- 


Comparing this with (4) we find 

f(m+n) =>/(n) x/(m) (B). 

Likewise f(m + n +p) <=/(nJ% f(m) *f(p). 

generally f[m + n +p +q + ...) ~f(n).f(m).f(p)f( q ) 


Let m=n-=^c=g => -, r and s being positive integers. 
Then/ ~+...to s factors j =/ ./ ^ ...to s factors 

or/(r) = {/(j)}*., 


(i +*)*-/(£) 


’ 1+ ^ + 1.2 


KH. 
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This proves the theorem when the index is a positive 
fraction. 

Again, in equation (B) let m=-n, then 
/(») */(-«) =/in-n)«/(0). 

But the series 1 + na; + q — becomes 1 when n = 0; 


••/( 0 )= 1 - 
•• /(«)*/(-*) = 1- 

/(“») = t = 


/(*) (1 + *) 
.’. (1+®)”* =/(-«) 


5- (!+«)' 


.H-(-«)g+ - " - L" . *W . 


This proves the theorem when the index is a negative 
quantity. 


286. We will add here another proof of the theorem. 

n 

’ Let (l+®) m =l+a® + & 2 ;* + c®%+ 

then (1 +a;) n = (1 + a® + &® S + C 2 ::>f ...)". 

.*. l+nx + ?~~x z + ...*=(l + ax)’ n + ml/x* + 

. m(m — 1) . , , , 

= l-r maaH ^ a~a z + ... + mox z + ... 


= 1 + max+ ; — —a z +mb'^m t -i-.. 

,«(n-l) wi(m-l) , . 

n = maand — j= — = — = a z +mo. 


(Art. 284) 


n j . n(u-l) m(m — 1) , 
a= — and x -a 1 


m 


2m 


2m 


n(n-l) m-t n* 
—x — x 


2m 


771 
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n f . 

■arf-- 1 — £“/ 

« "f n-m 'l 

‘ 2 m\ m / 

OT \OT / 




, etc. etc. 


n wt\m / 


®*+. 


(1 + ®) = 1 +-®+ 

JTl / 

This proves the theorem when the exponent is a positive fraction. 

1 1 

Again (1 + *)- - - fHn-l) “ 

l+7l® + ® + 

" »* + n . 

= l-n®+ — g— «*+ 

=> 1— nx-f + 

Phi 8 proves the theorem when the exponent is a negative 
quantity. 

287. The (r+ 1) 1 * term or the general term of the expansion 
of (1 +- a;)" is 

n(n-l)(n-2)...(«-r+l) r 
l-2-3...r 


-x , 


The general term of the expansion of (1 + «) 
- n ( - n - 1 ) ( - n — 2 ) • •• ( — n— r + 1) 


1-2-3. 


x. 


n(n + l)(n + 2)...(n + r-l), ,„._ r 
“ 1*2 3..Ir * * 

288. When n is a positive integer and is equal to r, the last 
term or the (n + l)th term is x n . (Art. 277 Cor. 1) 

When n is a fraction the series does not terminate, for r 
being a whole number, n-r+ 1, the lost factor of the numerator, 
can never vanish. 
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Likewise, the series does not terminate when n is a nega- 
tive quantity, for — (n + r— 1) can never vanish. 3 

289. The (r + l)th term of the expansion of (1 - x)~ n 

-n( — n — 1)( — it — 2)...( — n — r+l) , 

1-2-3 ..r 

n(n + l)(n+2)...(n+r-l), 

2*2-3 r l-V (-V * 

n(n + l)(n + 2^...(n + r- 1) , 

= 1-2-3.. .......r ®* 

290. In the expansion of (l + ®) n suppose n=—l, then 

(l+x)~ 1 ‘=l-iB + a t -a t +a i - 

If a; be less than 1, each term of the expansion is less than 
the preceding one, and the series is called a converging series. 

If a: be greater than 1, each term is greater than the preced- 
ing term, ana the series is called a diverging series. 

291. By means of the Binomial Theorem roots of numbers 
may be approximately extracted. But the calculation must 
always be so arranged that the serieB, which the Binomial gives 
for the root required, may converge. 

Ex. 1. To find V N when N is very nearly a square. 

Let a* +x, then 

4E= 4 (a ! + s) 

= °\/( 1 + S ) ,=a ( 1 + 5 ) i 

= a / l + A.~— , - i.^- 7 1 nearly, for x is small and o l is 
\ ~a z a*/ 

very great. 

Ex. 2. To find V (101). 

V (101) = V(100 + l) = 10(1 

= 10(l + i x 1 J tr -^x ro J 6i; + *-') 

= 10-05 - -000125 = 10-049875. 
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292. To find the number of homogeneous products of r dimen- 
sions out of m letters a, b, c, c 6c., and their powers. 

By common division, or by the Binomial Theorem, 

— i — =1 + ax + a t m*+a t x t + 

1-a® 

^ 7- = 1 + 6® + 6 1 ® 1 + 6 8 ffl s + 

1 -fix 

~ — =l + ca; + c , a: t + c s ai s 

1 — c® 

&c. = &c. 

.-. — — x - x — i— x&c.~l + (a-i-6 + c + &c> 

1— a® 1-6® 1 — cm 

+ (a I + a6+ac-f 6 l + ac + 6c + c* + ...)«* 

•f (a® + a*6 + a l c + a6 l + n6c + )® B 

+ &c. &c. . 

Let these be = 1 + B x a + S^as 1 + S 3 x s + 

.•. (S'jtseum of tho quantities a, b, c, &o. ; 

S 2 = sum of all the products of a, b, c, &c., each of two 
dimensions and their powers. 

i$ 3 = 8um of tho products, each of three dimensions, that 
can be formed of a, b, c, &c,, and their powers, and bo on. 

iSy = 8um of all the homogeneous products of a, b, c, &c 
and their powers, each of r dimensions. 

Now to find the number of these products, 
let ct=6 = c=d = &c. = l. 


Then — - — x - - — . x ~ — x ••• = — - — =» (1 — ®Y 
l-o® 1 — 6® 1 — c® (1-®) ' ' 

N,= coefficient of a r in the expansion of (1 — ®) 

_ m(m+l)(m+2)...(m + r-l) 

1.2.3 m ° y > 


Hence this is the number of homogeneous products of r 
dimensions that can be formed out of the m letters a, 6, c, &c., 
and their powers. 

293. To find the number of terms in the expansion of (a + b 
+ c+o-f &c., to tho rth term) ", when n is a positive integer. 
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The Dumber of terms is the same as the number of homo- 
geneous products of n dimensions that may be formed out of r 
things a, b t c, d, &o., and their powers, and it is 

r(r + l)(r + 2)...(r+n — 1) 


Ex. To find the number of terms in the expansion of 
(a+b + c)”. 

3x4x5...(n-f2) 


The number = 


1*2-3.. .n 

(n-f l)(n + 2) 
1-2 


Examples icor7:ed out. 

Ex. 1. To expand to four terms (l + ®)~. 


1.2 

1 ' 1 

«=>! + lx~~gZ t + 


1-2-3 


Ex. 2. To expand to four terms (1—*) ^ 


(1-®) *=!-£(-*) + 




1-2 


(“*)*• 




1.2.3 


= 1 +4®+f® I + 1 E G ®* + 


Ex. 3. To expand to four terms (a l -a : )f. 

if, X 4 ox° ) 

= ° 9?“81a 8 •" J 


i x s x 4 5x° 

= o j o j«' 

3a a 9a a 81a 3 
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. , iuti term o£ ^ ^ 

, To&nd* e ^ r 2-r J 


tbe 9 -*')’' 
-}L L-S— r 

(r + l^term- 






~(r + lK‘ t 

E< e Toto d<b.t^>“‘ 6,m °'^' 


J . i = 

y(T-s) (1-*) 


I V-. , 


!( , + l)“«™' v ” 


l 

t 

l 


l-trn^j: -* • 

^ ' i-f The coefficient o£ * 

t 10 

anired coefficient. 
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(2r-f l)th term 


— 3 x — 4 x — 5 x ... x ( — 3 — 2r + l) 1J> 
l-2-3'4-2r Z 


(-l) I '3-4-5...(2r+2)_ 1 , 

i= — — * — - — - — m* 

1-2-3...2? 

(2r+ l)(2r+2) Ir 

= Y * 

*=*(2r+l)(r + l)x ir . - 

Ex. 8. To find the coefficient of s’* in the expansion of 
(l + ®+a; 1 +m 8 + -”to infinity) 8 . 

l + ®+a 8 + a 8 --to infinity=—i- . 

JL Oj 

(l+a; + a> 8 .. l ...to infinity) 8 = (1- x ) " 8 . 


(r+lj^term 


— 3x,- 4x — 5x ...( — 3— r+1) 
_____ 


(-»r 


3-4-5-G (r+2) , 

eg ' 1 Oy 

1-2‘3-r 

0 |(r+l)(r+2)/. 

:■ the required coefficient is j{r+l)(r + 2). 


Ex. 9. To find the coefficient of x l " in the expansion of 
V in a senes of ascending powers of m. 

(n + l) th tenn of (l-a*) - ^ 

-£x-$x-£ r x (-j-rt+1) . i)n 

= ' = F2-3......n v ' 


1-3-5 (2n - 1) 

1-2-3 n x 2" 


•a* 


„-i 1-3-5 (2n — 3) 

term of (1 - ® ) - = — — 5 — ® 


2—1 x | n - 1 

the coefficient Of the (n + l) tb term of (1 — a 8 ) is the 
required coefficient. 
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Ex. 10. To find tlxe number of terms in the expansion of 
(a+ b + c + d) 8 . 


, 4-5-6'7-8'9T0-ll 9‘10-H 

The numbers 1 . 2 , 3 . 4 . 5 6 . 7 , 8 1 - 2-3 


165. 


Ex. 11. Shew that 



Ex. 12. To find the sum of the squares of the coefficients 
of (1+jB)". 

Let (1 + ®)“ = 1 + na + 4<s l 4- ... + Ax'^+nx"- 1 + *“ 

then (l-wr)*co!K n + , n®'" l + Ax*~* + Aa*+nx+l. 

:. (1 + x ) *’ «=> + n z x* + A*a n + + A l x n + n*x n + $* + &c. 

.*. the Bum of the squares of the coefficients -of (l+®) n is 
the coefficient of x° in the expansion of (1 + a;) 1 ”. 

But the coefficient of x" in the expansion of (1 + a:) 1 " is tho 
coefficient of tbo (n + 1 )th term. 

(n + l) th coefficient 

_ 2»(2h— l)(2«-2) {2n— n + 1} 

_ 2n(2rt-lH2n-2)-»n + l}n(n-l)...3-2-l 
(l-2-3-4...n)* 

_ 2n(2n— 2} (2n - 4) ...4-2 x (2n- l)(2n- 3)...31 
<l-2-3...n)* 

_ 2 , ‘(2n-l)(2n-3)...3-lxn(n-l)(n-2)- 32d 
(l-2-3...n)‘ 

_ 2"(2n-l)(2n — 3)...3 1 
1-2-3-4 ...tj 
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EXAMPLES Lxxvn. 


Find the first four terms of the expansions of the twelve 
following expressions. 


1. (l+xft. 2. (l-®)3. 3. (l-®) _; . 

4. (l+»r*. 5. (l-®)"\ 6. (l-x)~i 

7. (8a -3®)^. 8. (a z -zi/)~*. 9. (1-5 m , )“\ 

10. (2a-3®)l 11. (a’--Vy)~±. 12. (1-3®)^. 

Find the (r-f l)th term in the expansions of the following 
expressions. 

13. (1+®)-*. 14. (1 -x)~K 

16. (1 - a® 1 ) 17. (!-«*)«. 


15. (1-®)-". 

18 1 
^(1 + ®)* 


19. 


®* 

V(l-®)' 



22. Find the (2r+ l)th term of (1- V®)"*. 

23. Find the coefficient of ® 20 in the expansion of 5/11— ® t ) < 
24- Find the tenth term of the expansion of (a* + 2®*) _I . 

Apply the Binomial Theorem to find to 4 places of decimals 
the roots of the following : — 

25. 5/135). 26. 5A999). 27- ^(100008). 28. ^(65-28). 
29. If m and n be the general terms of the expansions of 

and /-r— r } S , shew that n>=»(2r+l)OT. 

„ V(l-«) 


30. 


31- 

32 . 


If (1-®)~^=*1 + A® + E®* + (7® s + , find the values of 

A,B,C. 

Find the 10th term of the expansion of V(2 ax-aP^ 

,(1+®F 

Find the coefficient of ® n in the expansion of • 
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33. Find the coefficient of x*' in the expansion of 

\Z{l + x+x*}' 

34. Find the coefficient of x 5 * * * * 10 * * in the expansion of 

(1+3?+®*)"*. 

35. Find the coefficient of in the expansion of 


36. 


37. 


38. 


1 -x 

(1 + *)*' 

Find the number of terms in the expansion of 
(a + 6+c + tf) 13 . 

Find the earn of the squares of the coefficients of x n in 
tho expansion of {1 —«)"*. 


Find tho coefficient of m r in the expansion of 



39- Find the greatest coefficient in the expansion of {1 + qf )^‘ 

40. Find tho greatest coefficient in the expansion of 


5 

41. Find the greatest term in the expansion of (1 + $>*. 

42. Find the coefficient of x 13 in the expansion of 

(x 1 + a - 2) -1 . 

43.. The coefficient of what term of (1 — js^j- of tho 

coefficient of the same term of (1 + ®)~* ? 


44- Find the coefficient of a certain term in (1 + «)"- 

which is (2n+ 1) times the coefficient of the same term in 

(I-*)*- 
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46- Find the coefficient of x” in the expansion of 
(l + 2« + 3a; 2 +4a; 8 + ... to infinity) 1 . 

^17- Prove that the coefficient of the (n + ljth term of 

(1 - 2a;) - is double the coefficient of x" in (1 — 4a;) -n . 

o 

Logarithms. 

294. If n be a number such that n=a e , then x is said to 
be the logarithm of n, and a is called the base of the system 
of logarithms. 

Hence a logarithm may be defined to be the index or power 
to which the base is to be raised that the result may be equal to 
a given number. 

The logarithm of n to the base a is written log„n ; log 0 n=® 
expresses the same relation as a~ = n. 

Ex. 2 s = 32. 5 is the logarithm of 32 to the base 2. 

295. v a 0 =*1, therefore the logarithm of 1 is 0 whatever 
the base may be. v a 1 = u, therefore the logarithm of the 
base itself is unity. 

.296. In a = *=Ti, a may be assumed at pleasure ; and for 
every different value so assumed, . a different system of log- 
arithms will be formed. In the common tabular logarithms, a is 
10, and consequently, 0, 1, 2, 3...a>, are the logarithms of 1, 10, 
100, 1000,. ..(10)^. 

297. Since tbc tabular logarithm of 10 is 1 and of 1 is 0, 
therefore the logarithm of a number between 1 and 10 is less 
than 1 ; and in the same manner, the logarithm of a number 
between 10 and 100 is between 1 and 2 ; of a number between 
100 and 1000, is between 2 and 3 ; <£c. 

These logarithms are also real quantities, to which approxi- 
mation, sufficiently accurate for all practical purposes may be 
made. 

Thus, if a; be the logarithm of 5, then(10)"=5; let £ bo 

substituted for a, and 10 5 is found to be less than 5, therefore 

% is less than the logarithm of 5 ; but 10< is greater than 5, or $ 
is greater than the logarithm of 5 ; the value set down in the 
tables is '69897, and 10 ,oos97t =6 nearly. 
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298. The sum of the logarithms of two numbers is the log- 
arithm of their product; and the difference of the logarithms is 
the logarithm of their quotient. 

Let cc **■ lo g a c, y-log a d. 

then a~ =c and a s *» d . 

a c * s = cd, and a*~ s = j . 

log„(c<2) = £ + y = log^ + log n tf, 

and log a =»- 2 / = log 0 c-iog n £Z. 

Ex. 1. Log„(3 x 7) =log„3 + log a 7. 

-fifc. 2. Loga(pqr) = log„(yy) + logjr. 

** log 0 p + Iog„ 2 + log 0 r. 

Em. S. Log„J*»log a 6-log„7. 

Em. 4. Log 1Q C00 = log 10 6 + log lo 100 
= l°g 10 6 + 2. 

Ods. Log 10 « is generally written log n. 

Em. 5. Log'05 = log = log 6 - log 100 = log 5 - 2 ; 

also = log\P - 2 = log 10 -log 2 -2 = - log 2-1. 

Or log 'OOcdog^ *= -log 20= —log 2-log 10 
= - log 2-1. 

299. If the logarithm of any number be multiplied by n, the 
product is the logarithm of that number raised lo the nth power. 

Let d be the number whose logarithm is m, or a*e*d] then 
a"* = rf" ; that is na is tho logarithm of d n ; 
n log cZ«=log d". 

Em. 51ogl3 = Iog (13) 5 . 

330. If the logarithm of a number be divided by n, the 
quotient is the logarithm of the nth root of that number. 

Let a~**d, then a'sd'*, 5 »log Q cT or~^ = logad". 

Ex. ^ log 5= log (5*). 
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301. To find the relation between the logarithms of tho 
same number to different bases. 

Let ® = log a n, y=Iog 4 7 i. 
then a" = ti, h y =n. 

:. a x =b s . 

£ 3 

:. a* — b, and a <=b m 

" and-^log^a. 

y a 


x-y log 0 6t 


y 


' log^a ’ 


Cor. log a 6 x log^a = 5 x ^«=1. 


a 


302. 10 1,20413 «=16. Here the integral part of l^OI^ is 
called the characteristic, and the decimal part the mantissa. 


303. In the common system of logarithms, if the logarithm 
of any number be known, we may easily find out the logarithm 

of the product or quotient of that number by any power of 10. 

> "" 1 

For if we hare 1 ogN=a. 

' Log (jV x 10") = log 1V+ log 1 0" «=> log N+ n. 


Log ==logtf-logl0 n ’*logN~n. - 

304. If the number have n digits beforo the decimal point, 
the characteristic is n — 1, and if the number be a decimal with 
ji — 1 cyphers before the first significant figure, the characteristic 
is - 71 . 


Ex. Suppose we know that log 8'64 = ’9365137 
Log 864 =log (8‘64 x 100) 
=log8’64+logl00 
•=>log8’64 + 2 
= 2-9365137. 


Likewise log 8640=3-9365137. 
Again log -864=log (8'64-r-10) 
<= log 8"64 — 1 
= -9365137-1. 
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Ohs. ‘9365137 - 1 is generally written 1*9365137, the man- 
tissa being always positive. 

Likewise log‘00864=3'9365137. 

305. The utility of a table of logarithms in arithmetical 
calculations will from hence be manifest ; the multiplication and 
division of numbers being performed by the addition and_ sub- 
traction' of these artificial representatives ; and the involution or 
evolution of numbers by multiplying or dividing their logarithms 
by the indices of the powers or rootB required. 

Ex. Let the value of V {7 V2 x !/(3) } be required. 

Given log 7 = ‘845098 ; log 2 = ‘301030, log 3 = ‘477121 ; 
log 1-70188 = -2309306. 

Log 5/(7 x V2 x 5/(3)> 

<=^(log7 + 4 log 2 + 4 log3} 

= J-1‘845098 + ‘150515 + ‘1590404} 

-•230930G. 

But log 1-70188 =‘2309306. 

S/{7 x V2 x 5/(3)} = ‘170188. 


Examples vxrrked out. 

Ex. 1. To find the logarithm of 64 to the base 2 */2. 

Let (2 ,/2) 1 ’=64. 2-*=»64. 

.*. log 2$® »log 64 = log 2«. 

A '3* log 2 = 6 log 2 
A = 6 ; a; = 4. 

Ex. 2. To find, the characteristic of the logarithm of 25 
to the base 3. 

3 s =27 and 3* = 9. 

log s 25 lies between 2 and 3. .*. 2 is the characteristic 

of log -25. 
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Ex. 3. To find the characteristic of log lo 1120 and of 
Iog lo *0112. 

10* =1000,10* = 10000. 3 is the characteristic of log lo 1120- 

. Log 10 .0112 =log (112-s-lOOOO) =log 112-4. 

2 is the characteristic of log 112. 2—4 or -2 is the 
characteristic pf log lo .0112. 

Ex. <t. Given log 2 = *.30103000, log 3 = *4771213, to find 
the logarithms of -6, 25, of 7*2 and of *96. 

Log 5 = log ^ = 1 - log 2 = 1 - *3010300 ^ *6989700. 

Log 25 =log !££= log 100 - Jog4 

=2-2 log 2 = 2 -*6020600 

= 1*3979400. 

Log 7*2= log -jq- 

=log9 + log8-l=2 log3 + 3 log2-l 

= *9542425 +*9030900-1 
= *8573325. 

9 V =12 

Log *96 = log jqq - = log 3 + log 32 - log 100 

=log 3 + 5 log 2-2 
= *4771213 + 1*5051500-2 
=•9822712-1=1*9822712. 

Ex. 5. Given log 108 = 2*0334238, log 324=2*5105450, to 
find log 2 and log 3. 

Log 103 = log (3* x 2*) =12 log 2 + 3 log 3=2*0334238, 
Log 324= log (3* x 2*) = 2 log 2+4 log 3=2*5105450. 

log 3 = 2*5105450 - 2*0334238 
= *4771212. 

2 log 2=2*0334238-3 log 3 
= *6020600. 
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Ea . 0. Given log 2 *=‘3010300, find log V (,'00004). 

log ^(-00004) log (-00004) 

= |(log 2 - 5) = ^('3010300 - 5) 

= id-3010300- 6) 0 
- -4336766 - 2 =5-4336766. 

° Obs. To divide (-3010300 - 5) by 3, the characteristic 
most be so increased that it may be divisible by 3. 

Eos. 7. Given log 2 = *3010300, to find 

log V{-0032 x V (-00625) x J /(-0002)}. 

The reqnired logarithm.. 

=£{log "0032 4 - £ log -00625 4-£ log ‘0005} 

= £{(5 log 2 - 4) + £(log 5*-6)4-£(log 2-4)} ■ 

*=*^{(1-5051500 - 4) 4- £(2-7958800 - 5) + £(-3010300 -4)} 

= £{3-5051600 4- £ (3-7958800) 4- £(4-3610300)} 

= £{3-5051500 4- £( - 4 4- 1 -7958800) 4- £( - 6 + 2-301 0300)} 

=£{3-50515 00 - 2 4- -8979400 4- - 2 + -7670100} 

■=•£{74- -50515004- -89794004- -7670100} 

=£{54- -1701000} 

= 1-0340200. 

. Ex. 8. Givon log 2 = -3010300, log 3 =-4771213, 
log 7 = -8450983, log 716-7816 = 2-8547823, 
find V{5 x s7(21) V5}, 

Log 5=logip=log 10 -log 2 = 1 --3010300= -6989700. ‘ 
Log V{5 x V(21) V'6} = £{log 5-i-£ log 21 4 -£ log 5} 
=£{log54-£log3 4-£log74-£ log 5} 

= £ { -6989700 4 - -2385606 4 - -4225491 4 - -349 4850} 

= •8547823. 

But log 7-157816 = -8547823. 

V{5x V(21) V5} = 7-157816. 
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Ex. 9. Given (8192)^=^ find *. 

2 13 ~=2 I x 2~ s ~=2 t ~ s ~. 

13x log 2 = (2 - 5a;) log 2. 

/. 13a;=2 — 5a;, 

18*=2, 

' #=£• 
gar ' 

10- 4 ?+j = 16| and co = 4y, find m and y. 

8 r =16x4^; 

2 3r =2 1 x2 2 " +2 y=2 4+2 “ + 2F. 

•*. 3a; log 2 = (4+2a;+2y) log 2. 

.*. 3a;=4 + 2rr + 2y? 

.*. ®-2;/=4 

4*/-2j/=2y=4; y = 2, a;** 8. 

EXAMPLES LXXVIII. 

L Find the logarithm of 32 to the base V2. 

2. Find the logarithm of 324 to the base 3 V2. 

3. ^Given log 2 = '3010300, find the logarithms of 5, 16, 32- 

4' Given log 2 =‘3010300, log 3 = '4771213, find log 12, 
log 15, log 75 and log 1’8. 

5. Find the characteristic of the logarithm of 15 to the 
base 2. 

6. Find the characteristic of the logarithm of 32 to the 
base 4. 

7. In the common system of logarithms, find the character- 
istics of the logarithms of 1023, 45067, 143'045 and of '0 44. 

8. Given log2 and log3 (see Es. 4), find log 2160 and 
log S/X'0075). 
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9. Given log 162 = 2-2095150, log 216 = 2-3344538, find Jog2 
and log 3. 

10 . Given log 324=2-5105450, log 375 = 2-5740313, find 
log 3 and log 5. 

11 . Given log 2 and log 3, find the value of 


iog Vi 


(135) 2 x V3x 9/(15) \ 
40 x 81 /’ 


12 . Given log 2, log 3, find log V (-00006) and log 5/ r (-0384). 

13 . Find the number of digits in (13) 10 °, given log 13 
= 1-1139434. 


14. Gjven log 2, find log iVK^)*} and log 

15. 2> a x 6»*- c =. 3“ "- 13 x 2*"-*, find x. 

16. Given log 2 and log 3, and 3 J =26, find x. 

17. Log = 1-99485, find log 2. 

18. Find the logarithm of 612 to the base 4. 

19. Given log 2 and log 3, find the value of 

log 2 ' 48695 = ' 3954930 - 


20 . Given log 2 = -3010300, log 2 = -4771213, and 
log 269569 = 5-4142524, 


find 

i 



(-32)8 x (626)* 1 

(-00432;* x(-3125) ! x 25/' 


21. Given log 437437 = 6-6409153, find tho value of 



!/-(-0125) x ^(31-26) 
•00081 


} 


22. Given log 2 = -3010300 and log 7= -8450980, find tho 

i 

value of a to two decimal places when 10- r =2 , 45. 

23 . Given log 2= -3010300 and log 5444525 = 6-7359600, 
find the value of (2-56)^- x (2-56)* x (2-56)- x ••■to six factors. ' 


11 
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24. Given log 2 and log 3, find to two places of decimals 
the real value of as In tlie eqnation 2 X - 6 x 2 _x = 1. 

25. Given log 101=2-0043214, log 111-5675 = 2-0475354’ 
find the sum of 


121+7— V+ /121V 

iu'j \ioo/ \ml 


+ &c. to ten terms. 


26. If the number of births in a year be of the popu- 
lation at the beginning of the year, and the number of deaths ; 
find in what time the population will be doubled ; having given, 
log 2 = -3010300, log 241=2-3820170 and log 240=2-3802112. 


Exponential and Logarithmic Series. 

E-vpoxextiae Theorem. 


306. To expand a number in a series of ascending powers 
of its logarithm to a given base. 

Let the given nnmber be sneb that it is equal to a T , then to 
find the expansion of the given number in a series of ascending 
powers of x. 


<r r = {l + (a-l)} x =tl+c)", where c = a — 1. 


But (l + c) c 


l + cx+as 


x—l 

9 


c* + 


x(x-l) (r— 2) 
1-2-3 


c s + 


«=1 +C£-f 


x*~x + . ce , -3z I +2T „ 

— °- + — irr— ' + - 


<= 1 + x{c - 1 c* + ic* - Sec.) + s s Qc* - i c T 4- &C.) + &c. 
= 1 +n£ + n„x tj rn z x l + 


Where n ■= c - jc 1 -f lc E - &c. = (a - 1) - i (a - 1)* + &c., 

and n„, n 3 , &c., also depend upon powers of c. 

Hence we may assume that 
a * = 1 + nx + nnX* + n 0 x 3 + n 4 <r 1 + &c. ; 

a 2 “ = l ^- 2 mc + 4n s aj I + 8 n ; 5 !B s + l 67 i 4 a:* + &c. 
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Bat a 1 * = a* x a x = (a®)*. 

.*. l + 2n® + 4n 2 a; t +8n 3 a; s + 16n 4 :E 4 + &c. 

=» 1 + 2ms + (n* + 2m,)®* + (2n 3 + 2nn 2 )® s + 

. (2n 4 + n 2 I +2m! 3 )a; 4 + &c. 

Hence, equating the coefficients of the like powers of a, 
4n 2 = n J + 2n 3 ; n s = §n 1 , 

, = | 2n2 + 2?i jio 5 •?- Gttg* 3 !!® 5 ^3 = 00 

16n 4 =*2n 4 + «„* + 2n n 3 ; 14n 4 =^n 4 + ^n 4 

. n 4 . 

'■ ^4 ** L.o. / 5 &c. 

A U 4 

V •* 

» 1 n'® 1 « 8 ® 8 . n 4 ® 4 

and .% a‘ r = l+nx+— r-+ -nj- + —— + &c. 

Li IA 1£ 

Now take «e = l, then *=-, and 

n’ 

1 1 1 1 

n” =» 1 + 1 + rr+ ra + rr + &c. 

IS. Li li 

This series, denoted by the symbol e, is the base of the 
Napierian System of logarithms, 
x 

V n B =c, .% a = e°, /. n = log e o; hence N 

.'-l + (l. g .a). + !!SSt|W + 

Li Li 

This result is called the Exponential Theorem. 

Cor. 1. Put e for a, then log„a=log e ei= 1 ; then 


e^l + x+%+- c -‘+&c. 

Li Li 

Cor. 2. Put 1 for x, then, e~l + l+i + i+ i-+& c . 

i li Li 

=2-718281828- 

Cor. 3. Put mr for », then e mr = 1 + mr + + & c . 

i. tH 
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307. We will add here another proof of the Exponential 
Theorem. 

By the Binomial Theorem 

»*ata=«fta ‘ +fa 

=l + a:4- — To — + T3 


L? 

Pat 1 for x, then 


13 


-+&e. 


l_i fl-iUl-H) 

(i + ^) “ 1+1 + it ?+ — ni ~ +&c - 

Bat therefore 

Now suppose n to be infinite ; then-~0, 

1 

l + m + ~+^+&c.= |l + l+||+ {3 + &c -} 


Pat rx for x, then 

r 1 * 1 r 3 x s - 

e ^ a=l+rx+ - J +JJ-+&C. 

Again lot a-e r , then r=Iog t a, and 


a' = l + log e a®+ 


(lo^aPxf (log e gP^ + , y , r . 


L- 


I? 



15 # 

• c. \X\(\ CtXOT 

itst^ +1 ^ \ -+& C - 

Ibe error 


c, '°' t^+TsnFI^ 53 * ! 

r-r?,+ , + ... x 

: v! ' 3 "' 1 ” i + j-rfyJ.XXX' 7 ^ 

iiJri+lXXX^+^i 

“V; 

M4t + i«+x? 1 


-&H** ^ 

. t ^ the series 

^ v - • • in terte® ot 

^ ;.errorcomm-rttedb5^ 

Let ^ 1 1 ot -0000003- 

30S . a< . I)i «^» £ “°“’ 

1116 rr^g« a %f V + - «• - 1)4 + &c- 

~ { ! ' s for a tJ .4-*s-K + &C- 

.. putting * 

102 1 

togi(1+x ,_, 0B .(i--'- 

c+& c.) 

/1+A =,2(55 + ^“ + 6 
;. lOgtl^^/ 

1+5 J5 - 

771 — i* ^ ** theti -t ^ $ i* . 

Let ST^' ’ / r\* x ( 55 ^ + &C ' 

r n i-r j5^-\ tlLf) 

■nv 0)5 — i+iViu + r'/ 

.-. log,- ^\m+ r x 
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Lot r=l, then 

loe ' m =2 {^TI + * (Si ) B+ 1 (Sri) C +&c j (5). 

Also pat r-f 1 for m in the identity (A), then 


1 F + 1 

l° ge or loge(r + _ j 


=2 {2rll + 3l27^ + 5(2?^ +&C -} 

From (JB) we may obtain the value of log~ e 2 ; for m pnt 2, 

ihenlog,2_20 t-L; + ji JT+ )_ -693147179. 

Of any two consecutive numbers when we know the 
logarithm of one we may obtain the logarithm of the other 
from (C). Pat 2 for r, then log e 3~log c 2 

= 2 {g + 3^)» + 5(^ + }--4054G5119 

log e 3 = 1-098612288 

310. To find the value of log c l0. 

IogJIO - log e 9 =2 jjg + 3^7 + 5lTl9=' f&C ‘j fArt ’ 309 >^* 
=•105360515 

But log e 9 = log e 3* = 2 log e 3 = 2x1 -098612288 = 2-197224577 ; 
log e 10 = -105360515 + 2-197224577 = 2-302585092. 

311. • The Napierian logarithms (from Napier the inventor of 
logarithms) are also called natural logarithms. The logarithms 
at numbers to the base 10 are used in practical calculations. 
The logarithm of a number to the base 10 is obtained by 

multiplying the Napierian logarithm by — , that is, by 

1 , or by -434294481 (Art. 301). This multiplier is 

2-302585092 ’ J 

called the modulus of the common system. ' 


•0 
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Examples worked out . 

Ex.l. To find the value of correct to 6 places of decimals. 

e"=l +«+nr +r5 + &c. 

U> 


e'^-= M l + tt ; + ; 


^ — — 4-&C. 


TO T 10* x[2 10'jg 
= 1 + -1 + -005 + -0001 6 + -0000041 6 + "00000008 + &c. 
=1-105170. 

* l 

Ex. 2. To find the error committed when the value of e is 
-calculated to 6 terms of the series. 

The error or ~ or -0016. 

\o x 5 600 

- 4(1—1) 

Ex*$. In the expansion of~e ' * find the term inde- 

pendent of a. 

_ A 1 . «r „ 

v e ff =l + aj+j-2 a^+jj+'-tec. 

the term independent of x 
, , 1 1 
= 1 + * + 3 I l2. + 3 8 i3 +&C ' 

Ex. 4. If a B and the higher powers of x he rejected, then 
. shew that 

. _ 1 + a 


l-x' 


e* r =l+2a;+25: I + &o. = 


1 +x 
l-x‘ 


Ex. 5. Find a series for e+ e -1 
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,1 “ 1 + dtlT' & c - 


**• e + e ~ 1== 2<^l + — + — + &c.j> . 


Ex. 6. Prove that log e 2=^+~ + + 

+ £) = ® i ®* + ix* — Tjr 1 + . 
Let *=1, thea 

Iog e 2<=l + £ — 4 + J — £+ &c. 

1 , 1 1 1 „ 

“ 1'2 + 3-4 + 5-6 + 7-8 + &C “ 


+&e. 


EXAlfPLES LXXIX. 


1. Find the value o£ e 10 ^ 6 correct to 8 places of decimals. 

2- Find the value of c - ^ 7 8 9 10 correct to 6 places of decimals. 

3. Find the error committed when the value of e is calcu- 
lated to 8 terms of the series. 

4- Find the error committed when the value of is calcu- 
lated to 6 terms of the series. 

5. Find the error committed when the value of c 5 *® is cal- 
culated to 8 terms of the series. 


6. Find the number of terms of the series of c 7 * 7 that 
must be taken so as to calculate correctly to 6 places of decimals, 

7. Prove that r-l+lo g ,r + 'tel‘ + S?Ka + &o. 

lit 12. 

8. Prove tkatc-<T 1 =2^1 + £|+ — 1 + j-y + &c.^. 

9. Obtain a series for ^(c+e -1 — 2). , 

10. Prove that log e 2=j^+ ^g + &c. 
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11 . Prove that Iog e j-^=2 ^s+^-+ —■+ — +&o..„^. 

12 . Supposing that the value of log e 2 is known, what 
values must be substituted for n and x in the formula 

log,(n +1D )=log 0 n + 2{ 2 - ; ^ + ^^j t + 50^+ . 

in order to obtain the- Napierian logarithm of 12 ? 

(In the following S examples give the answers correct to 
■6 places of decimals onlj/.J 

13 . Log^3 = 1-098612288, find the value of log„4. 

14. Log e 10 =2-302585092, find the value of log„3. 

15 . Log e 2 = -693147179, Iog e 10=2-302685092, find Iog.,26,' 

16. Eog c 2 =-693147179, find log e 12. 

17. Log„5 =1-6094379, find log *36. 

18 . Expand ^1 + , and show that when n is indefi- 

nitely great the oxpansion is the same as the known expansion 
for e c . 

19. In the expansion of (e* — 1)°, show that the coefficient 
of to' vanishes. 

20. Find the Napierian logarithm of correct to 7 
' places of decimals. , 


21. Prove that ^ + &o.=log e 2-£. 

22. Provethat^+3^ + F i H + &c. = llog e 2-/ ir . 

23. Prom the expansion of e~ r (e r — l) n+1 prove that 

n"— (n+l)(n~ 1 ) " 4 - —■ -n /— (n — 2) " — c. to n terms = 1. 

I*. 

24. Prom the expansion of e~~(e r ~l) n , prove that 

,{n - 1)" — n(n- 2)" + - (n ^ (n - 3)" - &c. to (n-l)terms = [n-l. 
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Interest and Discount. 


312. Interest is the consideration paid for the use of 
money. The rate of interest is the consideration paid for the 
use of a certain sum for a certain time, as of 1 Eupee for 
one year. 

The sum lent is called the Principal. 

The amount is the ■whole sum due at the end of any time, 
Interest and Principal together. 

313. Interest is of two kinds, simple and compound. 

When the interest of the principal alone is taken, it is 
called simple interest. 

If the interest, 4 as soon as it becomes due, be added to the 
principal, and interest be charged upon the whole, it is called 
compound interest. 

‘ 314. To find the amount of a given sum, in any time at sim- 

ple interest. 

Let P be the principal, n, the number of years for which 
the interest is to be calculated, r the interest of one Eupee for 
one year, m, the amount. 

Then since the interest of a given sum, at a given rate 
must be proportional to the time. 

1 (year) : n (years) : : r : nr. 
i /. ?jr=the interest of 1 Eupee for n years ; 

and the interest of P rupees must be P times as great or 

nrP. 

the amount or M=P+Pnr, 


315. In the above simple equation, any three of the 
quantities P, n, r, M being given, the fourth may be found ; 


thus P= 


M 

1 + nr’ 


M-P 
T ~ Pn 


M-P 

n ~-pT‘ 


Ex. What principal, in [eight months, will amount to 
Jgs-4620, allowing interest at the rate of 4 per cent, per 
annum ? 


In this case, Uf=4620, n=8 months = 5 year. 

r =roo~^s 


M ~ 4620 

1 + nr^ l+jxs'i 


Hence P 


•E&4500. 
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316. To find the amount of __ a given sum in any time at 
compound interest. _ ' 

Let R= 1 Rupee together with its interest for 1 year. 

Then at the end of the first year, R becomes the principal, 
or the snm due. 


1 : R : : R : R‘ 
1 :_R :: P 1 : R « 
In the same manner 


R t <= the amount in 2 years. 

R l = „ „ „ 3 years. &c. 

&■= n years. 


If P be the principal, the amount must be P times as 
great, or PR n => M. 

M. „ n / M log M — log P 
log P 


M „ n 

Hence P ,R^fi/ ~ ,n^ 


Ex. What sum must be paid doxvn to receive Its-9261 
at the end of three years, allowing 5 per cent, per annum 
compound interest. 

In this case, the interest of 1 Rupee per annum = J ^ T => '05, 
P-1 + -05-1-05. 


ti-3, M— 9261. 

9261 ' 9261 x (201 s 

" “(l-OS) 3 " 3 (21) 3 


B&8000. 


317. To find the. amount when interest', is reckoned half yearly, 
when quarterly, and when p times a year. 

If r= interest of one Rupee for one year, and n the num- 
ber of years, then, if interest is paid half-yearly, 1 + Jr «=> amount 
of 1 Rupee at the end of the first payment, and 2n is the whole 
number of payments, 

.-. IT^PH+Jr) 1 ". 

Similarly, when interest is paid quarterly, 

M*P(l + ir) l <'. 

When interest is paidp times a year, the amount of 1 Rupeo 
at the end of the first payment is 1+- r and pn = number of 


years. 


r\pn 
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_ 318. The Present Worth of an amount duo at tbo end of 
a given time is that sum which together with its interest for 
the timo is equal to the given amount. 

Discount is the abatement made for the payment of money 
before it is due. 

Hence discount is the difference between the amount due at 
the end of the given time and the present worth. 

319. To find the present worth of a sum due at the end of a 
given time and the discount. 

Let P be the present worth, n the number of years, M the 
snm due at the end of n years, D the discount, r tho interest of 
one rupee for one year and R the amount of one rupee in one 
year. 

Then it is clear that if P be put to interest, its amount 
ought in fairness to be equal to M. 


At simple interest/ 

P + Pnr=*M-, (Art. 314) 

P= JL. and D = M-P~ 
1 +nr 


Mnr 
1 + iir ’ 


At compound interest 
M~PR a . (Art. 316). 



D<= M—P— 


M(R'-l) 
R n ’ 


320. In practice, the bankers and merchants invariably 
deduct the interest on the whole 6um from the present time till 
it becomes due instead of the true discount which is the interest 

of the present worth. Thus they deduct Mnr instead of ^ . 


Ex. To find the present worth and the discount of 
-Rs-828 due at the end of three years at 5 per cent, simple 
interest ; also find the banker’s discount. 

In this case M&828, n= 3, r<=* 05. 


P-- 


M 828 
1 +nr~ 1 + -15 


■Rs-720. 


Discount =*828 — 720 ='Hb-108. 

The banker’s disconnt=828 x '15*=H&124‘2. 
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EXAMPLES LXXX. 

1. What gum in 3 years at 5 per cent, per annum simple 
interest will amount to -R&5175 ? 

2. What sum o£ money put out to compound interest 
for 3 years at 4 per cent, per annum, will amount to -Rs-17576 ? 

3. Find the discount of -Rs-1035 duo 3 years henco ut 
6 per cent, per annum simplo interest. 

4. Find the discount of -Rs-4630 8 os. dne 3 years hence 
at 5 per cent, pe'r annum compound interest. 

5. What sum of money put out to compound interest 
for 18 years at 4 per cent, per annnm, will amount to -Rs-10000? 

Having given log 1 04 = 2-0170333 and 
log493629 = 5-6934006. 

6. What would be the amount of -Rs-2000 placed out 
to compound interest for 7 years at 4 per cent, per annum ? 

Given log 10-4=1-0170333 and log 263186 = 5-4202631. 

7. At what rate of interest must -R&4000 be placed out, 
that it may amount to -R&5G93 4 as. in 9 years at compound, 
interest '! 

Given log 10‘4 = 1-0170333, log 4=-G020G00 and 
log 569-325 = 2-7553600. 

8. In how many years will 41&-1000 amount to dfe-lCOO 
at 6 per cent, per annum compound interest ? 

Given log 2 = ‘3010300, log 106=2-0253059. 

9. In what time will a snm of money double and treble 
Itself at 5 per cent, per annum compound interest P 

' Given log 2 = -3010300, log 3 = -4771213, log 105=2-0211893. 

10. Supposing the interest to be paid half -yearly, what 
would be the amount of -Rs-1 00000 placed out for ten years at 
10 per cent, per annum compound interest ? 

Given log 2 = -3010300, log 26532975 =7-4237860. 

11. In, what time will £1000 amonnt to £131501 at 5 per 
cent, per annum compound interest ? 

Given log 131-501=2-1189300, log 105 = 2-0211893. 

12. In what time will £500 amonnt to £742 5?. at 
S per cent, per annum, compound interest, tlio interest being 
paid half-yearly, having given, / 

log 14845 = 4-1715802, log 1-025 = -0107239. 


12 



162 


ELEMENTS OF ALGEBRA. 


Annuities. 

321. To find the amount of an annuity , or pension left un- 
paid any number of years, alloicing simple interest upon each sum 
or pension from the time it becomes due. 

Let A be the annuity, n the number of years, r the in- 
terest of one Rupee for one year, M the amount. 

At the end of the first year, A becomes .due, and at the end 
of the second year, the interest of the first annuity is rA ; at 
the end of this year, the principal becomes 2 A, therefore the 
interest due at the end of the third year is 2 rA ; in the same 
manner, the interest due at the end of the fourth year is 
3 rA ; &c. ; henco the whole interest is rA + 2rA +3rA + ... 
4-(n — Y)rA=ln[n -l)rA ; and the sum of the annuities is nA ; 
therefore the whole amount 

M=n A + infi — l)rA. 

322. Bcquired the present value of an annuity to continue a 
certain number of years, alloicing simple interest for the money. 

Let P be the present value ; then if P, nnd the annuity, 
at the same rate of interest, amount to the same sum, they aro 
upon the whole of equal value. ' The amonnt of P, in n years, is 
P + nrP (Art. 314) ; and the amount of the annuity in the same 
time is nA + ln{n-l)rA ; 

therefore JP+nrP = nA + $n(n — l)rA, 

and p^J- + Mn-l)rA 
1 + nr 

In this equation any three of the four quantities P, A, n, v 
being given, the other may be found. 

323. Cor. Let n be infinite, then P = hn A an infinite quan- 
tity, therefore for a finite annuity to continue for ever, an 
infinite sum ouglif, according to this calculation, to be paid : a 
conclusion which shews the necessity of estimating the value of 
an annuity upon different principles. 

324. To find the amount of an annuity in any number of 
years at compound interest. 

Let A be the annuity or sum due at the end of the first 
year; r the interest of 1 Rupee in one year; let P=l+r= 
amonnt of one rupee in one year, then 1 : II :: A : BA. 

.-. BA = its amonnt at the end of the 2nd year. 

- A 4 -BA is the sum due at the end of the 2nd year. 


annuities. 
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la the same manner, 1 : R :: (l+i2)4 : (R+R ! )A. 

(R + 72 Z )A = amount of the two payments at the third year, 
and (1 +R+R‘)A whole sum due at the end of the third year. 

Similarly, (1 + R+R t + -+R"~ l )A is the sum due at the 
end of n years, that is 

R'-l 


if= 


R - 1 


-A. 


Coe. 1. In this equation, any three of the quantities being 
given, the fourth may be found. 


R-l ,, 

-Tr^i M > n - 


log |l+J(E-l) } 


Joe: ii 


Cob. 2. If interest be payable p times a year, and 
be each payment per 1 Eupee, 'then ( 1 + ^ = amount of 


V 

1 Eupee in one year, 

then M— 


(> %) 

1^-1 

KJ 



A. 


Cor. 3. If the annuity be payable w times a year, each 
A 

payment ■=—, and m be the annual rate of interest, then 

"/"(I + nt) = amount of 1 Eupee in a: 111 part of a year, 
amount in n years 

A 1^(1 + ml}"' -1 A (1 + m)” — 1 

’ V(L + m)-l = * • ^(l + m)-T ’ 

If the interest be also payable times a year, then 



(* v ) 1 - 1 


325. To find, the present value of an annuity to be paid for 
n years , allowing compound interest. 
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Let P be the present valae, A the annuity ;'then since PJi * 
is the amount of P in n years, and ^ ^ A, the amount of A 
in the same time; by the question, 


1 — 


FJt °~tt A ’ aniJ3= irT A - 


Cor. 1. Any tliree of the quantities P, A, B, n being given 
the fourth may be found. 

Cob. 2. It? the number of years be infinite, R" is infinite 

1 A A' 

and tjj vanishes ; therefore P—-r , — r <= — . • 

It B-l r 


Ex. If the annual tent of a freehold estate be Rupee 1 
what is its value, allowing 5 per cent, per annum compound 
interest ? 

In this case A=>1, R-l orr»‘05; therefore the present 
value— .^=446-20, or 20 years’ purchase. 

326. The Present Value of an Annuity , to commence at the 
expiration of p years and to continue q yeurs, is the difference 
between its present valne for p + q years, and its present value 
for/; years. Therefore the present valno 

A-AE~b ) + tf A-AB~ P 
“ It— 1 R-l 


AR~ P -AR~ ( f Jrq) 


lt-l 




Ex. What is the present value of an annuity of 1 Rupee, 
for 14 years, to commence at the expiration of 7 yeare, allowing 
5 per cent, per annum compound interest. 

(1-05)11—1 

The present value for 21 years = (1 . 05 j »"^0 5 


The present value for 7 years 
the 


(1D5) 7 - 1 


(l'Oo) 7 x -05 

required present value 

■=20 (m-y) suppose. 
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log «= - 7 log (1'05)=T'851 6749 = log -710681. 
log y = - 21 log (1 -05) = 1-5550247 - log -358942. 

.-. x = -710681 and j / = -358942. 
x- j/= -351739. 

Present value = 20 x -351739 = -R&7-035 nearly. 


Cob. If the annuity is to continue for ever, q_ is infinite, 


and the present value 


AR~ P 
R-l ' 


Scholium. 


327. The method of determining the present value of 
an annuity at simple interest, given in Art. 322, has been 
decried by several eminent Arithmeticians, and in its stead, a 
solution of the question has been proposed upon the following 
principle ; “If the present value of each payment be determined 
separately, the sum of these values must bo the value of the 
whole annuity.” 

Let a; be the value or price paid down for the annuity, a 
the yearly payment, n the number of years for which it is to be 
paid, r the interest of 1 Rupee for one yoar. The present value 


of the first payment is j-— , the present value of tho second pay- 
ment, or of a Rupees to be paid at the end of two years, is 
, and so on ; therefore 


l + 2r 


a a a 

a ’ = f+7 + T+27 + 7+37 


+ ... + 


1+nr' 


328. These different conclusions arise from a circnmstance 
which tho opponents seem not to have attended to. According 
to the former solution, no part of the interest of the price paid 
down is employed in paying the annuity, till the principal is 
exhausted. 


Let the annuity be always paid out of the principal x as 
Jong as it lasts, and afterwards out of the interest which has 
accrued; then w , — a, x—2a, m — 3a, &c., are the sums in 
hand, during the .first, second, third nnd fourth &c., years, the 
interest arising from which, nr, rx-ra, rx-2ra, rx-3ra, &c., 



1G6 


\ 
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that is, the whole interest, is nrx- {1 +2 + 3 +■ + (n~l)\r<z • 

or n rx~-hn(n-])ra, which, together with the principal a, is 
equal to the sunt of all the annuities ; therefore (l+nr)a; 
— -kn(n~ l)ra = na, and 


<c~ 


na4-in(n-Virg 

1-ynr 


(Art. 322). 


According to the other calculation, part of the interest, as 
it arises, is employed in paying the annuity, but not the whole. 
Titus, the' first payment is made by a part of the principal, and 
the interest of that part, which together amount to the annuity ; 
and the other payments are made in the same manner ; this is, 
in effect, allowing interest upon that part of the whole interest 
which is incorporated with the principal. According to either 
calculation, the seller has the advantage, since the whole, or part 
of the interest will remain at his disposal till the last annuity is 
paid off. 

If the whole interest, as it arises, he incorporated with the 
principal, and employed in paying the annuity, compound 
interest is, in effect, allowed upon the whole. Let aj be the 
price paid for the annuity, n the number of years for which 
it is granted, and Ii°»I ltupee together with its interest for 
one year. Then m in one year amounts to Itx, out of which 
the annuity being paid, Jix—a is the sum in hand at the end 
of the first year ; R*x~ Ra is the amount of this,, sum at the 
end of the -second year, therefore R*x — Ra - a is the sum in 
hand at the end of the second year; in the same manner, 

R'a-R^'ki-R'^a -a is the sum left, after paying the 

last annuity, which ought to be nothing; therefore 

R n a — a 

R'x^R'-'a+R'rta + a=-j^ — y j 


, R n a — a 

nnd x ~-iF{iT-ry 


Art. 325. 


Examples worked out. 

Ex. 1. To find the amount of an annuity of -Rs-lOO left 
unpaid for 10 years, allowing 5 per cent, per annum simple 
interest upon each sum from the time it becomes duo. 

In this case n = 10, A = 300, r=*‘05. 
n A + 4 n(n — l)rA 
=, 1000 + 4 x 10 x 9 x ‘05 x 100 
«=> 1000 + 225 «-Rs-1225. 
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Ex. 2. To find tlie present value of an annuity 'of Ba-120 
to continue for 20 years, allowing 4 per cent, per annum simple 
interest for the money. 

In this caseA=120, ft =20, r=-04. 

n nA+in(n-l)rA 120 x 20 + £ x 20 x 19 x 04 x 120 

1 ~ 1+nr “ 1 + 20 x ’04 

= 5^ = 116-1840. 

TO * 

Ex. 3. The present value, of an annuity of I1&200 to con- 
tinue for n years allowing 5 per cent, per annum simple interest 
for the money, is Bo-1912 8as. Find n. 

1912-5 =200y^ ( "-~- ^ - X - 0 - 5 - 

1 + -05n ' 

n 1 + 19-875n- 382-5 = 0. 


Hence ft= 12. 

Ex. 4. To find the amount of an annuity of Bs-100 left 
unpaid for 10 years, allowing 5 per cent, per annum compound 
interest upon each sum from the time it becomes due. 


Given log T05= -0211893 and log T6289 = -211893. 
Here .4 = 100, «=10, r = ’05, j?=j-+ 1 = 1-05. 

(1-05)10-1, 


£--1., (1-05) 10 — 1 

M= 4 = 1— -t —A' 

li - 1 T0o — 1 


•05 


- X 100. 


Let *-(1-05)1°. 

Loga = 10 log 1-05 = 10 x -0211893 

= -211893 = log 1-62,89 ; (l-05)i° = TG289. 

1 * 0^89 - 1 

-31 «= — ^ — x 100 = Ba-1257‘8 nearly. 


Ex.. 6. To find the present value of an annuity of Bo-100 
to be paid for 20 years, allowing 5 per cent, per annum com- 
pound interest. 

A =100, n = 20, 77 = 1-05. 


1-JJ-" 

P -TFT A ‘ 


i-(i-05r 
: 1-05-1 


1 — (1-05)-=° 
•05 • 


xioo. 


■A 
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Let (1-05)-=° =a;. 

Log X= -20 X -0211893 

= l-576214=Iog -37689, 

(l-05)“ 2 ° = -37689. 

p= (1 --37689) x 2000 Rs- =*6-1246-22 nearly. 

Ex. 6. The annual rent of a free-hold estate is, Ra-1000 ; 
what is its value, allowing 4 per cent, per annum compound 
interest ? 

A =1000, 17-1 = -04. 

Present value = <= = Rs-25000 or 25 years’ 

A — 1 ’us 

purchase. 

Ex. 7. An annuity of Rs-200 a year, for 20 years, is to 
commence at the expiration of 10 years. Find its present value, 
allowing 4 per cent, per annum compound interest. 

Present *200. 

[See Ex. 'Art. 326.] 

=5000(a;-y) suppose. 

Loga;= -10 log (1-04) =1-829667= log *675565. 

Log y= -30 log (1-04) =1-488999= log -308311. 

. /. present value = 5000(-675565— -308311) 

■=» Rs-1836-27 nearly. 

EXAMPLES LXXXT. 

1. Find the amount of an annuity of R&600 left unpaid 
for 16 vears. allowing 4 per cent, per annum simple interest 
upon each sum from the time it becomes due. 

2. Find the present value of an annuity of 4184000 to 
continue for 25 years, allowing 5 per cent per annum simple 
interest for the money. 

3. Find the present value in the above example if 
compound interest is allowed. Given log 1*05 = "0211893, 
log 2 953G2 =-4702675. 
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In {he following oxamplcs the interest is to be supposed 
compound unless otherwise mentioned. 

4 . A person deposits in a bank Rs-36 on the 1st of 
January of each year ", the banker invests the money at 4 per 
cent, for n years when the whole amounts to R&1000. hind 
n; having given log 104=1-0170333, log 19 = 1-278736, log 9 
= '9542425. 

5. A person borrows Rs-10000 on condition to repay it 
with interest at 5 per cent., by annual instalments of Rs-1000 
each. In how many years will the debt be paid off ? Given 
log 2 = ’3010300, log 1-05 = -0211893. 

6. What is the value of a free-hold estate producing a rent 
-of 4184000, money making 4 per cent, per annum ? 

7 . A person bought a free-hold estate at Bs-40000 ; what 
should be the nett annual income from the estate if money 
makes 5 per cent, per annum ? 

8. Two persons A and B purchased a free-hold estate at 
Re-50, 000 ; A is to enjoy an equal share for 10 years only 
after which B sliall remain sole proprietor. What should A. 
contribute towards the purohaso money if money makes 4 per 
cent, per annum ? Given log 1-04 >= ‘0170333, log 6‘76564 
= •829667. 

9. What is the present value of an annuity of Rs- 700 to 
commence six years hence, and then to continue for 21 years, 
allowing interest at 5 per cent ? 

Given log 1-05 = -0211893, dog 746215 = 5-8728642 and 
log 26-7849 = 1-4278889. 

10- A person invests annually the sum of Ra-100 at 5 per 
cent, per annum for 40 successive years. What will ho receive 
at the end of 40 years ? 

Given log 1-05 and log 7-39199 = -8687613. 

11. What sum of money must a person invest at 4 per 
cents, so as just to produce an income of R&-1200 a year for 
20 years, the principal being exhausted at the end of the time, 
and the income being received half-yearly ? 

Given log 1-04= -0170333 
log 4-56388 = -6593340 
log 1-019803 = -0085166. 
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12. What is the present value of an annuity of Its- 1G00 
for 30 years, payable quarterly, -when the interest at the rate of 
4 per cent per annum is payable half-yearly ? 

Given log 102 =‘0086002 and log 1-0095 = -0043001, 
log 3-04781 = -483988. 

13. A person deposited with a banker -Rs-75000 at 4 per 
cent, interest per annum but took from the banker -Bs-5000 at 
the end of every year. In how many years will his funds bo 
exhausted? 

Given log 1 -04 =-0170333 and log 2 = -3010300. 

14- Out of a capital of -Rs-100000 invested at 4 per cent 
interest payable quarterly, a person spends every half-year 
-Ks-3000. Find the balance of his capital after 10 years, also 
find the time in which his capital will be reduced to -Bs-25000. 
Having given log 1-01 =-0043214, log 11 = 1-0413927, log 1*48887 
= -172856, and log 27-75 = 1-4432630. 

15. An annuity of Hs-1000 is to commence at the expira- 
tion of lOyears, and to continue for 30 years, find the equivalent 
annuity to commence immediately and to continue 30 years, 
money making 5 per cent, per annum. Given log 1’05 ="0211893 
and log 6-13913= -'788107. 


Indeterminate Equations of the first degree. 


329. When there are more unknown quantities than inde- 
pendent equations the number of corresponding values which 
those quantities admit, is indefinite (Art. 118). This number 
may be lessened, by rejecting all the values which are not 
integers ; it may bo farther lessened, by rejecting all the nega- 
tive values ; &c. By restrictions of this kind, the number of 
answers may be confined within definite limits. 

330. To solve a simple equation involving tico vnhnoicn 
quantities. 

Ex. To find the positive integral values of x and y in the 
equation 3a? + 4y = 23. 

Divide the equation by 3 the less of the two coefficients, 


then, xA-y + ~= 
o 


7-H 


x+ 


?/— 2 


>-y- 


3 
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v — 2 

Now, if a be a whole number, mnst be a whole 
number or 0. 

Assume a whole number ; , 

then y = 3n+2 and aj=7-3n — 2 — n=»5 — 4n. 

Substitute 0 or any whole number for n, then / 

x ** 6 and y =2 whenn = 0, | The only positive integral , 

a; ■= 1 and y = 5 when n = 1 , £ values. 

x=-3 and y=8 whenn=2, 

&c. &c, &c. 


331. From the above we obtain the following rule : — 

Rule. If a simple equation express the relation of two 
unknown quantities and their corresponding integral values bo 
required ; divide the tohole equation by the coefficient which is the 
less of the two, and suppose that part of the quotient, which is in a 
fractional form, equal to some whole number ; thus a new simple 
equation is obtained, with which we may proceed as before ; let the 
operation bo repeated till the coefficient of one of the unlenoion 
quantities is unity, and the coefficient of the other a tohole number ; 
then an integral value of the former may be obtained stibstituting 
0, or any whole number for the other ; and from the preceding 
equations, integral values of the quantities proposed may be found; 
if now the negative values be rejected toe will obtain the positive 
integral values which satisfy the given equation. 

332. The equation as±by=r teill have no integral solution if 
a and b have a common divisor, not common also to r. 

Let ci=> me and b = nc, while r does not contain c, then 

f 

mcxizncy=r, mx+ny=-=a fraction. 

But if the values of a and y be integers, - mnst also be an 

c 

integer, which is impossible. 

Wherefore, the equation ax + by—r, will have no &c., &c. 

333. Given one solution of the equation ax-5-bj’^c, to obtain 
the general solution. 

Let s — a, y=P be one solution ; 


:. aa + bfi = c. 
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By subtraction, a{aj-a) + 5(y-/3)=0. 
(P-y)b 


£-<!=• ■ 


17;, where J: is any integer positive or 

negative. 


and y - 3 = - a - X - 7 — = - cZ;. 


X = a+b7; and y=/3 — arZr. 

Cor. Similarly we obtain the general solution o£ tli 
equation me - by = c. 


Example s icor7:cd out. 

Ex. 1. To find a nnmber which being divided by 3 and 4 
the remainders are 2 and 3 respectively. 

Let x be the number, then 

x — 2 

— g— ■=/?, a whole number; ar=3/> + 2. 

Also^-^ =<Zj a whole nnmber ; 


that is, 3p- 1 = 4(5'. 


7+1 

.. i>=( z+hr-; 


(7 + 1 

let+g— =>r, or g = 3r-l ; 

25=4r — 1 and s=3p+2=12r-l. 

Let r=>l, 2, 3, &c. successively ; a = ll, 23, 35, 47, &c- 

Ex. 2. A person distributed Hs-48. among some men and 
women, giving -Rs-5 to each man end -Rs-7 to each woman, find 
the number of each. 

Let a? = number of men and y = number of women. 

5a7 + 7y=48 

2y _ 3 n 2.7/ -3 

.-. z+y +—= 9+g; *• — 5 * 

=r suppose, a whole number. 



INDETERMINATE EQUATIONS. 


173 


r 4 - 1 

2y = 5r + 3 ; .% y«=2r+l+-^— . 

,\ a whole number. .*. r = 2i — 1 ; 

u 

,\ y = 4t-2+l + t«=5i — 1. 

m=9~5<-i-l-2t+l«=ll-7t. 

Let <=»1, 2, 3, &e., 

A *<=4 and j/ = 4, the only solution. 

334. If the simple equation contain more than two unknown 
quantities, their corresponding integral values may be found in 
the same manner ns in Art. 2. 

EXAMPLES LXXXII. 

L Eind the positive integral solutions of 

(1) 2»+ 3y=>23. (2) 3 a+ 4y = 24. (3) 3*+ 5y~22. 

(4) 4 * 4 - 5y=*31. (5) 7ar— 3y*=22. (6) 9* — 5y = 4. . 

(7) 9*-lly~ 3. (8) 11* -13 7. (9) 14»-13y = 29. 

(10) 60*- 7j/ = 36. (11) 21a— 10y=>95. (12) 73*- 9y=12(j. 

2. In how many ways could 44&2 bo made up of half- 
rupees and quarter-rupees. 

3. In how many ways may mangoes and cocoa-nuts bo 

bought with 8 annas, paying 3ps. for each mango© and 2ps. for 
each nut? N 

4- In how many ways may 44&200 be paid to some women 
and men, paying each man 44S-17 and each woman 446-10 ? 

5. I owo a friend 448-105, but have sixteen-rupee Gold 
Mohurs to pay with ; my friend has only five-rupee notes, how 
are we most easily to settlo tho account? 

6. Eind a number which being divided by 4 and 6, tho 
remainders are 3 and 4 respectively. 

1, Find the loast whole number which, when divided by 2 
and 5, has 1 and 3 as respective remainders. 

8- The entertainment of a certain number of men and 
boys did cost 44s- 33 ; the cost for each man was 44s3 8 ns. and 
for each boy HI 4 as. ; find the number of men and boys. 

13 
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9. Find a number less than 200, which is a multiple of 5 
and upon being divided by 2, 3, 4, always leaves 1 for a 
remainder. 

10. How many ways are there of paying Its- 75 with 
taventy-rnpee notes and five-rnpee notes ? 

11- Divide 16 into three such parts that if the first bo 
multiplied by 20, the second by 3 and the third by 2, the sum of 
these products may be 129. 

12. Thirty-six persons, men, women, and children, spent 
4?a-150, whereof each man paid 41&10, each wonian 41&5 and' 
each child -R&-3. How many were there of each V 

13. A person bought horses and bnllocks for 41&330 ; the 
horses cost R&50 each and the bullocks R&30 each. How 
many of each did*he buy ? 

14- Find two numbers, snch that if the first be multiplied 
by 5 and the second by 4, tbc first product shall exceed tho 
second product by 33, the sum of the two numbers not 
exceeding 20. 

15. A person counting a basket of mangoes, which ho 
knows are between 70 and 80, finds that when lie counts them 
'4 at a time there are 3 over and when 5 at a time, there aro 
.4 over ; how many wero there in all ? 

16. Divide 100 into two snch parts that one of them may 
he divisible by 5 and the other by 'll. 

17. There are two measures for measuring oil, one a three- 
seer measnro and another a five-seer measure. In how many 
ways may 1 mannd of oil be measured ? 

18. Find the least whole number which, being divided by 
9, 11, 13 shall leave remainders 2, 3 and 0 respectively. 

19. A person bought some goafs, sheep and fowls for 
Rs-24, paying -Rs-S for each goat, -Rs4 for each sheep and R 1 
for each fowl, tho number of fowls being not moro than 2. 
Find the number of each. 

20. A person buys 20 animals of 3 different kinds for 
■Rs-2000. For the first he gives 4ts-2O0 each, for the second 
•its-100 and for the third R&40. How many of each did he buy ? 


-o 
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Miscellaneous "Examples. 


1. Solve tho following equations : — 


(1) 7®*-3®=100. 

(2) a' + fa;— 2 V'(2a: f + 5» + 3)=4i. 


0) ** + 2y*=22 ) 

2®y+y t = 21. £ 


2. In each of three battles 36 officers, and 10 per cent, of 
the men engaged, are killed. At the end of the second battle 
the percentage of officers to men is § of what it was at its com- 
mencement ; and the nnmber of men at the end of the third 
is the sqhare of the number of officers at its commencement. 
How many officers and men were engaged in the first battle ? 

3. find an Arithmetical Progression such that the sunt 
of n terms shall be equal to n z , the first term being unity. 


4. Solve the following equations : — 


(1) 


ah b a 
—} — I — r*=m, — — q — 
V x y ‘ ’ -/ x y z 


(2) v r {x i -iV(« t + 96)}=:®+ 1. 

(3) (® - nt) ■/ (an) - (a~7i) 4 (mx) = 0. 

5. A detachment from an army was marching in regular 
•column, with 7 men more in depth than in front, but tho front 
being increased by 336 men, the detachment -was drawn up in 
5 lines. Find the number of men. 


6. Shew that if Vyc=a+ V6, ® = a, and apply 

tho principle to determine the squnro root of 12 — 4V5, 


Express 


12-3^3 

12-4V3 


as a fraction with a rational denominator. 


7. TFliat is meant by the root of an equation ? One root of 
the equation — 7® + 6 = 0 is 2, find the other two roots. 

8. Solve the following equations : — 

(1) ari+®~^6 

(2) ®y + ®y* = 12, ® + ®y3 = 18. 

(3) ® + y=7, «*+»/* = 337. 
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9. If so, y, s be in Geom. Prog'., prove that 

+y~t + £->) =x s + y i + 2 j . 

10. (1) Insert 5 arithmetical means between a and b. 
bum the series 

(2) 13, 12%, 11^ to 9 terms. 

(3) i?, y, l^V) to 6 terms. 

(4) 3 42, 4 6, 42 to infinity. 

11. When are magnitudes in harmonic progression ? Find 
the harmonic mean between m + n and vi—n. 

12. From a company of 50 men, 6 are draughted off every 
night on guard : on how many nights can a different guard be 
jjosted, and on how many of these will any one man be 
"employed ? 

13. Solve the equations : — 

(1) a;(2a; + 5) + 3®+l<=2:r(3a> + l). 

(2) cc z — «y = 10, a* +jri = 34. 

14- Find two numbers in the ratio of 5 to 9 such that the 
-Bum of their squares exceeds by 10 the square of their difference. 

15. Sum the following series. 

(1) 2 + 4 + 6+ toloterms. 

(2) 1 + 4 + % + to infinity. 

(3) 1 ~ £ + =V - to infinity. 

16. Solve the following equations : — 

(1) 6**~7a;~115. 

(2) a“ + y-*-4v r (2ar + ll» + 5) = 2. 

(3) a; I + 3y I =28, iry+ 2 / : = 12. 

17. Find two quantities in the ratio of 9 to 7, such that 
the sum of the squares is greater by 14 than the square of their 
difference. 

18. Prove the formula for the sum of a geometrical 
progression, and apply it in finding the value of the recurring 
decimals "77777 &c. 
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19. How many permutations 'can be formed of tho letters 
la tbe word permutations ? 

20. On how many nights may a different guard of 7 men 
be draughted from a company of 40 men ? On how many of 
these wonld a particular man be taken ? 


21. Define a Logarithm and its Mantissa. 

Shew that log„mn =» log„m + log„«. 

Find the logarithm of 243 to the base 9. 

Given log 2 » ’3010300, find log 128, log 125 and log 256. 


22. Find the present valoo of -R& 1800 due 5 years hence 
at 4 per cent, compound interest Having given, 

log 18-1*2552725, log 104-2-0170333, 


and log 1479-47-3-1701060. 

23. Solve tho following equations. 


( 1 ) 


1 1 a+b 

+ r =" — r • 

x-a x-b ab 


(2 > y ~X = T Qtld 


(3) and ^ = 24. 

x*y - V * 

24. In a mixture of rum and brandy, the difference between 
the quantity of each is to the quantity of brandy ns 100 is to 
tho number of gallons of rum ; and the samo difference is to 
the quantity of rum ns 4 is to tbe number of gallons of brandy. 
How many gallons nro there of each ? 

25- If s, and s, he the 6ums to infinity and to n terms of 
n decreasing Goomotric Progression whoso first term is a;' 

show that n log 

26- Find two numbers whose difference is 4, 'and the 
Jinnnonic mean between them 7^. 

2ff. Form tho quadratic equation whose roots area + 4b 
trad a - 4b, 
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28. Expand (3a — 4r) 5 to four terms; write down the- 
(r+ l) th term o£ (1 - a)~ s . 


29. Given log 2 = -3010300, find log and 

log (-02) 


30. Solve the following equations : — 


(1) 


2 3 11 

x-3 2x-l' = '7 


< 2 ) 


a z 

x—b 



= a + b 


(3) x i -y'-~§xy,x+y'=L 

31. The fore-wheel of a carriage makes 6 revolutions more 
than the hind-wheel in going 120 yards ; but if the periphery 
of each wheel be increased one yard, it will make only 4 revolu- 
tions more than the hind-wheel in the 6ame space. Required the 
circumference of each. 

32. Sum the following series 

(1) b h i to 7 terms. 

(2) £(2 - V3), 1 + V3, 1(2+5 V3), etc. to 9 terms. 

(3) 5, 4, 3|, etc. to infinity. 

' 33. If the first term of an arithmetic series he 1, the 
conimon difference 4, and the sum of the terms 120, determine 
the number of terms. 

34. If a = x t ~ys, b^y'-xz, c~z z -xy, prove that 

a z -bc b z -ar. c z — nb . ... . , , . \ 

ays 

35. Given 3 l * + 3 r =G and - 2 x 4 r * = 8, find tho 

values of x and y. 

36. There are n arithmetical means between 1 and 31, and 
the 7 t!l mean : (n - 1) 41 * :: 5 : 9 ; find n. 

37. Expand (1 -a)~ T to' four terms; and find the coeffi- 
cient of s* in (1-x + cc 1 )'. 
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38. Find the coefficient of a; 6 in the expansion of (1 +2® 

ri-3o* + r 3 . 

39. Given log 48- 1-6812412 and log 18 » 1-2552725, find 
log 243. 

40. Find the value of a freehold estate yielding an annual 
income of -Rs-1600, money making 5 per cent, per annum. 

41. Solve the following equations : — 

,,, 1.3 11 

W 2(£-3) + 4(tf-o) = 12' 

(2) ffl £ 4-3a;i/*»27 ) 2y t + «y=*14. 

(3) m + 4y +4 Vfl>=21 + 8 Vy + 4 v^aiy), J 

and V«+ Vy=*6 / 

42. There is a field in the form of a rectangular parallelo- 
gram, whose length exceeds the breadth by 14 yards; audit 
contains 3200 square yards. Required the length and breadth. 

* 

43. Form the quadratic equation whoso roots are 2+ V3 
nnd - 1 - V3. 


44- 


Sum the series 


rt + l\ 1 tM-1 
.n — 1/ 5 n- 1’ 


1, to infinity. 


45. How many terms of the series 1, 3, 5, 7 &c. must be 
added together to produce the (2r) t! » power of a given quan- 
tity i>. 

46. rr oo & q — and & co c ; if c=l, 5 = 1, then a «=1 ; find 

c 

the value of b when a** 4, c*=2. 

47. Prove that the number of combinations of n things 
taken r together is the same as tho number taken n-r together, 
now many words can be made of all the letters of the word' 
rotation. 

,1 

48. Expand (1 + mq-® 1 )- to 4 terms and in its expansion 
find tho coefficient of s 10 , 

49. Given log 2 = '3010300, log 3 = -4771213. Find tho 
valno of » from the following equations. 

(1) (2) 2 3e x Cs^-s =s3 2S -s x 2 cr . 
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50. Find the present value of an annuity of -Re-100 to 
begin immediately and to continue for 10 years reckoning com- 
pound interest at 5 per cent. Given log 1-05<=*0211893 and 
log 644609 =.5-8092903. 

51. Solve the follovring equations. 


(1) 

*\/J LA, 

- a + i y 1 

\b a) \x-a x + bj 

a — b x' 

(2) 

a t +ay= 3, y t — xy= 2. 


(3) 



(4) 

x* — 2ady +y i = 49. 

‘ • 


x l — 2x*y t +y i —z i + y i = 

20. 


52- A person bought some cows for -Its-720; and found 
that if liejhad bought 6 more for the same money, ho would 
have paid -Rs-lO less for each. How many did he buy, and 
what was the price of each ? m 

53. Find a quadratic equation whose roots arc the recipro- 
cals of the roots of the equation 12«r-25a;+ 12 = 0. 

54. If the two roots of the equation x* + (a + b + c + d)x 
+ (a + b)(c + d)’=-0 be equal, prove that (a + b) t + (c + d) t '=>2(a + b) 
0 c + d ). 

55. Eliminate a and y from 

x+y+n = 0 1 

(a + b)x J r{b + c)y+ (a + c)n«=0 V 

x t + y t + n t -2(a t + b z + c z -ab-ac-bc). J 

56. If S(n)=l+a + a l + to ji terms. 

,$f-n) = l+i + to n terms. 

v ' a ar 

Prove that /S(n) = a , ’ -1 {£( — n)}. 

57. The number of combinations of n things taken 4 
together is to the number of combinations of « — 1 things taken. 
5 together as 5 : 12 ; find n. 

58. Find by the Binomial Theorem the 5 Ih root of 30, 
correct to 4 decimal places. 
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■ 59. Extract the 5th root of 64145, having given log 6*4145 
>C= -8071628, and log 9*15024 = *9614326. 

60. Find the amoant of an annuity of -R&400 left unpaid 
for 10 years, reckoning compound interest at 4 per cent, per 
annum ; having given log 104 ** 2*0170333 and log 1480238 ■= 
6*1 70333. 


61. So2ve the following equations : — 


... a-6 5 -a 

( 1 ) + 

v 1 x—a 


a b 
m-b b a ‘ 


(2) (®4-4)(z-3)4- V{(»+3)(a;-2)}=*36. 

(3) 2z+y=>26~ 7 V(2«+y+4) 

2m 4- Vy - ?(T 2s- Vy • . 

2»- A fi/ I= ^ + 2«+ Vy 


} 


-62. Form a quadratic equation whose roots are the squared 
of the roots of^m 1 + 2aa> + a 1 — b x = 0. 

63. Iftho roots of the equation ir 1 -_pm + gc=0 he a andh, 
determine tko equation whose roots are the arithmetic and 
rreometric mean between a 1 and b. 


64- Solve 


x+y+e* 

x y z 
—4- t + - 
a u c 


•a + b + c 
= 3 


m* ir 

-£+ ~i + 

a 1 b‘ c 


* 

* bo 


65. If tho first term of an A. P. be 1, the common differ- 
ence 4 and the sum 120, find the number of terms. 


66. The sum of the first and third terms of a geometric 
peries is a, and of the second and fourth is b ; find tho first term. 

67. Find by the Binomial Theorem the 5th root of 
correct to 4 places of decimals. 


68. Find the first 4 terms of the expansion of (1 +x) 1 * lr . 


69- From a company of 100 soldiers, a picket of 12 men is 
to be selected ; determine in how many ways this can bo done, 
(1) so as always to include two particular men, (2) so as always 
•to exclude the same two men. ’ ' 
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TO. A person who receives an annuity of -RsnOO puts it 
out always at simple interest at 5 per cent, on the day, that lie 
receives it. In how many years will it amount to -Rs6875. 

Tl. Solve the following equations : — 

(1) w : — -/(tf-ax-ba 1 ) =2a®. 

(2) s B +4a;y+y 5 = 40, ar+y = 4. 

(3) xy + V(aw) «=42 } 

2x*y + 3 V (ary) «= 324. J 

72. The equations ahr i + ccaH-5c = 0 and aca: : + 6ca;-lai!; 
e=0 have a common root, find the relation between a, c. 

73. A=a»+6y + cs,B =ay + &- + car, C*=>ffa+&a; +cv, prove 
that A B + H B 4-C B -3A.2C = (a s +h ! + c B -3a&c) (a s + yS +s *_ 
3arys). 

74. Eliminate ar, y, z from the following equations : — • 

{a t -l)(x+y) t =a t (x-y) t ^ ♦ 

(&*-l>( y+*)*«6*(y-s)* V 

(c*-l)(® + c)*«c e (a-c) s J 

75. A person bought 20 goats and 12 sheep for 380 Rupees. 
He had 2 goats more for ^Rs-27 than he had of sheep for -R&30. 
What was the price of each ? 

76. Solve the following equations : — 

(1) ar(ar + l)+3 V(2® : +6ar + 5)=25 — 2i. 

(2) (7 + 4v r 3)a; I + (2+ V3)ar = 2. 

(3) (l+ar+a^KS-ar-a^l^ffi 

77. If x : -yz^a 1 , y t ~xz-b t ,d l -xy = c*, prove that (a r+y 

4- a) (a* + i 1 + c 1 ) = a z ai + + c^a. 

78. Hod the co-efficient of a: 4 in the expansion of (l+a3 
+® I +ar B ) -! . 

79. Eliminate ar from 

- (a-f-6)a^+(6 + c)ar + a+c*='01 

(a + c}xr + (a + b)x + 1 + c ** 0J 

80. The number of permutations of n things taken 5 
Together is 20 times the number taken 3 together ; find n. 
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81. Tour numbers are in Geometrical Progression ; tbo 
sum of the first 1 and second numbers is 15, and tlie sum of the 
third and fourth is 30 ; find the numbers. 

82. Find the value of (1*56)- x (l - 66)* x (1*56) a x to 6 

factors; having given log 156*= 2*1931246 and log 1536‘58 
~3*1865559. 

83. Show that the co-efficient of a 1 " in the expansion of 
(l-a^x (l + a) -4 is J (n+ l)(n+2)(4n + 3). 

, x 

84. Find by the Binomial Theorem the value of (totW:) 5 
to 10 places of decimals. 

85. Find tho timo in which a sum of money will double 
itself at 6£ per cent, compound interest. Having given log 2 = 
•3010800 and log 1*065 =. -0273496. 

86. Solve the following equations : — 


(1) «* 



(2) 4 {ay {a ~ a)) = {a-b)a and 4 (ayx) = (a - 6) (a - a). 

(3) **+?* + **= 12n s 

ay + az + ye =» — 6n* 
a> + 2/™J(3— n)n 


87. Eliminate a from the equations 


(a + b)a 1 + (b + c)z+c+a = 0) 

(a-b)z t 4(b-c)z+c- o=0/ 

88. If ax c + by t + cs i + 2cay- 2 bxs—2ayz be resolvable into 
rational factors, find tho relation between a, b and c. 

89. Eliminate a, y, s from the equations : — 

s B +y E +»*=(«+ y)[x+z)(y+n), *» 

n(® s + y : — s 1 ) = b{x z + e 1 — jd) == c(ij* + c* — as 2 ) / 

90. If t+jticc x-y-s and s* +y t +B t cc i 
prove that z « s and y cc e. 

91. Sum tho series a + (ra - b)r 4- (a - 2 b)r'- + (a - M)r* + . ,.tc 
si terms. 


92. Solve the following equations : — 
( 1 ) a^=5Gx~^+z^. 



(2) 

(3) 


ELE1IEKTS or AIGEBBA, 


284 


* 2 /- = 48, 1 2z=yz, 3 xy = 4z. 

V(^) ■ » 


4® / ‘ V<y + <r) 
Vtr-f V(a-y — 1) 
Var- V(»-y-l) 


« v W®/ » 


2/ + 1. 


93. A and B gained by trading -Rs-1000. Half of: A s 
stock was less than B's by Tte-lOOO ; and A’ s gain was three- 
twentieths of Ba stock. What was the stock of each, and 
what were the respective shares of the gain ? 


94- A person makes a mixture of 76 gallons, consisting 
of brandy, rum and water, tho quantities of which respectivcly 
are in geometrical progression. Tho number of gallons of 
brandy exceeds the number of gallons of water by 20. Required 
the quantities of each. 


95. Find the present worth of I1&1000 dne 10 years hence 
at the rate of 4} per cent, compound interest. 

Given log 1-045 = -0191163 and log 643927 = 5-8088370. 

9 6. Solve, a 1 + !/* + a* = 153, 

ic+s-yt=3, 

(cc + s) {3 («+ c) + 3 + 3 rz) = 846 — 300y + SOy 1 . 

97. Find the co-efficient of z *■ in tho expansion ol 
(1+ «+ a') -6 . 

98. If the coefficient of the (r-f-l)th term of the expansion 
of (l+aj) 1 ™ be equal to that of the (r + 3) th term, prove that 
p=r+l. 

99. Tho sum of -Its-10000 is borrowed at 5 per cent, com- 
pound interest. After a certain time -Rs-oSlG was paid oil by 
cash and for'the balance a free-bold estate melding an annual 
income of Its- 250 was given to the creditor. After what timo 
from the date of borrowing was Ibis transaction made ? 

Given log 1-05 = -021 1893, and log 1*081 G = -0340667. 

100. Find the difference between the pre c ent value of r, 
free-bold estate, yielding an annual income of 41&1000, to be 
occupied after 5 years and that of a similar estato to be 
occupied at once, money making 4 per cent, per annum com- 
pound interest. Given log 4 = "6020600, log 1*04 = "01 <0333. 

and log 205482 = 5-3127735. 

o 
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1861. 

1. Extract the square root of 28 — 6 «/3, and of 2 V ( - 1). 

2. Reduce tho following expressions to their simplest 
forms : — 

•6 //S-§\ ' gt+JJ + a* 

' v ( i-5) x 0 f_ 0 -5 ; K i+ a i„i+<y 

3. Solve the equations 

(1) («-£)(ra-|) + (a;-i)(m-£) = (»-})(«;-£). 

(2) (x-y)(x t +4y*) + 

xy^c* j 

4. .Find the sum of n terms of a geometrical progression 
whose first term and common ratio are given. 

If S n denote the sum of n terms, find the sum of S x , Sg.-.S,,'. 

5. Prove that there are as many combinations of n things 
taken r together, as there are, taken n-r together. 

If there be twenty pears at three a penny, how many 
different selections can be made in baying six penny worth ? 
and in how many of these will a particular pear occur ? 

6. Write down the general term of the expression 

{st/- v r (3a; , y) ^ 


1862. 


1. Eind the value of 


/ -/(27) + ^(12) \ / V (18) W8 \ 
W(H7)+ V(62 )} \ ^{63 )+ V(8)/ 


to three places of 


decimals. 

2. Reduce tho following expressions to their simplest 
forms : — 

3ad -8a + 5 _ 2a) s + ai; J + 4a : *-7a e 

a # -4x‘ + 5a;-2 ’ a 5 -7as t + 8a I a:-2a , ‘ 


14 
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3. Eliminate a, l, c, from the eqnations 

® ra , y n , . a' + b' + c" 

^ + ^ + ^ =1 = — pS 

a «+n + n c „+« 

a* ~ y™ “ s" * 

4. Solve the eqnations 

x- V(2x) + 1 a 
® + V(2®) + 1 = b 


a+y+z = 1 
**+2/* +£* + 6»y=> 0 
® - !/ , ® “ 


y+e+ m + z 


O' 


®+ 2 / 

5. Write down the (r+ l) th term of 


{(ay - V (9yz)}^' 


1863, 


Simplify : — 

a* + (a — 5)2; — ab 


(a) 


®* + (a + 6)® + «6 

c 1 '® 5 +e t= ~x l — 1 


e'/i'+^rV -e*“~2e J + ® t — 1 

Solve the following equations : — 

, , 198® +3 , 4® + 5 to A 
W ?5iT3- + -5^- 62 = 0 


(5) ®*+ 2 /“ : 


H /J 

= 4, and ®-+y‘-=28. 


(c) (®+ 6 )* + 2 V®(® + 6 ) = 138 W 
3. Find the sum of the following series 
193 

(a) -+ -+ -+&c. to 20 terms. 

(l) 5 — ($)^ + l -&c. to n terms. 
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4. State the general rule called the Binomial Theorem, 
nnd illustrate it by giving the first four terms of the expan- 
sion of (5 — § ) °. 

How many changes may be rung with four bells out of 7 ; 
how many with the whole peal ? 

1864. 

1. Expand (1 + a;)^ as far as x 4, by the Binomial Theorem. 

2. The first term in an arithmetical progression is 1, the 
number of terms is 33 ; what must the common difference be, 
in order that the sum may be 149£? 

3. Suppose a body moves eternally in this manner, viz. 
20 miles the first minute, 19 miles the second, 281^01 the third, 
and so on in geometrical progression ; required the utmost 
distance it can reach. 

4. Eliminate x from the quadratics, 

A'a* + B'<B+C'~ 0 

5. Two retailers jointly invest £700 in business ; the one 
lets his money remain five months, the other only three, and 
each receives £450 capital and profit, how muqh did each 
advance at first ? 

G. A pays income tax at the rate of 7 d. in the pound for 
three months, and for the remainder of the year at the rate of 
5 d . ; what should be his gross annual income to leave a surplus 
of £2000? 

7. The fore-wheel of a carriage makes six more revolutions 
than the hind-wheel in 120 yds. ; but the former would only make 
four more revolutions than the latter in the same distance if the 
spokes of each were lengthened by 5 inches ; what is the circum- 
ference of each wheel. 


1865. 

1. Solve the equations : — 

(l+®)(l+f/)*=101 a -1 3/ a 27 »/* 

®*y+y*s=18j 1 2 / s+ ® + 2 / = T tt-y-2. 
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J 

*' 2. A banlcrapt has three creditors, o£ whom A receives a 

shilling in the pound more than B or C, A is thus paid £100 
less than B, and B £100 less thanC; the total debts were 
£2600, and the assets £1200 ; bow much was due to each. 

3. Eliminate w from the following equations 



4. Eind the sum of the following series to n terms : — 

a-ar+ar t — ar s +& c. 

• Eind the order of magnitude of the arithmetical, geometrical 
and harmonic mean between two numbers a and b, 

5, Apply the binomial theorem to expand — — — — 

(a 8 — a: 2 ) 8 

infa series ascending.by powers of a ; obtain the first five terras 
of the series, and write down the (r-f-l)th term of the expansion. 

1866. 

1. Solve the equation 

«<c I + 2&»+c=0 ; 

and determine the condition between the coefficients in^ 
order thnt (i.) The roots may be possible 

(ii ) The roots may be equal 

(iii.) The roots may be equal in magnitude but of 
different signs. 

Solve the equations 


5 



— rr + 2#?= 3 
— x* +y* -c t + 2a;i= — 9 
— a £ — y £ + iri + 2a-i/= -3 
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2. The men who were placed in the first division in the 
B. A. Examination of 1866, could have been arranged in two 
squares, the number in the front of one square being double 
the number in the front of the other square. The number of 
those who paid their fees, but were not present at the exami- 
nation, was equal to the number in the smaller square ; if 
another man had passed in the first division, the first division 
and the absentees would have together formed a square with 
one man more in the front than in the front of the larger square 

' of the first division. If there had been one more man in the 
second division and one more rejected, the second division and 
the rejected men would have together formed a square with six 
men more in the front than in the front of the larger Hquare of 
the first division, and the number of the second division would 
have been to the number rejected as 3 to 2. Bind the number 
in each division. 

3. The common ratio of a serieB in geometrical progression 
is 3 ; the sum of the first and third terms is equal to the sum of 
the squares of the first and second terms ; find the sum of ft 
terms. If n <= 6 show that the sum is 364. 

, 4. Bind the number of permutations of 7 things taken 4 

together, and tho number of combinations of 50 things 47 
together. 

Prove that the number of words which can be formed of 
tho letters a, b, c, d, e,f, taken three together, each word con- 
taining ono vowel at least, is 96. 

5. Bind, by the Binomial Theorem the 3rd, 6th and rth 
terms in tho expansion of : — ^ at ^ a ~lji ’if 

1867. 

1. Write down tho roots of the equation 9a^ + 15ar — 14=0. 

Solve the following : — 

m a; + 2g _ ( x +a \ t 
®-2a \x-aj 
(2) x* + xy = a 1 1 
— wi/ = fc J J 

2. Solve the equations : 

a s x + b 2 y^-CoS=d„ V 

a a X+b s y+c' s s=d' 3 ) 

and eliminate the unknowns when =d 3 = 0. 
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-4- number has three digits, the sum of which equals 
10 ; the first and third exceed the second by 4, and the first 
and second exceed the third by 8. Find the number. 

4. Show how to 6um a scries in A.P. and insert three 
harmonic means between 4 and 2. 

5. If (z 1 — show that x is to z in the dupli- 
cate ratio of & and y. 

0. Find the number of PerroutationB of n tilings all to- 

gether, whereof p are the same, q the same, r the same, and 
soon; p+j+r+ being less than n. 

How many diagonals can be drawn in a figure of n straight 
lines as sides. 

7. Expand tlie series (2 +ar + x i )~ s to the fourth power of 
x inclusive, and extract the cube root of 103 to four places of 
decimals by the aid of the Binomial Theorem. 

1868. 

1. Solve the equations : — ' 

77(«*- 1) = 72®. 

a b 


Verify the answers to the pair of equations by inserting the 
roots in one of them. 

2. A ploughing machine is engaged to plough a field at 
-RedO per bigah. After one day the machine is ont of order, 
and the rest of the field is ploughed by a yoke of oxen in 4 days 
nt the same rate per bigah. The machine can do in days 
what 8 yoke of oxen can do in 5 days. The amount paid" for 
the oxen was -R&48 more than the number of bigahs. Find tho 
number of bigahs. 

3. If 5 cc a when h is constant, and S a: b when a is 
constant, show that See aJ when neither a nor b is constant. 

4. Find the sam of a geometric series of n terms. Sum 
ten terms of the series — 

a + & +3a+ 2Z>+ 5a +42>+&c. 

• If a be the first term and nr* -1 the last term of a geometric 
series, and nr n— - 1 be the first and o the last term of the samo 
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•series reversed, and if the terms of the first series, be divided 
by equidistant terms from the beginning of the second, then the 

r’ l -r~ n 

snm of the resulting series will be — — — . 

5. Find the number of permutations of n things taken r 
together. 

How many arrangements may be made of all the letters, of 
the word Allahabad ? 

6. State the Binomial Theorem ; and prove it when the 
index is a positive integer. 

Find the 9th term of (£o- J£) 1£ . 

1869. 


1. The expenses of a family when rice is at twenty seers 
for a rupee are fifty rupees a month ; when rice is at twenty- 
five seerB for a rupee the expenses are forty-eight rupees a 
month ; what will they be when rice is at thirty seers for a 
rupee ? 


2 . 


Solve the equations : — 


(1) 

( 2 ) 

If 


2a;(a; + l) _ 2a; -7 
a; + 2 m — 4 
a;' + a;y=12 ) 
»y-y x -=- 2 j 


2{a>-2). 


a 1 a;+£ 1 y+c 1 * = 0) 
a2® + 6 2 y+c s s=0) 


show that 


g o y e 

t b^Cn bnC± OjGo — CoUj. Oj6rt— Oo£j 

3. Prove that 

(»* + y* + s') (a* + £* + c*) - (ax + by + cz) * 

= (cy - £:)* + (or- ca;) s + (6ro - ay) 1 
also show that if the first member of this identity hO, then 
x y z 
a b c ‘ 


Te X V . s . , . 

if —cm — a prove that 
a b c 

« t +V z _ y t +z t ^ f lx+tng+m\ t 

a i +b t 6 l + c I= c 1 +a s= \£a+m£q-nc/ ’ 
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4. A travels at tlie rate of 3 miles an hour ; B leaves the 
same place two hoars after A and travels at the rate of 5 miles 
an hoar; when and where will B overtake A? 

5. Show how to find the sum of a series in A. P. Prove 
that the product of any three consecutive numbers iB equal to 

the difference between the middle and its cube. 

6. Assuming the number of permutations of n things r 
together ; find the corresponding number of combinations. 

Show how many diagonals can be drawn to a fi<mre of 
fifteen sides. 


1870. 

1. Find the valaes of x, y, s from the equations 

bz+cy=a 

cx+as=b 

ay+bx=>c 

Show that the result of eliminating a, b, c from the samo 
equations is x t + y t + z z + 2myz~ 1. 

2. If a and j3 be the roots 'of ax t + 6»+c«=>fi, prove that 

a + /3<= — - and a/S = 

a a- 

Find the equation whose roots are the arithmetic and 
geometric means of the roots of the above quadratic. 

3. The arithmetic mean of two numbers exceeds the geo- 
metric mean by S, and, the geometric mean exceeds tho harmo- 
nic mean by § ; find the numbers. 

4. Prove that the number of combinations of n things 
taken r at a time is the same as tho number of them taken n-r 
at a time. 

How many different elevens can be formed out of thirteen 
cricketers ? In how many of these will a particular man occur ? 

5. In a binomial expansion, prove that the co-efficient of 
the rth term from the beginning is equal to tho co-efficient of 
the rth term from the end. 

Write down the 19th term of [ 22 ;^— y 3 ~\ . 

6. Find how many years will elapse before a sum of money 
doubles itself at 8 per cent, compound interest ; having given — 

log 2 =. 0-30103, log 3 =.0-47712. 
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1871. 

1. Find the value of a^-f 3a*A+4a 1 &*+3ti4 , + 6* whore a 
b are the other two roots of the equation, — 

4» , + (a)-l) 3 + 2(nj t — 1)=4 

beside the root x*>l. 

2. Find accurately to four places of decimals the value of 

1 

3. If x+y varies as s when y is constant, and if m + e varies 
as y when e is constant, show that when loth y and z vary, then 
x + y+ * varies as yt. 

' 4. Find the value of x, y, and a from the equations 

a b h e c a 
~*r— — I " — 

1 ^ ; y a y *_ z 2. 

a+h+c c a b 

5. A, B, C are throe villages connected by straight roads; 
IS lies due east and C due north of A, one mile further from A 
•than B is. D is a village exactly half way on the road between 
G and B. A man walked from D to A in one hour, and after- 
wards proceeding at the same rate walked from A to B in 
1 hour 12 minuteB. Find the distanco of each village from A. 

1872. 


1. Solve the equations : — 

< 2 > *4itjV*4- 6 - 0 ' 

(3) And show that if Z 1 * + m. 1 y + fi 1 e=iO 

Lx+m»y+n s s:>=*0 
ctn+ by+ct<=d . 


then 


x 


V 


d 


- m^) + 6 (« j_L - nA x ) + C {1 ^ - Lm^ * 



194 


ALGEBBJU 


2. Solve the quadratic aa; I + 2£:c+cs=0, and Ehow that it 3 
roots are equal if 6*— ae=>0. 

Hence show that the condition that Ax z +By t +Ce t +22)gz 
•>r2Ezx+2Fxy splits up into factors is that : — 

AL*+BE* + GF 1 -2DEF~ABC=0. 

3. Pind the sum of n terms of an A. P., whose common 
difference is b, and first term a. 

A class consists of a number of boys whose ages uto in A. P, t 
the common difference being four months. If the yonngest boy 
is jast eight years old, and the sum of the ages is 168 years, 
find the number of boys in the class. 

4. Find the number of combinations of n things r together 
•where they are all different, and show that it equals the number 
of combinations of n things n—r together. 

5. Prove the Binomial Theorem for a positive integral 
exponent. Evaluate V(24) by means of the Theorem to five 
places of decimals. 


1873. 


1. Simplify 


OJ -. 


X- 


x‘ 


w* +x z i/ z + i/ i af — xy+y* xt + xy+y 1 y 
x B + y 1 m t ~y* 
x l -y x ~x*+y* 


and find the value of — 


V 1 

y 1 
as+ — 
x 


y+- 




V — 


2/ + ; 


a(m + n)-bm-cn , b{n+l)~cn-al t c [l + m)-olzP UL 
• ■ — - " ~~~ ** 

x V 

given that — 

O .y 2 y S__ 2 = + «_2 

ah “3 6 c 3 c a 3 


1 1 
a + b 


1 1 
b+c 


1 1 

~ “f 

c a 


nn d ^+my + na=0. 
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2. Solve the equations : — 

(1) * t + 2j/ l + 3e I =»23 7 

3a+y-6z=0 v 

7a;-3y-9a = 0 j 

(2) V(5-«)+ V(« + 8)-5 S(2-x). 

(3) 2(x*-3a; + l)* + 5(a: l -3aj + l) + 3«=0. 

Write down the sum and product of all the roots of the 
equation, — 8a = 0. 

3. Find the sum of n terms of a geometrical progression. 

The first term of an A . P. is the same as that of a G. P. r 
the common difference of the one and the common ratio of the 
other are both 2 ; and the sum of 5 terms of each series is the 
same. Find the 6th term of each series. 


4. Prove that the number of permutations of n things 
taken r together is «(«— 1) (n-r+1). 

Ten candidates pass an examination in the first division. 
Three scholarships of different values are to be given among 
these men irrespective of their plaoe in the examination. 
How many different scholarship’s lists could bo made ? How 
many could be made if the scholarships were of equal value ? 

6. Assuming that — 

(a; + aj)(a;+c 2 ) {x + a n ) = x' -f-p, aj"' 1 +p 2 a n ~ z + 

+Pn-i x +Pa, when p r = sum of the products of a lt a», o a a„ 

taken »• together, prove the binomial theorem for a positive 
integral index.' 

Find tho first four terms and the greatest numerical coeffi- 


cient in the expansion of 



Write down the coefficient of x 10 in the expansion of the 
tenth root of 1 + ®. 


Find as far as three places of decimals tho yalue of 

(l -ft)" 5 - 


1874. 

1. A bag contains 160 coins consisting of half-crowns, 
shillings, sixpences, and fourpcnccs, and the values of tho sums 
of money represented by each denomination of coin are tho 
same ; how many of each are there ? 
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2. What is the difference between the factors and terms of 
an algebraical expression ? What is the meaning of the expres- 
sion a z — (b—c)d ? Show that its value is a* — Id + cd. 

Show that when A 0 x n + ijS" -1 +4 2 e"‘* + &c. +-d 0 -i* 
+Al B 'is divided by x-a, the remainder is ~A 0 a* + AyCi*' 1 + & c» 
+ A n „ J a + A fl . Hence determine when a;" ± a" is divisible by 
x±a. 

3. Show that if 2s = d + b + c, then — 

adc - a(s ~ b)(s - c) ~l(s — a) (8 - c) — c(s - a)(8 - b) = 2(s-a) 
( $-b)(s—c ). 

4. If a, fi be the roots of the equation «* +px J r<l—b, then 
(x— a)(x— p)=a t +pv-‘rq for all values of a. 


Solve the equations — 


(a) as* +2ax s '=‘2x + -i . 

or 

{$) wy=c(-o+y ) ; xs=b[x+3)‘,yz^a(y-bz). 

5. If A, G, H be the arithmetic, geometric and harmonic 
means between any two quantities, then G Z —AH. 

The square of the arithmetic mean between two numbers 
exceeds that of the geometric by 400, and the square of the 
geometric exceeds that of the harmonic by 144 ; what arc the 
numbers ? 

a+bx f 

Find the coefficient of x n in the expansion of ^ -~czj *‘ 


6 . 


1. 


1875. 

Solve the equations— 


(i.) 


x-a . y-b , z—c 
1- ^ 


b —c t — a a — b 

ax + bydrcz=0. 

0. 


: 0 . 


* , If. ~ 

~ -r t+ 'I 

-a o c 


<«•> !(¥) +2 ( ? ^) +6 (t 5 )" 3 *- 


(iii.) 


r'-y'- 


® S + J/ 3 x 

' -y ~ a r+y 1_ 1 

y • x 


x y .. 

• * — t — b 1 

X- +y* . y a> 

1 


5+S-l 

V x 


2 (X s -y*) 

X tj rV'’ 



CALCUTTA TJUirEESlTT PAPEEB. 1ST 

2. Write down the roots of the equation az tj r1>x + c*= 0 : 

and hence deduce that (i.) the sum of the roots <=* , and' 

(• 

(ii.) the product of the roots =>-. 

What relotions will hold between the roots if (i.) 5=0 or if' 
(ii.) c= — a. 

t 

Find all the roots of the equation — 

®* (®* - 3® + 2) - 7x(x l - 3®) + 12® 1 — 50ir+ 24 0. 

3. Show how to find the sum of a geometrical progression 
to n terms and also ad infinitum when the series is convergent. 

Three quantities x, y, e, are in. arithmetical progression. 
They are also in harmonic progression. Provo that they are in 
geometrical progression. 

4. Write down all the variations of the four letters a, b, c, d,. 
taken three together in which c stands first. 

Find how many words could be mado from the letters of 
the word Orion , supposing (i) the letters may stand in any order, 
and (ii) supposing that two consonants may not stand together. 

If / (m) ■=■ 1 + mx + ■■■ ■ ^ — ®* + &c., show by actual multi- 
plication as far as tho third power of x in the product, that 
f (m) x/ (n) ■=/ («+«). 

Assuming that / ( m ) x/{n) *f(p) »/(ro+a+p.„) prove 

the binomial thoorem for a positive fractional index. 

Evaluatethe seventh root of 127 to five places of decimals 
by the binomial theorem. 


1876. 

1. Provo in any way that — 

3V8 + 2*/7 
V8+ V7 ==251 

2. What iB meant by the Highest Common Divisor or 
G. C. M, of two algebraic expressions ? 

Find the H. 0. D. of 20®* + — 1 nnd 25®* + 5® 1 — x — 1. 

3. If a and (S are the roots of the equation ax z +bx+c = 0, 
show that the expression ua l + 5®+c=o(®-cr)(®-/3). Forma 
quadratic equation one of whoso roots shall be V6 + 1. 

15 
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4. Solve the eqnations — 


( 1 ) 

( 2 ) 

( 3 ) 


(a— a)(x-l) (x-cMx-d) 
( m—a—b ) ( m-c — d ) 

a+i/+a: 1 +j/ t = 18, xy=&. 

J3L-1,J«L«8, J^ =3 . 

a+y y+e ’ x + z 


5. The latter half of 2 n terms of any arithmetical series 
= ^rd of- the snm of 3n terms of the same series. Provo it. 


Sum the series — 

3 — l+£ — J + &c. ad inf. 

1 + 3 + 7+15 + &C. to n terms. 


6. Prove that the number of permutations of n things 
taken all together, of which p are alike, q are alike, and r are 
alike, is — 

l” 

LP&L L 


How many different words can be formed out of the letters 
of the word Constantinople ? In how many of these will the 
three n’s be consecutive letters ?' 

7. What is the coefficient of a™ in the expansion of 

(*+y) n ? 

-Prove that — 

l + n+- fe,^ 1) + &c.+n + l = 2\ 

Write down the coefficients of x 17 and x 1 8 in the expan- 
sion of (a* — 5a 3 ) 10 . 

Give the first four terms of the expansion of 

(2-3a , J^ 


. 3 d2 4 V3 2V3 . 

7CW3" 7W2 + V6T2’ aDd pr ° V 




= 1 . 
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2. Solve the equations : — 
1 1 


( 1 ) 


b 


( 2 ) 33 ^ + 2 ^ = 50 7 

ay~3y l <=l ') 

(3) (a; + 4)(® + l) + V{(* + 5)(« — 8)}*»3*+31. 


3. If a and /3 be the roots of the equation it* — px-i-q t ^0, 
prove that a + /3 =p, and ad=q‘. 

If x bo real , prove that p cannot lie between +2y and —2q. 

Show that the roots of tt* — (fi t ~3q t )a)+q*(p t —4q t )‘=‘0 
are the product and the square of the difference of the roots of 
the original equation. 

4. Define geometrical progression. 

Prove that the 2n th term of any geometrical series is the 
mean proportional botween the n til and 3n th terms. 

s,, Sn, <? 3 , are the sums to n terms, 2n terms, and to infinity 
■of a G. P. ; show that - 

s i(*i ~ s o)' = ‘ s 3^ s i ~ s e)‘ 

Sum the series 

2 + 5 + 10 + 17 + to n terms. 

5. When is x said to vary directly as y and inversely as e ? 
If x varies directly as y and inversely as z, and nr=a when y = 6 
and e = c ; find the value of a when y=6* and z = c z . 

C. A father with eight children takes them three at; a time 
to the Zoological Gardens as often as he can without taking the 
same three children together more than once. How often will 
he go, and how often will each child gC ? 

7. Write down the first four and the rtt terms of the ex- 
pansion of (l-*)", and show that the sum of the coefficients 
of the odd terms is equal to the sum of the coefficients of the 
even terms. 

Provo that 


(l + a: + 4r* + ...toa;) (1 +2a;+3x I + ... + to <x) 

= 4(12 + 2'3» + 3 - 4ar + ... + to oc ) 

8. Find tho amount of a given sum in any time at com- 
pound interest. 

Find in how many years -Rs-100 will become -Rs-iooo a t 
4 per cent, compound interest; having given log 104 = 2’0i70333. 
Give tho answer correct to 2 places of decimals. ' ^ 
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1878. 

1. Beduce to a decimal the fraction. + 

*f (98) — V (72) - 1 

2. What is meant by the G. C. M. of two algebraical 
•expressions ? 

Find the L. C. M. of Go;*— 7®* + 2, and 2x s + 6a; 1 — a— 3. 

' 3. Solve the equations : — 

m <p + 6 s+l _ 1 
w + 7 x+2 3®+l ’ 

(2) 3® 1 — 4®y + 5y* = 33, 4®*— <ry*=*10; 

(3) x+y+z=3,yz4rxz+xy=- -1,- + - + I. 

a y s 6 

4. If a and 0 be the roots of the equation at 1 + 2a® + £■=■(), 
form a quadratic equation with rational coefficients, one of whose 
.roots is a + H + VCa 1 + fi 1 ). 

5. If 2s <= a + 6 + c, prove that 

(s -a) ! + (s- &)* + (s - c) B -3(s - a)(s-b){8 - c) 

=4(a 8 * +6 ! +c 5 — 3afc). 

6. The sum of n terms of an A. P. is 2n* ; find the first 
term and the common difference. 

Sum to n terms, and, if possible, to infinity, the series 

(1) G— 3 + ?.~3+ 

(2) 2 + 7 + 14+23 + 34+ 

7. For what value of r is tho number of combinations of 
n things taken r at a time greatest ? 

If (?, denote the number of combinations of n things taken 
r at a time, show that (? 0 + (?o+C 4 + ■=<7 1 + C 5 + C’ S + 

8. Write down the coefficients of x n and e 10 in the expan- 
sion of (a* + 3Z/i ! )“ 5 , and the rth term of tho expansion of 

(1 -®)+ 

1879. 

1. At what rate per cent., compound interest, will £175 
amount to 1921. 18*. 9 d. in two years ? 
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2 . 


Find the value of 


( 2 + a/12— V27 U 
\2 + V 48 - ^27/ 


to three places of 


decimals. 


3. Solve the equations — 


( 1 ) 

(2) 


s — 3 3ar — 2 
~2~ + — 8~ 


I+i.13 I 


2a: ® + 5. 

T + “lfT 5 



(3) 3e - 2y = 15 r a — 2a; = 1, x+y + e = 25. 

4. If one root of the equation am* + 5o + c*=0 be the square 
of the other, prove that Zi e +a l c+ ac* = 3a6c. 


5. Sum the series — 


(1) l* + 3* + 5*+7* + to n terms. 

(2) 48 — 36+27-20J + ...to n termB and to infinity. 

6. How many words, each consisting of two vowels and 
two consonants, can be made out of the letters of the word 
‘devastation’ ? In how many of them will the two Vs be together ? 

7. Write down the rth terms in the expansions of (4a; — 3 y ) n 

and (1 — 3a?) and the coefficients of a 11 and x 1 - in the expan- 
sion of (l + a;+x l +a) s + ... to infinity) -11 . 


1880 . 


1. Find the value correct to three places of decimals of — 

VC05--005) 

V (t)5) - -/ (’005) ‘ 

2. Prove that — 


o*(J- j) + &\ 

(IA) 


\o c/ 

\C 

a/ 

\a b) 

a(r-i) +b / 

n -AA 


\b c / \ 

kC 

«/ 

\° bj 


3, Solve the following equations : — 

m (”+g )(a;+Tnfi) (mx+a)(a+b) 

(x-ma)(x-6)~ (m-a)(mx~b) * 
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( 2 ) 


*+t/+s=a+ h + c 
x* + y t + 2 *=a s +b z +c t 


?+2+l 

a b c 


3. 


I 


4. Prove that the sum of the roots of the equation x z +• 
px + q =*0 is equal to— p and thoir product to q. 


If a± V/3 be the roots, prove that -± ~ will be tho 

a V/3 

roots of the equation (p* - 4q)(p z x z + 4px) =>16q, 

5. Find the number of permutations of n things, taken 
together. In how many of these will three given things occur , 


6. Find the sums of the following series : — 

(1) (« + y) * +(<&* +y z ) + (a— y) 1 4-&c. to n terms. 

(2) l+5+J+ J 8 , i+&c. to n terms. 

(3) i + $ + -fr + &c. to n terms. 

7. State tho Binomial Theorem. 


Employ it to show that 5/'(1010)™I0 , 033 + 


Find ithe first two terms in negative powers of x of the 
expansion of 

m — h a + h 

+ {(x+h)* + 7f)- ' 

where a is largo compared with either h. or k. 


Prove that — 



- , 2a 
1 + n r — + 
1 +m 


n(n+ 1) 
12 * 


2*r* 

U+*)* 


•f&c. 


1881. 

1. If one year'be added to the tenth part of the sum of the 
squares of the ages of two brothers the total will be seven times 
the difference between their ages ; and next year the elder will 
bo half as old again as the younger. What are their ages ? 

2. Find the sum of n terms of an Arithmetical progression 
of which the first term, the common difference and the number 
of the terms are given. 


-J 
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Find the sum of 20 terns of the series— 

3+4 + 8 + 9 + 13 + 14 + 18 + 19+&C. 

3. Show how to find the greatest term in the expansion of 
(a + a)*, when n is a positive integer. 

What is the coefficient of a; in the expansion of 
l + 4m? + a; 4 ? 

4. Find the present value of an annuity of A pounds to 
•commence at the end of P years and then to continue Q years. 

Find the present value of a perpetual annuity of ^729 £, tfie 
■first payment of which is to -be made in three years’ time, 
interest being reokoned at 8 per cent. 


1882. 


1. Provo a x 6<=> j> x a. And solve the equations : — 

W Vx- V(z-2) + V*+ V(m + 2) c=1> 1 
(ii) 4m 4 -16s« + 23a; 8 --16;r+4~0. 

2. Prove the rule for finding the 0.O.M. of two algebraical 
expressions. 

Find the G.O.M. of 15x ! -^-oix+ZO 
and 15m 8 — <a e — 31ar — 15. 


3. What i‘b a “surd” ? Prove that if two quadratic surds 
cannot be reduced to others which have the same irrational part, 
their product is irrational ! 

8 ■/[ 24) 


Simplify ^(18) + —- + 
V £ 


3 V3 


4. If a : b bo a ratio of less inequality, and » a positivo 
quantity, the ratio a + s : 6 + s is greater than the ratio a-.b. 

If x : y be the ratio a : b in its lowest terms, prove that 

*+1 a + 1 .., ' 

y+T* i+I 1 * i>a * 

A 8bopk f pcr . haa one maand of rice : as soon as he has 
Sold four seers ho mixes with the remainder four seem of an 
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infenor land. How often must he repent' this process that half 
of the whole may be of the inferior kind ? Given lo^, n 2 = ‘30103 • 
log 10 3 = ‘47712. 

6. Prove the Binomial Theorem for a positive integral 
index. b 

If (l + a>) n =p 0 +p l x+p 2 x s + ...+p n x n , find the valne.of 

Pi + + 3j3g + ••• +71 p„. 


1883. 

r i. Calculate the value of V(9 — 4 V5) correctly to two 
places of decimals. 

Simplify ( V6-l)( V3 + 2)(2 V2 - V3). 

/I£ *=3, prove that a; 8 +-^*=0. 

2. Solve the equations : — 


a*- a* -5* 
(0 — ^ — + 


; = 2 . 


a+ — o 2 — 6* 

(u) V(»-y)*= V(y+1) 1 
*+y=>6 J 

3. Prove that the sum of therootB of the equation 

£ c 

(Mr* + te + c= 0 is , and their product-. 

a a 

(r+ 1)* £* 

If r be the ratio of the roots shew that = — . 

r ac 


4. Find the sum of n terms of the series a, ar, ar 1 , &c. 


If S be the sum, P the product, and R the sum of tho reci- 


procals of the n terms of the same series, prove that P l = 



5. Shew that the number of combinations of n things 
taken r together is the same as the number of combinations of n 
things taken (n-r) together. 


6. A committee of 7 members is to be chosen out of 20 
municipal -commissioners, of whom 15 are Hindoos and 5 Maho- 
medons, in such a way that 5 Hindoos and 2 ilahomedans shall 
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be on tlie Committee. In bow many different ways can such a 
committee be constituted, and from bow many of these will a 
particular Hindoo Commissioner be excluded. 

7. Write down the expansion of [x+y)”, and the coeffi- 
cient of a 11 in (z -2y) is . 

8. Find the amount of an annuity left unpaid for any 
number of years, allowing compound interest. 


1884. 


1 TJ’ 1 11 1 cl (®- 1)* 7 18+1 

1. Fmdthevalueof2.^ Tr + a . 5T 2 

when x*= </{3)~l. 

Extract the square root of 11-6 */(2) correct to two places 
of decimals. 

2. Solve 


( 1 ) 


1 

3+ -«*a 
V 



(2) x' +!/* + £* <=84 
®+y+c ra 14 
az^if 


3. Distinguish between an equation and an identity, prove 
that a quadratic equation cannot have moro than two different 
roots, and hence show that 


a t (a-h)(x-c) b t {a~c)(tt — a) c t (a~ <zl (ar — 6) 
(,a~b)(a-c) {b-c){b-a) + (c-a)(c-6) 

in its simplest form is a> s . 

4. Find the nth term of the following series and the sum 
to n terms 

0) 9 + f + 7| + &c. 

(2) l+|+|+| + &c. 

5. Show that the coefficient of « r in the expansion of 

<1 + 3)6 iB 10 IA7—0T-8) 


3r‘ 


Li 


- (-l) r - £ . 
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1885. 


1. Divide — 

2s 5 — 6® + 5 by ^"(2) a+y(4) + l. 

If a— a divide x n +p 1 o* 1-1 + +p„ without remainder, 

prove that a " +p x a" -1 + +pn = 0. 

2. Solve the equations : — 

... ar+2 3a;+4 a;-2 , 3rc-4 

W 1 + 2* 3 + 4a; = l-2a; + 3-4® ‘ 

(ii.) y+s : z+x : x+y :: a : 6 : o 
(y + e)* + (e+ »)* + (® +y) s = 1 . 

3. If a and p be tho roots of the equation x t +px+y- 0, 
prove that a + P = ~p and a/3t=q. 

If the ratio of the roots of the equation a z +px + g &0 be 
equal to that of the roots of $*+ 2 ? 1 o+ 2 1 >= 0 , shew that 

■ 4. Prove that the number of combinations of x+y things 
tiken x together is equal to tho number taken y together. 

If the number of combinations of n things taken r together 
be equal to the number taken s together, either — 

r = s or r+s=n. 

' 5. Investigate the order of magnitude of tho Arithmetical, 

Geometrical, and Harmonical mean between two given numbers. 

i 

6. "Write down the r^term of the expansion of (a — a;) - ". 

1886. 


1. Express — 

m(m-l)(m-2)(m-3) 
n(»— l)(n — 2)(n-3) 

as a fraction with a rational denominator when 
«/( — 3) + l, n= V(— 2) + l. 
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Find the .value df — 

x l + 4a; s + 6x* +Ax+ 9, when. 2 ;*= V( — 2) — 1. 
2. Solve the equations : — 

(1) 3a; + 2 •/(**- 325 + 9) = ®* + 6. 


( 2 ) 


(3) { 


f x* +xy^(a-l)*. 
|ary+f/* = 4ah. 

* 5 -y s = 31. 


«2t~ 2. 

Find five values of a: only. 

3. The roots of & —px + g are a, P ; form the equation 
2 2 

whose roots are-, -and prove 


a' P 
(1) p^a + P. 


( 2 ) 


1 J_ q F!_ 3 F 


/3« g 


?■ 


4. Find the nth term in each of the following serios, and 
the sum of (2) to infinity. 

... 1 n + 1 2n + l „ 

( 1 ) _ + + — 1— +&c. 

■n n n 


(2) V(3) + 


1 


V(3) t 3^(3) 


+ &c. 


(3) 4 + 4|+4^ + 5+&c. 


6. Find by multiplication or otherwise the cube of 

- , 1 1.4 , 1.4.7 , „ 

1+ 3® + ^ ffl + 3A9 m8 + &0 -> 

as far as aj 1 in its simplest form, and then show by the Binomial 
theorem that tbo (n+ l)th term is 

1.4.7 (3n— 2} . 

3.6.9 3 n ' * ' 


6.‘ Find — correct to two places of decimals. 
€ * 
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1862. 

2. Solve the following equations : — 

x y £e+y 
y~sTx 1 -ry t 
x 1 yt^x-y 
y* x* = y* 

19 

a+y+z= -g- 

y t ‘=xz 
j/*_5a7 + 4_4sf — 4 } 

2 " ~T~~ 2 /•—* (c > 

2. If A varies as B, AO varies as D 1 and B 1 varies as CD r 
then {A + B + C ')* varies as ABCD or varies as A* + B l + C*. 

j} i 

3. Divide x-~ix- by a^ + ^ t to 4 terms, and cube tbo ex- 
pression {co + V(-y r )}^-{! 5 - V(-y*)}^. 

4. Sum the following terms : — 

(а) l 8 + 2 ! + 3 y to ?! terras. 

(б) 1 x2x+2 >c4:r* + 3 x8x s + (£c. to infinity. 

5. What will £50 amount to at 4 per cent, compound in- 
terest, in 10 years, interest paid half-yearly. 

1863. 

1. Prove that 

a (y +=)*+ y (z + a;) * + a (s + y) *- 4xys = (y + z) (z+x)(x+ y)^ 

2. Define the terms 11 greatest common measure ” and 
“ least common multiple.” 

Reduce to its lowest terms the fraction 
ar 5 + lls s -54 
s e + llx + 12 * 
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3. Solve the equations 

(a + a)(x+b) _ ( x + c)(x + d ) 

' m+a+b x+fi+d 

(2) (4x + 2)* - (3a; + 1) 1 = (2x + 4) 1 - (x + 3)< . 

4. Find the sum of n terms of a geometrical progression, 
of which the first term and common ratio are given. Prove 
that no two unequal numbers can have their arithmetical and 
geometrical means equal. 

5. Find the rth term of the^ expansion of (a — ; 

and hence deduce the first five terms of the series. 

G. A mnn starts from the foot of a mountain to walk to 
its summit ; lira rate of walking during the second half of the 
distance is half a mile per hour less than his rate during the 
first half, and ho reaches the summit in 5} hours. He descends 
in 3J hours by walking at a uniform rate which is one mile per 
hour more than his rate during the first half of the ascent. 
Find the distance of the sammit and his rate of walking. 

1864. 

1. Find the sum, difference, and product of sum and 

difference of the following quantities • . 

a — b a z - b z 


2. Solve the following equations. 

W H-8. } 

h «-»• 5 

(6) 3(x-2) l = 18+ (8r + l). 

3. Snm the following series. 

(a) 1— — &c. to n terms. 

(i) 1 - 2a; + 3a^ — &c. to infinity. 

4. Insert five mean proportionals between 8 aDd 27 to four 
places of decimals. 

1G 
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1865. 

1. Find the G. C. SL of a; s +4:o* +2s— 1 and a; 8 + 2s t 
— 4® + l. 


- If a : b : : c : d, prove that 

a + b : a—b : : V(ac)+V(bd) : V(ac)— V(W). 

2. Given tho first term and common ratio of a geometrical 
progression, find the nth term and the sum of n terms. 

Snm the series 

1— § + $-&c.... ••• ... ... •••tonterms. 

i^s+i + -^ a +&c ••• to infinity. 

3. Find the coefficient of a;’’ in tho expansion of (1— 2a;) -1 . 

4. . Solve the following equations : — 

•a z +2io = 12 - 4 -/(«* + 2x) 

aj*-an/+y* = 7 1 

z z +xz/+t/ z — 19 / 

5. Two railway trains moving in opposite directions pass 
each other somewhere between two stations A and B. One 
train leaves B at 10 minutes past 4 and arrives at A 20 minntes 
to 5. Tho other leaves A at 10 minutes pnst 4 and arrives at 
B at 20 minutes to 5. Find the time at which they meet. 


1866. 


1. Find the L. C. M. of at 1 -10#+ 24, ®*-8(r + 12 and 

o* — 6®+8. 


2 . 


If 2= H — - prove that each is equal to 

b a f 


ma + nc+pc 
mb+nd+pf 


3. The snm of n terms of an A. P. is 48, the first term is 
20, and common difference —4. Find tho number of terms and 
explain the double results. 


4. Sum the following scries. 


8 — 4 + 2 — &c. ... 
a 2 8. 

- + - + -J+&C. ... 

2 a a z 


to 9 terms. 


... to n terms. 
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5. 

term. 


Expand to 4 terms 



and find the rth 


G. Solve the following equations. 

... ®-4a m- 5a « + 6a *_+5a 
' a- 3a^ ®-4a = m-4a a— 3a‘ 

(2) 3w- ■/(2a t + 6x+l) = l—x*. 

(3) *sr+j--!p 


zy+- 


7. A rides at the rate mf 8 miles an hour ; B walks at tho 
rate of 31 ; B starts first, and after a certain interval A sots off 
to overtako him. When he had ridden 14 miles, his horse broke 
down, and ho had to walk bn, which he did at tho rate of 4 miles 
an hour, overtaking B in 14 miles more. What Start had B ? 

"\ 

186*7. 


1 . Bednco to their lowest terms. 

a 1 — 80 *+?®* , Sb’ + b 1 — fi «+21 

a*-3a»-28i iana 6 * s + 29«* + 26«-2i ‘ 

2. If a : b :: c : d prove that ma + nc :'pa+nc i: mbAnd : 
pb+rtd, and a 1 — 2 >* : (a-J ) 4 :: c l -d i : (c — a) 4 . 

3. Find the sum of tho series. 


£ + 1 + J+&C. to 7 terms 
1— 2 + 4— &o. to 8 tonus 


1 + 2b + 3m 2 + 4ad + &c. to n terms. 

' 4. The common difference of an A.P. is 2, and the number 
of terms is equal to tho second term. Find the first term in 
order that tho sum may be 35. 


5. Solve the following equations ; — 


(1) 10b- 


14b -9 
8b— 3 “ 


18 -40b 1 
3 -4b 
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(2) V(**-4)}» a/(¥) + 

(3) a*— ®i/ = 8a + 3 

33/-j/* = 8)/-6. 

6, If in (a+tr)" the 7th and 8th terms are in ratio as the 
6th and 7th in ( a+x)' +1 , find n. 

Expand (1 + 52>) s and (1 -a:) -1 . 


1868. 


1. 


Simplify the expressions 

,j. a^+32>^ — 3a^f>^ + 9f>^ 

a*-3J* + a2+3aM + 96 5 ‘ 


( 2 ) 


i*\ / ab—lr\ a K a-b 
a z j \ a* /a* + 6 s * a* + 6* * 


2. Find the G. C. M. and L. C. M. of 

o' — »* — 4a;+4 and » s - 3s 1 — 4s + 12. 

3. If jp be tho difference between any given fraction and 
unity, and q tho difference between its reciprocal and unity ; 
■then pq<=p — q* 

4. Solve the equations 

x+j, =7 1 x + y + e=18 1 

a?+y'= 911 a^+y 1 + s 1 = 110 ?■ 

x(i/+e) = 65 3 


5. Find the sum of n terms of the series 

- 4+3 + 2 + 

2 4 

a+'+ -j+ 

a a 

How many terms of the first series will amount to 4. 


6. 



c 

rf’ 


show that 


a + n6 
c+nd 


a — nb 
c~nd 


and 


n ae — bc 
a + b~ ac-bd 
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7. How many different signals may be made with 5 flags ; 
two of which are bine, one white, one red and one black. 

8. Find the coefficient of m 13 in the expansion of (ax — 
a 1 ) 10 . Expand to 6 terms the series ^1 — ^^-, and . find the 

term. 

1866. 

1. If x ° j - j and y = ’ 60(1 the valn6 of * l+ 

tfy+y*. , • 

2. Simplify 

m* -2 b 1 — 5z + 6 
*3-40? + 5a -6* 

(2) {(x-yY+ixyfi *{{x + y) t -’4xyy-* 

{l $" *&*(***> }*• ( 

3. If a : b :: i : c :: c : d, shew that a : £ :: If a : l[d and 
(a + 6) (c + d) =» (b + e)*. 

4. Solve the equations : — 

(1) <WJ*-(a + &);c+a + & + c'=0. 

(2) 2 V(« - 1) - V(»q- 4) =1. 

(3) e(6z + a!/) = a:m 
c(aa ~by) = bay ) 

(4) 27* + 2y+3s = 40’ 

x-y+z ■=. 3 - 
2a-i-4i/ — 3i=>12; 

5. Tbo-first term of an A. P. is -’2, the common difference 
2 ; find tho humiber of terms whose sum is 40. 

Insert 4 Arithmetical means between 4 and —1. 

6. Given the first term and the common ratio of a Geometric 
series, find the sum of n terms. 
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Sum the series : 


ID 

a n + a n-l y+a n ~ , y i + ... 


(2) 

12 3 4 

3 + 3 ,+ 3* + 3 4 + 

...ton terms. 


7. Find the middle term of (a-6) 20 . 

Expand (a* - x*)~ l to 5 terms and find the rth term. 


1870. 


3^4 _2i i — 8 

1, Reduce x- . •■■■ ., - ■■■ ' • ; = to its lowest terms : and find 

r 2x 4 — .-iir 5 4- ha — 8 


2a; 4 — 3a^ + 6®-8 
the t. C. ilL of (®— 2)*, ® s -8 and 2z* -5x +2. 

Sc ... ac 


2. Simplify 
a6 


(a— b){a — c). 
(ffl-c)*. 


(<o-o)* + 


( b-c){b-a ) 


(m-S ) 1 


(c-aKc-S) 

3. Solve the following equations. 


(a) V(9a; + 1) -1*»3 V(-a;) 


( 6 ) 


xJy-’ry •/«=> 
** +y *-26 



(c) aj* + ®y+y* = 28 
o; -y-s=0 


» e- 
— * 

* y 


8 XZ - 


4. Given the first term and the common difference of a 
scries of quantities in A. P., find the n^ term and the sum of n 
terms. 


If the n tl > term of an A. P. be a geometrical mean between 
the snm of the n terms and twice the common difference, show 
that the ratio of the first term to the common difference 
iB 1 A -/n. 


5. Find the sum of 

(a) 5 + 3 + 1 - &c. to 20 terms. 
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(*) 7S + 5+272 + to 10 terms. 

(c) + to n terms. 


6. Find the 10th term of the expansion of (a 1 - ax) 1 and 
tho middle term of (2r-3p) 10 . 

1871. 

1. If ar+y + c^O, 6how that 


u s — £* e* — x l x 1 — i / 1 

x - +y +s — 

y-t z-x x-y 


■ 0. 


„ T , , . a l + b i + c l + d l 

2. If a : b :: c : d, then — — - — — — ■ 3=1 - 

’ a * + 6 4 + c 4 + d * 


Find the G. C. M. of a s -2x* + 3a — 2 and ** + 0 ; — 2. 

■ (ahccf)*. 

U TV TV» T U 

. 3. Solve the equations. » 

(0 

(ii) 


(si-1)(ib-2) . 2a- 1 

I r ■ 


(2 a; — 3)(tc — 4> 


ii) — — T =|. 

1-x+y x+y-1 3 ^ 

_J L_ = , ( 

»-y + l 1 -x—y J ’ J 

i 


y-e= 2 
y(a+») =65 
£(s+y)«-45 


4. Given the first term and the common ratio of a geo- 
metrical progression, find the snm of n terms. ° 

5. Tho common difference of an A. P. is - 3, and the num- 
ber of terms is equal to the third term. Find the first term 
when the sum is 18. 


Sam the following series 

_2_ 

■I'd 


-^ 2 + .j-— - &c. to 10 terms. 


n + l 


— 1 + 


nTT“ (^TIji +&c - t0 
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G. Expand by the Binomial Theorem ( — - 

\a x 

and ( a~-x)~ B , the latter to 6 terms. 

Eindihe middle term of 

\ 2 xVy) ’ 



187 £ 


(ay -bx) t +(ggj+ by ) 1 

1. Simplify (1) (a + bj yj ' 

(2) (« , - 1 )H) *‘ + ±, 

'(*-l)*(x+l) “ J. * 

” r a^ 

And find the G. C. It. of s s +3ai l -4a:-12 and ec* + 2«?-9r 
-18. 

2. Solve the equations : — 

%(5x+3l)~ }(6x - 2|) =6 (141 _ g*) 

6 •/* + 5'V’?/=>195 7 

5 Va;+ 6 •/y a 17 ) 

y*e=2 V3, s*s=3, V2. 

3. The first term and common difference of an arithmetic 
series being given; find 'the sum of n terms. Find the middle 
term of an arithmetic series, whose first term is 1, and last term 
39, the number of terms being odd. 

4. A geometric -series consists of '6'terms, and the.snm of 
the last three is 8 times the sum of -the first three ; find the 
common ratio. 

Sum the series 

13 + 11+9+ to 14 tsrmB. 

2V2+-'-^2'+ + - to 8 f terms. 

5. Find the number of different signals that Can bo made 
with 6 flags, two of which are white, two black, and two red. 


•ill 


lOOTT*- 


ClU 1 ? 






6 . 


• tlve lntcg er - V 

tt nbea^ ■ « +4fr -0. 



Write 


do«n 


tbe 


6 T8t5tet®3 

18HS 


0 £ the e%P a1 


,naion 


o ,U»* 


^9?V 


^ Sivap^y 



(2) ay-y 1 ^- 5 

^ 5 * 1 S!F * ==C ’ series 

O T?iad and eSp t0 totoity we 

r+ «r* + - Sata to *•* tc 

„ r fraction- DU 0 f not mo 

P T0? , i, 0 vr many s cts y one 

3I+44+H + - 0 f twelve ^ t - ltnc s ® y 

, nut ot a P aTl > , -g.ow many 
4 . 0 v.* made op J ^ 

?r-~; , " 

5 . ®a^^“ + ,vV- bcW ot .1398 

a “' s C-^" b “ K ” 
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1874 . 


1. If ax= 


2 PH 

1+2 


* > v 


find the -value of 


v%+*) * v$-*) 


x* — lc 


x*~ac 


x l -ab 


2, Simplify (1) 7 — —r r r— f- — — ... 4. Z 

P 3 (a-b)(a-c) (l>~c){b~ay (c-a)(c-b)' 

® {(£*H*(£*S + 0} x (H + ?)- 


3. Solve the equations : — 

^ x’ + x 


x+1 1 

x*— x^A-^x' 


ax—hy^a-'b 1 

a*x+ tfyczd 1 -ab+b* j 

x+y+z- xy?=>6 | 
xy+yz+zco** 11 ) 

4. Supposing the weight of an empty ship and the tonnago 
to vary as the square and as the cube of its length respectively : 
prove that, (to being the weight of -a ship and its cargo, of 
length l, and w 1} to 2 , similar weights corresponding to lengtlis 

l j & In) 



5. Find the sum of an Arithmetic feeriC's td n terms, and of 
a geometric series to -infinity'. 

Find the -number of terms in an Arithmetic series whose 
first term is 16, common difference 4 and sum 120, explaining 
the double result. 

G. Find the greatest coefficient in the expansion of 
(1 +x}*° ; and show that — 


/n + x\ 

1 , x 3 , 


(JL.\ 

V*-sJ 

' 1 + o + x + 2' 

{a+wf + 2 

wz + j r/ 
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is'is. 


1. Find the greatest common- measure of the following 
quantities : — 

(1) a: 1 ~3x*+4x-2 and ® 5 — 2aj + 4. 

(2) n" - nT" and x” + a~ m +2. 


2. Solve the equations — 


( 1 ) 


mm nx pt 
mm+a nx+a pto + a' 


i i 

(2) m 5 + x "«=a-2. 


(3) j/e*=»ic,^ + |«=1 and^+ ^-=1. 


X . 8 


3. Give an algebraical solution of the proposition, Enclid 
Book II., Prop. 11. To divide a straight line into two parts, so 
that the rectangle contained by the whole and one of the parts 
may be equal to the square on the other part. 


Interpret the two answers. 


4. If - = -«= - prove that each of these ratioB is equal to 

a b c 

a , +y t +s* 
am + by+ce' 

5. Find tho number of terms of an arithmetical progres- 
sion in which tho firstterm, the common difference, and tho sum 
of the terms is given. How many terms of the series 15 + 14+ 
13 + ,&c., must he taken in order that the Bum of the terms 
may bo 120. 

Explain tho double answer in this caso. 

6. Find the number of combinations of n things takon r 
togother. What is the number of different combinations of tho 
letters in the word "Engineering” taken 5 together ? 

_ 7. Assuming the binomial theorem for posiGve integral 
indices, prove it for fractional and negative indices. 

Find approximately to 4 places of decimals the square root 
of 26. 
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1876. 


1. Find the square of — 

■SWah+( a t-lt) JVab-fa'-b 1 ) Vf-lll 

a + 6 

and the sum of 

X W* + X- 1 x*-Z-l X 4 1 * * 

x* — l £ 8 — a^ + w — l"*" ajS-t-a^ + a + l a; 1 — !’ 

2. Find the highest common divisor of 2a;* — 101* + 20r 
— 16 "and .3*^— 12®*+2 lx— 18, and the lowest expression in ar 
"which is divisible by each of the following — 

6**-:c-2, 21 js*- 17®+2 } 14** + 5a;-l. 

3. Solve the equations : 

(e+4)(®-3) + (a: +3) (a -2)} = 36 ... (1) 


£-£-28 } 
y x l 

... (2) 

<r— y«= 8 I 


a t +y , + e I = 2o* 'j 


as+y+s'=‘2b C. 

... (3) 

yz=c* \ 



4. If- from a series of n terms in arithmetical progression 
another series be formed, such that each term is an arithmetic 
mean between the consecutive terms of the first series, and 
if S and S' bo the sums of these series respectively, prove that 
S : S' :: n :n-l. 

If a, b, c be in arithmetical progression, and a?, 'y the 
geometric mean between a, b and b, c respectively, prove that h l 
is an arithmetic mean between a? 1 and y 1 . 

f>. Show that the number of combinations of n things three 
at a time is — 

n(n- l)fn— 2) 

1-2 3 

A boat club consists of 15 members; in how many ways 
can a crew of 9 be chosen, (I) so as always to include, (2) so a c 
always to exclude, a particular man. 
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G. In the expansion of a binomial when the index is n 
positive integer, prove that the coefficients of terms equidistant 
from each end are equal. Expand in ascending powers of x, as 
far as five terms, 

l + 2*-3r* 

1 - 2a + 3x c ' 

18 TT. 

1. If — i express o 8 — jg in terms of y. , 


Simplify 
1 . 


HHfBR HR' 


and 


V(12) 


2 . 


(V2-1)(V6+ V3)' 

Solve the equations : — 

(1) ®±i- ^=2 «. 

( J x-l x + 1 

( 2 ) 1 

x l +y s — m+y= 18 j 

3. If ax + ly*»a + b, and ahz' + ~ a* + Z> : , prove that 

aY + 5Y=a' , + r. 


4. Find the sum of n terms of a geometrio series. 

Sum 1 + V(10) + 10+ -"to « terms. 

Write down the first threo terms of the series whoso jpth 
term ispffip-l), and find the snm of n terms. 

5. Find the number of combinations of n things taken m 
together. Given ten white and ten black balls ; in how' many 
different ways is it possible to select from them a set of ten balls 
of which five shall be white and five black ? 


6. Expand (a' + m 1 ) -1 to six terns by tho Binomial 
Theorem, and prove that 



i 2 k 

■1+n— k 

a+x 


n(n + l) / 2x \» 
1"2 \a + a/ 


+ &c. 


What iH the snm of the co-efficients in the expansion of 
(a+b + c) 7 ? 


17 
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18*78. 

1. Simplify the expression : — 

' yx i gg a-y 

(a;-y)(a;-5) (y-a;)(y-~) ^-aj)( s - y )> 

and prove that. 

1 1 1 

(6 — c) 1 ”*" (c-a)* + (a— b) 1 

2. Solve the equations : — 

... 2 a ~ — z=z a + ^ r 

' ax—b ax + b 

... c 1 1 *\ 

(„) ) 

H ri 3 

3. The first two terms of an arithmetical scries are 14 and 2j, 
find the 10th term. How many terms must be taken that the 
sum may be 171 ? Prove that 

j5 r +ar _1 (;r— 1) + x = ~ : (x- 1)* +z s ~ t {x- l) s + ...... 

+a(a - 1 ) + (x - l) r =x r+1 - (a? - 1)'« 

4. Find the number of words which can be formed out of 
8 letters taken all together, each word being such that 3 given 
letters are never separated. 

5. "What is meant by one quantity varying (1) directly, (2) 
inversely as another P 

The value of diamonds varies as the square and of rubies as 
the cube of their weight, a diamond and a ruby weighing two 
carats each arc of equal value, a diamond and a ruby each 
weighing three carats arc together worth -Rs-450, find the value 
of each. 

i 

G. Expand (1 - a;)* by the Binomial Theorem, and write 
down the (£ + l) th term. 

Prove that V2^1 + ~+ ~ 7 +^^ + &c. 


(h-c + c-« + a-b ) ’ 


+ 1 . 


(iii) x(ij + z)~a 
y(x+z)*=b 
■ s(x+y)*=c 
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1879. 

1. Break up the following expressions into all their factors. 

x 8j ry B , *“- 2 /“ and x ic +a e y 8 +y ie . - 

2. Solve the equations : — 



(2) (x+b+c) (a+c + a) (x + a + b) 

(« + 2a) (as + 2Z>) (» + 2c) . 

(3) x*ty + *) = a t + z s (x+y)=e 1 . 

3. Sum the series 

(1) l + |+^+|j+&c. ad. inf. 

(2) l t 42*43 I +4 t +<£c. to n terms. 

4. Find the number of combinations of n things token r 
-together. How many combinations are possible out of 7 things ? 

5. State the Binomial Theorem. 

Employ it to obtain the expansion of the following binomial 
expressions in powora of m to five terms : — 

< a -* ) '’° nd (<£?)*• 

( 2w 

1 +"^- 

and obtain the fifth root of 3225 correct to threo places of 
decimals. 

1880. 

1. Provo a< + I>*(c z -a t )+c i (a*- b‘) 
a c {b-c) + b*(c— a)+c*(a — b) 

= (a + 5) (6+c)(c + a) 

3*(1 -y ; )(l -a 8 ) +;/( ! — — s*)4a(l — a: £ )(l —y l ) — Aryi 

x + y+e—xyz 
^1-zy-yz-xu. 
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2. Explain the principle of the solotion of quadratic equa- 
tions, and show that, in the equation ax* + Ab+c= 0, the sntn of 

the roots is — - and the product of the roots is - . 

a’ r a 

Resolve into the product of two linear factors the quadratic 
expressions 7x £ ~3 x—160, and mnx* + (n* ~m*)x —m n. 

3. Solve the equations 

(L\ , 

* a(b-x) b{c-tt) a ac-ax' 

(ii.) xd+yt^x+l) b4. 
y*+x(y+ 1)=2. 

(iii.) ax-t-cy-t-bz<=cx+by+az^bx+ ay+c: 

<= ad 4 ■b l +c t —3 dbc. 

4. Insert n Harmonic ileans between a and b. 

■ Provo that if a *, h*, c s , be in Arithmetic Progression, then 
l>+c, c+a, a + b, will be in Harmonicol Progression. 

5. Find the 6uin of the coefficients of, the terms in the 
expansion of (1 +*)" by the Binomial Theorem, where n is any 
positive integer. Show also that the sum of the coefficients of 
the odd terms is 2"~ J . 


Find tho coefficient of a-” -1 in the expansion of' 

HP 

G. Define a logarithm, and prove that 




JOgqg 

losr.b' 


Find the logarithm of 8001/(50) to tho base 2 */b. 


1881. 


1. Reduce to its lowest term 

a: 4 + 5x s + 5a4 — 5x— 6 
<r*-5ari+4 

2. Solve the equations, 

(1) (a}-2)(<s~4)(x-G)(x-8)z=D : 

(2) x-2y+z—0 i a+y+e^xy, xyz=>105. 
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3. Form an equation with real coefficients, two of whose 

, „ , V(— 3)il 

roots shall be ^ . 

4. Find the greatest and least values of the expression 
2® £ — 6® — 7 for real values of x. 

5. Prove that 

(>j+s) (v+e) (x+y) -® ! -y s -z t -=-4 : ye + (y + z-a) (v-t -x-y) 
(x+y-z). 

6. How many different permutations can be made of all 
the letters of the word "engineering” P In how many of these 
will the three e’s stand together, and in how many will they 
stand first ? 

7. Find the sum of all the coefficients in the expansion of 
(l + ro) n . Write down the first five terms of the expansions of 

(3-2ro)7 and (3-2 e)- 7 


8. Provo that 


V6' 


,1 1.1* I+& c 

1 2* + l-2*2° 1-2-3 - 2» + 


P3 

1-2 


Henco determine the value correct to three places of 
•decimals and verify the result. 

9. Sum to n terms the series — ✓ 

(1) + + & 0. 

(2) 1-2-3 + 2-3-4 + 3-4-5 + 4-5-6 + &c. 


1882. 


1. Find the roots of the equation a® £ + 2iiar+c=>0. 

If a and /3 be its roots then a7 £ + 2&7 + c = a(7 — a)(7~/3). 
(a). If 4®y = 4a& •=(*-«)(«/— b), find x and y. 

2. If fs + my+nr.raO, I 1 « + i7» 1 y+7i 1 sc»0 

'and e* + j/ , + £ B =»d , ) find the value of x. 

3. Sum the infinite series 1 + 2® + 30^+4:!;* + &c„ where 

a d. 

4. If the daily profit made by a building contractor vary 
directly as the sq. root of no. of masons he daily employs, tho 
quality of the bricks and the no. of hours of labour remaining 
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constant from day to day, but ho finds that his profit varies 
directly as the cube root of the no. of hours of daily labour if 
the no. of masons and the quality of the bricks remain the same 
from day to day, also he finds that if no. of masons and the no. 
of hours remain unchanged from day to day then his profit 
varies inversely as the price paid for the bricks. If on one day 
liis profit be 420 Rupees when he employs 196 masons working 
hours each, the price of bricks being Rs. 9 per 1000, yon arc, 
required to find the price of the bricks used on a second day 
when his profit is dts-180, the no. of masons being 81, and the 
no. ( of hours being 8. 

5. If the cube of the series 1 +x+x 1 +x t + &c to cc- he 
expandedin a series of ascending powers of x, write down tho 
coefficient of x n . 

6. Find the value of 1’2 +2 , 3 + 3 , 4+4'5 + n(n + l). 

7. If P<=‘C 1 (ax+l) t {3a{cx + d)-c{ax+b)\ 
and Q^a t (cx + d) t {3c{ax-bb)—a{cx + d)} 

find the value of the cube root of (P— Q). 

8. If A «=(6-c)(a — d), B *= (c — a)(b — d) , C=(a-b)(c-d), 
find the simplest value of A s + B & +C s ~ 3 ABC. 


1883 . (f. o. e.) 


1. 


Simplify 


3 abc 

bc+ca-ab 


a- 1 ’ 6-1 o — l 
+ — r--f — 

— — : and show 

1 1 '1 

— h T. 

abc 


that « 4 + 6 4 -f-c 4 — (a B + 6 ! + c*)(a + 6-f-c) 

+ (a £ +6 1 + c*} {be + ca + ab) = alc(a + b + c). 

2. Show that a quadratic equation cannot have more than 
two roots. If m and n be the roots of the equation 

z t -(a+ab+b)x+ab(a + b) = 0, 

solve the equation i 1 — trtx + n =* 0 in which tti and n are so choson 
that the equation is homogeneous. 

3. Find the number of combinations of n things taken r at 
-> time. In how many ways can 2 fives, 3 fourspmd 4 three’s bo 
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thrown with 9 dice, each die being in the form of a cube, tho 
traces of which are numbered from 1 to 6. 

4. An article is sold at a loss of as much per cent as it is 
worth in pounds. Show that £25 is the highest price at which 
it can be sold. 

5. Show that in the expansion of (l + a)” whore n is a 
positive integer, the coefficient of the rtu term from the be- 
ginning is equal to the coefficient of the r 111 term from the end. 

If (l + x) n =p' 0 +p 1 a+pom t + ...+p„- 1 x r, ~ l +p> n m'', find the 
value of p 0 t +p 1 z +p s t +p a z + ...-i-Pn*. 

G. Show how to expand in a serieB of ascending powers 
of x. 

Prove that loffcp^^ 2 3 ( S+ T* T + ”' )" 

1883. 


1. Find tho square root of — 

(1) 3 ;*- (d b + ^_4« + 2+ A, 

4 3/ 


(2) 1 + (1 — a;*)-*. 


2. Solve the equations : 


( 1 ) 


•5* + 


•45*- '75 
•6 


V2 

■2 


3»-’G 
•9 ’ 


(2) s* + 3 — -/(2x : - 3*+2) = f (*+ 1) ; 


/Q\ ^ i ^ • • TfX 71 

(3) - + - =m x + n l . — + — =»i+n. 
x y nx my 


3. If tho amount of sail a ship can carry varies as Ibd, 
while the cargo she can carry varies as —j~, where I, b, d de- 
note her length, breadth and depth respectively ; and if her 
speed varies as the amount of sail and the squaro of the length 
directly, and as the breadth and depth inversely ; comparo tho 
speed of two vessels fully loaded and under full sail, one carry- 
ing 1200 sq. yds. of sail and 3600 tons of cargo, tho other 
■810 sq. yds. of sail and 1453 tons of cargo. 
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4. Show how to find the sum of a given number of terms 
in G. P. Sum the series : — 

2 1 1 

(1) — jj , g, —fit to 9 terms. 

(2) a t -z 1 ,a~x ,- — -, to infinity. 

5. Show how to find the numerically greatest term in the 
expansion of (l + rr)" where n is a positive fraction. 

Write down the numerically greatest term in the expansion 

of ,wherea!=~. 

6. Prove that log 0 hxlog,ja=l. 

Given log 10 4= -6020600, log 10 l -04= -0170333, 
find log lo -01625. 

7. A person walking in a fog meets one man and overtakes 
another, both walking at the same rate. If he walks 21 yards 
and 126 yards between the times of first seeing and passing such 
of these respectively, find how far he can see in the fog. 

1884. (f. c. e.) 

1. Solve the following equations — 

(1) {(1+a;)* — ax}^ + {(l- + ^x. 

(2) a; t +a:y+y t «=>37, s t +<rs’ + a*=28, 

y 1 + yz + z 1 ~19. 

2. Find the sums of the cubes of the first n natural numbers. 

Sum the following : — + ^‘ t ’aFi + ^ c ’ *° n * erms ^ 

If n J +(n + l) 1 + (n + 2)* + &c. to 9 terms = 501, find n. 

3. If P be the continued product of n quantities in G. P., 
s'their sum and the sum of their reciprocals, shew that 

Hr)”- 

4. Find the number of permutations of n things taken r to- 
gether. How many different combinations of three letters can 
be formed from the letters of the word “ Mathematician ’ t 
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5. Write down tbe first six terms of the expansion of 
^2 - ^xj and the general term of the expansion of (1— #)“*. 

. 1 + c + 

Find the coefBcient of a" in the expansion of ^ v 

6. State and prove the Exponential Theorem. 

7. Define a logarithm. State'some of the advantages of 
the use of logarithms. Shew that corresponding small incre- 
jnents of a number and of its logarithm are proportional. 

i 

1884. 

i o- it / \ £ . &c(ab)^ i 

1. Simplify and 


{*-? 


a~ y 


x.+ y a 2 +y J a 

+ — -t ; -1 . 

y jt 




y 


2. Explain tho term Greatest Common,. Measure of two 
algebraical expressions. Prove the rule for finding it. 

. Find the G. C. M. of 


c l *a 5 + e tr - « B - 1 and e zr a* + 2 e r a l - c* r - 2e r + a 1 - 1 . 

3. Solve the equations — 

(1) ai^ + (a + a;)^ — — ~~ ri (2) ax + 1 = r ax ( a jZ . 

(a + ®) - a — (a t + a l y 

4. Solve the equations — 

(1) (a + »)* + (a — a)^= h ; ■ 

(2) s 1 + y* 12G, +«/*■= 6. 

5. Prove, if a and /} are tho roots of the quadratic equation 
-a t +px + q = 0 ! o + /3 =- p and aP-=q. 

Find an equation with real coefficients which shall have for 
roots 1+ V2 and 2+ V(-3). 

G. Find the number of permutations of m things taken n 
at a time. 
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-- 1 

7. Expand (1 +mx)~ n to six terms by the Binomial 
Theorem, 

t 

8. If a, b, c, be theptb, ^tb and rth terms of an A. P. show 
tbat^J-c) + q(c - a) + r(a- b) = 0. . 

1885. 

+ i + i).£±~±2 ; 

and find the G. C. M. of x* — 4m* -f 2® + 3 and 2® 4 — ®* — 5x - 3. 

2. Solve the equations : — 

(i) a(a z +l) = a(a 2 +l). 

(ii) V(»+y)= V(®) + 1 "> 

®-y =7. / 

3. Write down the n th term and the last term of the series 
1 + 4+7+10 + &C, continued to 2n+l terms, and shew that if S x 
and S„ be the sums of the first n and the last n terms respectively, 
then S s -S, =6S, where S is the sum of the first n natural 
numbers 1,2, 3, &c. 

4. Insert five geometrical means between 512 and 729. 

If one geometrical mean G and two arithmetical means p 
and q be inserted between two given quantities, shew that 

5. If the quantity of water which flows through pipes in a 
given time vary as the square of their diameters, and two vessels 
whose contents are in the ratio of 26 to 9 be filled by two pipes 
respectively in 2 and 13 minutes, compare the diameters of the 
pipes. 

6. Find the number of combinations of « things taken r ^ 
at a time, and determine for what value of r the number of 
combinations of 2 n things taken r together is greatest. 

Shew that for this value of r the number of combinations 
which contains a particular thing is equal to the number of com- 
binations which excludes it. 

7. Enunciate the binomial theorem, and prove that the 
sum of the co-efficients of the odd terms in the expansion of 
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(1 + »)” is equal to the sum o£ the co-efficients of the even terms. 
Write down the term of (1 — »*) K 

8. Define a logarithm. Prove that log„s-f-log m y=log ri ®t/. 
Given log 10 3 = -4771213, log lb 7 = -8450980, find 

logi O (-063)^ and l°g 3 V(7). 


■ 9. Prove that a r -= 1 + (log e a)a + r-x (log e a) l ® s 


+ nj (Iog e a)V+ . 


Higher Examination Questions. 


1. Find the present value of an annuity for a givdn number 
of years at compound interest. 

If V and 3 V bo the present %'alnes of the same annuity for 
n and in years respectively, then the Annuity is double of tho 
simple interest upon V for one year. 

2 if a __ 

a 1 -}-® 1 . a I +y s= ' a' + e*’ 

shew that x{y z - s z ) + 2y (e 1 - »*) + 4r(® 1 - y z ) = 0. 


o -re x(y + z-x) y(s+x-y) z[x+y-z) 
log x log y log z 

shew that jrV = &~xr ■= x*if. 


Assuming that means — - when m is positive and 

w 

that a° means / ^/'(x s ) prove that [x° x a T"^ - ? 


cy^— S* r 

3 £ CJHC 


where «, i, c, y , «, and r aro positive integers. 

5. If a, d bo the roots of the equation ®*+j>» + i 2 = 0, then 
a + fi= -p and aH^y. 
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If one root of the equation ar+^jis+g^O be a root of 
+ ax-f 2><=0, its other root is a root of 3? + {2j>-a)s! +$*-<!}) 
+ &*= 0. 

' 6. Insert n harmonic means between taro given quantities 
a and b. 

If in a harmonic progression, the square roots of the 2nd, 
3rd and 4th terms be in A. P., so are also the squares of the 1st, 
3rd and 5th terms. 

7. A four-wheeled carriage travels round on a circular 
railway. The circumferences of the fore and hind wheels of the 
carriage and of the two circles of rails are proportionals to G, 7, 
7000, 7014. Find the number of revolutions made by each of 
the four wheels in a complete circuit. 

8. If at any place on the Ganges, the tide runs at the rate 
of 3 miles an hour, the flood lasting 5 hours and 20 minutes and 
the ebb for 7 hours, so that the tide runs down one hour and 
forty minutes longer than it runs up, and if the flood changes 
at different places gradually, so as to commence nn hour later 
every 20 miles up the stream, show that a steamer going 9 miles 
an hour in still water will run up the river from Saugor P.oads to 
Calcutta, a distance of 155 miles in less than one flood, but will 
require in running down from Calcutta to Saugor more than two 
floods and two ebbs. 

9. If — =&c. show that each of these values is 

Vi y 3 - 

ix +m»5;»P + m 1 u,p +&c.\ 1 

equal to f — 5 =-^ — - ■=— p . 

\ffliJfF +m 2 y 2P +m a y 3 P +&c./ 

10. Eliminate 7, m and n from the equations 

a l P + l z m s + cm 1 = a*7+/3 i m + r*n. 
al=bm=cn 
P+m : +n i <= 1 

11. Find ’the value ’of an annuity at Componnd Interest 
commencing at the present time, and show that the present 
value of nn annuity to commence^ years lienee and to continue 
q years is the sum that inp years, would amount to the present 
value of the said annuity to commence immediately and la'f. 
q years. 

12. Find the valuo of log lo '00l, log T 2401 and log..‘015G25. 
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13. Colebrook’s Lilavati, Cb. IIL Sec. II. §49 — "Pretty 
girl with tremulous eyes, if thou knowest the correct method 
of inversion, tell me what is the number which multiplied 
by 3, and added to three-fourths' of this product and divided 
by 7, and then reduced by subtraction of a third part of tho 
quotient, and then multiplied into itself, and having 52 subtract- 
ed from tho prodnot and tho square root of tbo remainder 
extracted and 8 added and the sum divided by 10, yields 2 ?" 

14. Sum to n terms the series 

l+2x + 3x c +ix B + to infinity. 


Find the co-efficient of x r in the expansion of 

(1 -^-2a; + 3^ 1 1 +4» , 4- to infinity)". 

15. Solve the following equations : — 


( 1 ) 4V(**+»+4)=5**-4*-17. 

(2) a;+y<=5a;y, a: B + y 8 =35» s y E . 

16. If #+y+.e«=0, shew that 


17. 



s-a x-y\( x 

v ~ / \y~* 


+ 




Shew that 


es 9. 


1x2 2x3 3x4 . ...... , 

-jji — f- - 55 — 1 -gj — h&c. to infinity «=4. 


18. A pack of cards contains 52 cards, each of which is 
marked differently. In how many ways may tho cards bo 
arranged in four sets, each set containing 13 cards ? 


19. Sum the series 1x3+2 x3 £ + 3 x3* + &c... +n3" ? 

20. Sum the series 


1x2 2x3 3x4 

3* + 3 s + 3* + 


4x5 

“P" 


■ + ... 


to infinity. 


21. For what value of w tho expression 

ffl'* + 8m 5 + 22« J + 23® + 19 will bo a perfect squaro. 

22. If tho two quadratic equations ax* +2bx + c = 0 and 
djad + 26 1 a; + c 1 =0 liavo a common root, provo that 

(ac 1 +a 1 c~2lb 1 Y~4(ac-l’-){a J c 1 -b l *). 


18 
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(a) If the roots of these equations be a, /} and a,, res- 
pectively, find the equation which has aa 1 + for a root. 

23. If P — (a— b) £ +{b — c) 2 -t- (c — a)*, express 
(a - 5) J (a + 5 — 2c) 1 + (5 - c) J (6 + c - 2o) z + (c - a) s (c + a - 26) 2 
in terms of P. 

24- If ^{(I-«)(l+y+ 2 r)}~ •/{(! - 2 /) (1 + « + «*)} 

■= <7(m - 2 /) and V(l— x B )- v'’(l-2/ s )«=(8-y)V(a-a;-y). 
express C in terms of a. 

25. How many words of four letters can be formed from 
the letters a, b, c, d, e, f, 1, m, «, o,p, r, s , t, u, supposing that no 
two consonants may stand together with the exceptions of p and 
r,p and t, s and I, s and r, s and t ; and that more than two con- 
sonants can in no case stand together. 

26. Earn, Lakshman and Bharat went to visit a Risbi, and 
brought their wives with them. The Rishi knew the wives’ 
names to be Urmila, Mandavi and Sita, but forgot which was the 
wife of each hero. They told the Kishi that they hid given 
presents to Pandits, and that each of the six had rewarded ns 
many Pundits as he or she had given gold mudras to each Pandit. 
Ram had rewarded 23 more Pundits than Urmila, and Lnkshman 
had rewarded 11 Pundits more than Mandavi, likewise each hero 
had given away G3 gold mudras more than his wife. The Rishi 
having thought on what they said, dismissed them with his 
blessing, naming correctly the wife of each hero. From the 
conditions given, do you also find out the names of the wives. 


27. Shew that 

[4 + [I* ^ + &C -= 2 ' * + 3 • 2-*+ 4 ■ 2* + &C - 

28. Shew that 

l0 -rFs44 + to infinity. 

29. Shew that 

• 

=j{ 2 "^+(-in. 
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30. Shew that , 

+ 

=§{2 " +1 - (-!}’«}. 

31. Prove that 

, n{n — 1), „ n(n-l)(n-2). „ . 

n« -n(n-l)" + -— - — (n-2)" -rr- («~3)" + ... = (_n. 

L i. L2 

Given )og t 3 = l ‘09301 , find log 10 3. 

32. Provo that the arithmetic moan of any number of 
positive quantities is never less than the geometric mean. 

33. If p be a proper fraction, and a and b be positive 
quantities, shew that (tt + 6)Pa 1- P is less than a+pb. 

34. If 'J a + e - £ ) ., vS*+ x ZU > ^ S . l *+K:*) prove that 

logo: logy log z 

y*x* =■ e' r ar ? «=» X s y*. 

35. Prove that the coefficient of x r in the expansion of 

is 2' +1 -I. 

1 - A jo + 2x* 


3G. Prove that if log (1 -a+x z ) be expanded in ascend- 
ing powers of x in form 

a, + a 1 x+a„x z + then 

o 0 + ffj + jv 4* » ^ log 2, 

37. Explain clearly the method of finding the G. C. Jf. of 
lox 1 + 4ax s + loa'ir* + 15a 5 x — 90a* and 

1 0 bx l + 4Qabx s - 10a z 5x z - 1 Qa s bx — 30 a*b. 

38. Prove that 

(x + y + ^){x ^ + y ^ + ^^-(y-^)^(^-a;) ^ -(s-7/) , } 

=Sxyz + (y + z - a)(: + x -y){x + y - c), 

39. Apply the binomial theorem to extract the cube root 
of 1333 to 6 places ot decimals. 


40. If P 


> 2x^{(l-a-)(l-yy-*)) 
1 — l: z x z 


and Q-- 


l-2x z + 7: z x i 
1 - lra z ’ 


find the simplest value of P z + Q z . 
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Madras University Examination Papers. '' 

[ 1 3 

1. Find the G-. C. M. of 

£ c + ®" 2 -(ar c + &*) and w $ + x- (x~ s +x~ 1 ). 

2. If a+ Vb=zA -Jy, prove that a*=x and V5t=Vy. 

Extract the square root of V2. 

3. Extract the square root of 

9a £ - 12ab+24ac - IQbc + 41* + 16c 1 . 

4. Shew that the roots of the equation x l +_p®+g=0 are 
real and unequal, real and equal, or impossible, according as p 1 is 
greater than, equal to, or less than 4 q. 

5. Solve the following equations : — 

(«) — - — + — -g — = 3 ®, 

(, b ) 25®{V'(l-a; t )-a;}=3. 

(c) a, -3 + y 3 + 3 axy => 5 5 . 

x+y=c. 

C. A and B start from opposite corners of a square and 
run round in the same direction. If B stops for a certain time 
at every corner he will be caught by A, when be is just com- 
mencing bis (ri + ljtt* circuit, but if B runs continuously and A 
stops the same time at each comer, A will be caught when be is 
just commencing his (m+ lpa circuit. Shew that .4’s vcl. : JB’b 
vel. as 4 + n~ l : 4 + vr 1 . 


r ii 3 - 

l. ' Reduce to its simplest form the expression 


2. Shew that every common multiple of two numbers is a 

multiple of their least common multiple. 
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3. Explain the genera] principle of algebraical indices and 

show from it that 'o"“ “i and a 0 = 1. 

a * 

4. Shew that if a and /3 be the roots of the equation 
ax- + bx + o=0, the expression ax'+bx+c may bo written 
a(x~a)(x — H). 

What is the value of c in the equation 3x J + 6a;+c=0 when 
ono root is § of tho other V 


5. Solve the equation 
► , V* v 

t/ + 0L2. 
03 


42 

x 


•i 2 


54 ( 
!/ ' 


6. A merchant sent to his agent a certain number of bagB 
of coffee for sale, expecting them to realize £250, and, after tho 
agents commission of 4 per cent, was paid, to yield a profit of 
20 per cent, on the original cost. On the way 5 bags were lost, 
but the rest were sold at 10s. per bag above the estimated price. 
This raised tho net profits £76 17». 6d. per cent, although the 
agent now received a coupnission of 5 per cent. How many bags' 
were there at first ? 


[ HI ] 

1. Simplify 

(1) {a;-a + -/(ft* -&*)}{*+ a- ^(ar + 5 8 )} 

{ib-a- ,/(**-&*)} x {» + a+ 4{d t -\rb z )) 

(2) — — - divided to four terms. 
a-rx 

2. Reduce to their simplest forms : — 

a 8 - 11^+393, _45 


(1) 


3x t -2.2»+39 


^(1-3?) 


a-» i r 


( 2 ) 
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3. Shew that in finding- the G. C. 31. of two quantities, 
you may at any stage of the process reject any factor which 
is not common to both the quantities. 

4. What relation must exist between the constants of 
the eqnation x z +pr, + q=*0, in order that the snm of its roots 
may he equal to three times their difference ? 

5. Solve the equations 

... x+ -/(ad-fl 1 ) _ a 
x~- V (a; 1 — a z ) a ' 

(2) (x i +y t )ry = 30 
x l +y* = 82. 

G. In a school consisting of 3 classes, there were in tho 
2nd class 5 per cent., and in the 3rd class 10 pc>T cent more 
than in the 1st class. In an examination, each boy in tho 
first class occupied thrice, and in the 2nd class twice, ns ranch 
of the examiner’s time as each boy in the 3rd. The examina- 
tion then lasted 31 hears. In the next year the 1st class had 
doubled in number, but each boy only required % of his former 
time, there were 10 boys more in the 2nd class, trad each boy 
in the 3rd class occupied ^> r hour more than he did before. 
The examination now lasted 43 hours. How many boys were 
there in the school at first ? 


• C IV ] 


1. Find the G. G. H. of 21o J + 26®y + 8y I and 27x i +42xy 
+ 16y*. 


2. Prove that \f{-5 + + V{-5— V' ( — 11)} =» -/2. 

3. If a, b bo the roots of the equation a i -px + q’= 0, then 
pao+ 6, and q = ab. 


4 . 


Solve the following equations : — 


(0 

<ii) 


•/(14-afi-f V(1 ~x) 
V(1 +»)— V(l-ffl) 

(©+l)(y + l) = 8j 


(hi) a;(y+=)=44) 
f/(m + e)*»50 > 
e(x+y)*=5i) 
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5. A person bought one horse for s£, and another for y£, 
he sold the first at a profit of x per cent, and the second at a lo^s 
of y per cent., and thus received ^th as much again as he would 
have, had he sold the first at a profit of y per cent, and tho 
second at a loss of x per cent. If he had bought x horses at a;j3 
each, and sold them at ®per cent profit, and had bought y horses 
at j/£ each and had sold them at x per cent, loss, he would have 
gained altogether £1520. What did ho give for each horse ? 

[ V ] 

1. Simplify 


(o+6) 


a+b — c 
~~iab 


, b + c-a 


a + c- b 


+ (6 + C) -26T- +(a + c) -2^ 


State how the value of the expression will bo affected by chang- 
ing a into ma. 

2. Substitute i(b + c) for x in the expression 

(x-b)(x-c) ( x-a)(x-c ) (x-a)(x~b) 

(< a-b)[a-c ) ( b-a)(b~c') + ( c~a)(c~b)‘ 

and simplify the result. 

3. What value of a will make the expression (ar+a) 1 * J 1 
have the least possible value ? 

Divide 12 into two parts such that tho square of ono part 
together with 3 times the square of the other part may bo the 
least possible. 

4. State tbe relations which subsist between the roots of a 
quadratic equation and the co-efficients of its several terms. 

If a and P be the roots of the equation an z + Jn-f c = 0, show 
that the equation whose roots are a+nP and fi+na is 

a l a‘ + (n + l)abx+ nb 1 + (n - l) : ac = 0. 

5. Solve the following equations 

(1) V(a+s)+ V(a-x)~ 

’ v O + jO 

e _ 

ay+ —“3 

y 

xe*= 2 

§***=(** -2s)*. 


( 2 ) 
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6. A person starts from A to walk to B and after he lias 
gone 16 miles another starts from B to A and . walks at double 
the rate of the former. Thirty-two minutes after they meet tho 
slower of the two halts for two hours, and then does the re- 
mainder of the distance in 4 hours and 48 minutes. The other 
proceeds without stopping to A and immediately returns to £ 
which he redches 4hrs. 24 min. after tho other. Find tho dis- 
tance between A and £, and Jhe distance from B of the halting 
place. 

C VI ] 

1. Find the G. C. SL of two algebraic quantities. 

Ex. 3x i + 4» £ +26a;*+28x + 35, 

and ai B +4x 4 +12x t + 3Ar s +35x + 42. 

2. Find the square root of 

a; c +4x 3 + 10x 4 + 20x 3 + 25x 2 +24m+ 1C. 

3. Shew that 

[VKa* — l)(ar— 1)}— aai-l] x [V{(a z — l)(x I — 1)} -ax + 1] 
xlS{(a t -l)(&-l))+ax-l] x[^{(c-l)(«-l)} + ax + l] 

, = (x l — fl l ) *. 

4. Solve the equations 

(i) x I + 6®y + 172/ t =33 7 

' 3®y + 16y*«=22 ) 

(ii) x i Aa x y z +y i ‘ m 217 

a Ay «= 7 j 

5. Three cases of goods cost Rupees 4000, they aro sold 
again at a profit of 2, 3, 4 per cent, respectively, and the whole 
profit is 3 per cent, on the total cost ; if the "first and second 
cases had been sold for 5 rupees more each, and the third for 
what it had cost, the profit would have been 2 per cent. -, what 
was the cost of each case ? 


C vii 3 

\ 

1.' Find a value of a which will make 9x 4 + 12x , + 10x I 
+ 8r + 2 a perfect square. 
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2. Shew that when n+1 figures of a square root have 
been obtained by the ordinary method n more may be obtained 
by simple division supposing 2n+ 1 to be the whole number. 

3. Shew that atf + ba+c and a never differ in sign unless 
the roots of ax* + bx+c = 0 are possible and different and x is 
taken so as to be between them. 

4. Solve tho following equations 

(a) x i + 2a , + 2 ar+x^=^. 

( b ) xy~y x +2x~y^2, x~y l ^l. 

5. The relative value of two sorts of mixed metals con- 
sisting of gold and silver is as 11 to 17. If the proportion of 
gold to silver in each had been doubled, their relative valuo 
•would have been as 7 to 11. The value of gold to that of 
xilvcr being as 13 to 1, find the proportion of gold to silver 
in each of the mixed metals. 


C VIII ] 


1. If a^+nx + l and ® B + waff + l have a common factor, 
-determine n ; and then shew that tho L. C. M. of these 
quantities is o> 2 3 4 * -4x 8 + 2x t + x — 1. 

2. If lines bo drawn through every two n points in a 
plane, prove that the number of triunglos formed is ^ 
?i(n- l)^n-2)(7i' - 137! +20;. 

3. (a) Solve the equation ^ 

V(x + 3a) + V(x + 36) + V(x + 3c) = 0. » 

(l) If ax+by + cz*= 0, 
a 8 x + Lhj + C Z Z ■=> 0. 

^ -V . s 


and , — 


b + c-a a + c-b a + b — c 
prove that ic(6-c) ! + nc(c-a)5 + n6(o-b) ! -0. 

4. If the 71*11 term of a series in G. P. bo 

the sum of the scries to infinity. 


0 , 


£H)‘ 


find 
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5. Shew that the coefficient of x 1 in the expansion of 
(fZi) k!a*(n*+2). 

[ is ] 

1. Solve the equations : — 

(1) (a; + 4)(z + l) -5 V{ai(a:+5)}*=10. 

(2) x+y + m(x-y)=*a 
e—x~m{z + x)=*b > 

(1 ~myyz=>ab j 

-2. If a number contain n digits, how many digits will be 
contained respectively in its second and third powers ? 

If a and a be integers containing respectively n and 2n + 2 

► » * CO ^ 

'digits, shew that — + 10*’ +1 — is less than ? . 
a a c 

3. Sum the series 

a n + + a" -4 + &c + a - ", 

and write down the middle term when n is even, and the two 
middle terms when n is odd. 

If he, ac, ab arc in harmonical progression 

then andc^-f- are in A. P. 

4. Find the number of permutations of n things taken r at 
a time. 

Find how many different numbers each beginningand ending 
with an even digit can be made with the digits 1, 2, 3,... 9, all 
the digits occuring once and only once in each Dumber. 

5. Write down the coefficient of the (r + l) t!l term in the 
expansion of (l + 2 ;) n+2 and shew that it is equal to the coeffi- 
cient of the (r + l) th term from the end. 

x 
x i 

Zf(x+ 2x l ) 


Expand (1) 
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1 


(2) 


V(l-*) 


2+x 


in ascending powers of a; as far as X s inclusive, 
6. Observing that 


1 1 
a a a _ a 

find the sum of the series in question (3) by obtaining the coeffi- 
cient of x n on both sides of the identity. 


[ X ] 

1. If rK , + f/ i + s*-l»=<a 1 + Zi I + c , 1 shew that 

{l~aw-b!j-cz)[l + ax + bi/ + cs)^(as-cx) x + {la-ay) t 

+ (cy~bz) t > 


Solvo the equation 

J_. J_ ]_ 

s+l l-y° 12 
x-y*°xy~l$ 

2. Determine the condition that tho roots of n quadratic 
equation may be (1) rational (2) irrational (3) equal and of tho 
samo sign. 

If am 1 + 624-0 = 0 have its roots equal and of the same sigD, 
show that« I a; J + 6(a + 6)® + c(a + 26) = 0 fins one the same, and 
find the other. 

3. Show how to extract the square root of a Binomial Surd 
of tho form a4- Sb. 

Show that 



I 3 4 

^111-27(30)} V{7-2V(10)}~ V{8 + 4V3}° 


0 . 
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4. Find the sum of the series 

a + 2 a z x + 3a s x : + 4a 4 X s + 

(1) to n terms 

(2) to infinity 

If — - = V. = £ . 

c+b—a a + c—b b+a—c' 

Show that (b-c)x+ [c- a)y + (a- b)i*=0. 

5. If n c r denote the nnmber of combinations of n things 
taken r together, show without the aid of formula that 

' n 

n-l c i — 1- 

6. Find tlie middle term of (1 J rx) tn . Show that when x 
is any positive integer except unity, 3 SJ — 26®-l is a multiple 
of 076. 

C XI ] 

1. (a) Shew that o' — (~l) n b n is divisible by a + b. 

(J) Thence deduce that49° + 16n — 1 is divisible by G4. 

2. (a) Find whon ax z + bx + c has not the samo sign as a. 

(5) If a t + 2ax+4y z — 3a x = 0, determine the limits 
between which as must lie for real values of y, and y for real 
values of x. 

3. (a) Solve s+y=*3, y+s = 5, a:*+y 5 +c B =>36. 

(b) If the roots of S(ax+b)— V(bx + a)= V(a + £>) be 
equal, shew that £ must be one of the three cube roots of - 1. 

4. Find the formula for the number of combinations of n 
things taken r at a time, without assuming the formula for 
permutations. 

5. Find the hnmber of ways in which fourteen coins, not 
distinguishable from one another, may be divided among three 
persons so that no one may havo less than three coins. 
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6. (a) Prove the Binomial Theorem for a negative integral 
index, ossnming its truth for a positive integral index. 

(b) Pind the coefficient of x"~- in the expansion of 

a 5 — 3# + 4 

Ti -*) 6 * 8 

7. If p n , q M V(— 1) represent respectively the real and 
imaginary parts in the expansion of {1+ V( — 3)1", shew that 2h,-i 

1 V3. 


C XII ] 


1. Solve the equation 
1 


2m 1 — 5* + 3 + 3m £ -5m + 2 


■ Gar — 23 k + 21. 


2. If a and c have unlike signs, for what values of m lias 
ax 1 + 6a> + c a different sign from a. 

T . . , (ro-a — 261 (* — 6 — 2a) , ,1 

If ni is real, - — — no cannot ho between 1 and T . . 

’ (x~3a)(to-3b) ' 9 

3. Insort n harmonic means between a and b. 

If the p ,h term of a series in H. P. is q and the j’h term p, 
show that the pq»‘ term in 1. 

4. Find tho number of combinations of n things taken r 
at a time. 


In how man} - ways can' a pack of 52 cards ho distributed 
equally among four persons so that, — fa) each may have ace, 
king, queen and knave of the same suit, — (6) each may have ace, 
king, queen and knave all of different suits. 

5. Find the numerically greatest term in the expansion of 
(l + m) n taking n to be a positive fraction and a to lio between 
one and zero. 


Ex. 


(■ 4 ) 


12 ! 

& 


6. Show that tho coefficient of a; 11 in the expansion of 




in ascending powers of x is 

19 


7.9.11.23 
8 1_4 ’ 
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[ XIII ] 


1. If m+yz^Ul-a'Ul-y'W-z*)}* 


y + aai= { (1 - S z )(l - **) (1 - a; 1 )} * 


and z+zy = {(l - c : )(l -x')(l -y : )p, 


shew that 


x 1 -y i y*~ g8 ._ z'-z~ 

a z — b* b z — c z c 1 — <ri 


2. If a and /3 are the unequal real roots of the quadratic 
equation ax z +bv+c=o, the expression atf+hx + c has the same 
siga as a for all real values of a not lying between a and B. 

For what values of x, in terms of a, B and r, would the 
expression (a + bx + cxx) + (2az + bx z ) r + ax z r : hare the same 
sign as a ? 

3. Given the sum of an arithmetical series, the first term and 
the common difference, find the number of terms and interpret 
the result when one of the values arrived at is a negative integer. 

Shew, without applying the formula for the sum of the 
squares of the first n natural numbers, that 

a t +(a + i') I + ( a + 2b) : + (aq-nh) 2 =:(n + l)o l +n(n + l)nh 


«(« + l)(2n+I)i* 
+ g 


4. Find the number of permutations of n things all to- 
gether, when they are not all different. 

If X,. denote the number of permutations of * different 
things, taken r together, shew that (J [+N) r 

r=M r + rM T . x -N r + . fff r _ 2 A T 2 + + rMi.Kr-1 + N*- 


5. Assuming the Binomial Theorem to be true for a posi- 
tive integral exponent, prove it when the exponent is a negative 
integer. 


Shew that 



10 1 1-4 1-4-7 

7 =1+ 10 + 10-20 + 10-20-30 


,ad. inf. 
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[ XIV ] 

- 1, Multiply a' + 2?r + 9c 1 — 3aZ> + 6ae-95e by a + 26-3c 
and divide the result by a- b + 3c. 

2. Simplify the fraction 

( a i _ J*) I +2<z 0 i'+5a t S 1, + 2rt'& 6 
(i a t + ab + b t ) t (a l -ab + b 1 ) t 

3. Find the value of 

b/[(j:- 2 ) V(a:-2) -2{y{ll» J )-a; + 2 V(b-2)}]. 

, when«=ll. 

4. Find the squaro roots of 

(1) a; 1 - 4a: 8 + 02)'- 4a; + 1. 

19 Q 

(2) x t + ix+10+— + 

w nj X* 

5. Solve the equations 

a; + 3 *-3 x + 5 a - 7 

(1) 8 TO"” 6 ~ 3 • 

(2) J(5-2)-2(a;-30) = ’ r (®-6)-7. 

(3) (a : - V*)x- (a : — ci + c : )y 

lc : 

=«(<:- 21/)-™. 

ci — b 

w t ;/ 2a 

a + Z~ZT^b i ' 

G. at, 5, C, ZJ aro four Railway Stations. From 5 to (7 
is 25 miles more, and from C to Z> 55 miles less than from A to 
A train starts from .4, and travels at the rate of 14 miles an hour. 
At ZJ an accident happens to the engine, which causes a delay 
of G hours. After this tho train proceeds to C at half speed. 
There another delay of 4 an hour occurs, and then the train 
moves on to D at a speed further diminished by 1 mile an hour. 
A man starts from A at the same time as the train, and travels 
straight across country to Z>, a distance of 56 miles. Including 
stoppages he averages 3 miles an hour, and reaches D just with 
train. What is the distance by Bail from A to Z>? 
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[ XV 3 


1. Solve the equation 

(«+ S)* — 2(a e 3} =2x(x + 1)*. 

2. Investigate the conditions under which the roots of the 
equation ax* + bx+c-= 0, are real and equal, real and unequal, 
and imaginary. 

3. (a) Form the equation of which the roots are 

4{(1 + V(3) + V(2 V3)}&£{(1 + S3 - V(2 V3)}. 

(h) Shew that the expression 

(x*- 4)(x* + 3x + 2)(x* — x—2)+lQ ' 
x* + 5x + 7 


' is positive for all real values of x. 

4. Find tho sum to n terms of the series in G. P, whoso 
first term is a, and the common ratio r. 

(a) The first term of a Geometric Series continued to 
infinity is 1, and any term is equal to the sum of all 
the succeeding terms. Find the series, 

5. Assuming the formula for permutations, find the num- 
ber of combinations of n things taken r at a time. 

(a) 25 passengers arrive at a Raihvuy Station and proceed 

to the neighbouring village. At the station, there 
are 2 coaches accommodating 4 each, and 3 carts 
accommodating 3 each. Find the number, of ways 
in which they can proceed to the village, assuming 
(1) that the conveyances are always fully occupied, 
and (2) that the conveyances are all distinguishable 
from each other. 


6. Find the sum of the coefficients of the terms in the 
expansion of (1 + x)", when n is a positive integer. 

(a) If the coefficients in order are^ 0 , p lt p«,Pa, & c -> 


deduce 


Po+ xf + TT + 4j + &C.* 




n + 1 
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C XVI 1 

1. Sol vo the following equations : — 

(1) 1 V(* 6 ) { Sa+lf(x ) } = °. 

j? ** 2 

(2) xt$-xy)*=y{xy- 36). 

an/f3:o + 12p — ii/) = 108 (x + y — 3). 

2. Show that a quadratic equation has two, and only two 
roots. 

(a) Give the conditions, in order that the roots of tho 

X+a x->rb m + r , ... 

couation . ■ = 1 may be possible. 

n xxx " 


3. Insert n Ilarmonical means between a and b. 

(a) Given that — 

{x-y)pq+(z-x)pr+(y-=)qr^O. 

Show that p, q, and r arc tho x tlj , y lh , and terms 
respectively of a K. P. 

4. Tind for what value of r the number of combinations 
of n things taken r at a time is greatest. 

5. There aro 4 packs of cards, each pack containing 52 
cards. Find tho number of ways they may bo distributed among 
4 persons, so that each may have 52 cards, of which there are 
4 tings, assuming that the curds arc all distinguishable from 
each other, and that the order among the persons romains un- 
changed. 

G. Assuming the Binomial Theorem for an integer, prove 
it for a fractional quantity. 

(«) When n is a positive integer, show that the snm of 
the squares of tho coefficients of the terms in the expansion of 

(K+a)"is equal to ^=y t . 

[ XVII ] 

1. If a men or b boys can dig m acres in n days, find tho 
number. of boys whose assistance will bo required to enable 
(a-p) men to dig ( m+p ) acres in (n-p) days. 
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2. To complete a work A requires m times as long a time 
as B and C together ; B requires n times as long a time as A 
and C together ; and C requires p tines as long a time as A 
and B together. Compare the times in which each would do 
it and prove that 


1 , 1 1 
• ~ — «t» ■ — - c 

m+ 1 n+1 p+l 


1 . 


3. - Expand 


Vto" 


■ to five terms 


t E ~x 4 5 ) 
and find the (5 + r)t& term. 

4. Eind then 01 term and the sum of n terms of the series 

. 14 . 44 134 

2 + 4+ 3 + 9 + 27 * 

5. How many different sums can be made -with a guinea, 
a half -guinea, a crown, a half-crown, a shilling and six pence ? 

G. Find the square root of 


(a;' - ’** 1 ). 


[ -XVIII ] 


1. Divide 1 +2x by 1 — 3i to 5 terms in the quotient. 

2. Find the G. C. M. of 

fix’ + 2x z — 15a;- 6 and — 7z 5 + 4ar + 21x-12. 

3. Find the value of x, y, s in the equations : — 


x 


~+ 5+ |”=12, ^+5-r = 8, ~+ ' <=10. 

2 o o 6 0 0 6 0 


4. How many combinations can be made of 7 things 1, 2, 
3, 4, 5, 6, 7 together respectively ? 

5. What is the logarithm of a number ? 

G. The sum of 700 Rupees was divided among 4 persons, 
whose shares were in geometrical progression ; and the differenco 
between the greatest and least was to the difference between tho 
means as 37 to 12. What were their respective shares ? 
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[ XIX ] 

1. Give the square root of 42 + 3 V (174g). 

2. Divide 2 V( — 7) by — 3 V(-~5). 

3. Solve tho following equations : — 


(i) 


1 ax , a 

a = + — - — . 

a »_3- a - « a + « 


(ii) + aT* = (a — » -1 ) 1 + x. 

(iii) a7* + f/=*ll 7 

, ar* + 15 J 

(iv) (a' + J/ 1 ) (»-*/', = 51 7 

+«/' + *=■ 20+y $ 

4. Required two numbers such that their product shall be 
equal to the difference of their squares, and tho sum of their 
squares equal to the difference of their cubes. 

5. Required the value in a series, giving 5 terms of 


C c*-sr}*‘ 

6. If m, n are any two numbers, g , ’their geometric mean, 
a i> a ai ^ 2 i the arithmetic and harmonic means between m, g, 
and g, n, respectively, prove that b» =g z c=anb 1 , 

7. Required tho present vnlue of a perpetual aimuity of 
£55, allowing 3 per cent, compound interest. 

8. Define tho term logarithms, and state wherein tho 
Napierian system, differs from the one now in general use. 

Determine the base of the Napierian system 

9. Given log 9 =’954242 

log 5 = ’098970 

find the logarithms of 33}, 6, 75. 
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[ XX ] 

1. Express as a single fraction 

a + X*f (—1) a-mV(-l) 
a-w V( — lj" 1 " a + xS(-l) ' , 

and shew that J 

VB— V2 

^ 2 — Y'= ^2- V3+ V6 — 2. 

2. Find the values of a, y and z, from the equations : — 

£a + £/ + -’-a'=4; ^ 

+ + J-s=38 L 

4s+|y+4s=62 } 

3. Solve x B — 2<d=4. . 

4. What are variations ? How many variations can bo made 
ont of 6 things taking 5 togother? AVhat are combinations ? 
How many combinations can be made of 6 things taking o 
together V 

5. Find the 8th term and the sum to 8 terms of 

(1) l + £ + £+&c. 

(2) 2-4 + 8-&C. 

6. Given log 2 = '30103, calculate log 25. 

If 5 ir-;l =400, find x. 

[ XXI ] 

1 1 

c . ... a + b + c ( 4 2 + c t -a : 'l 

1. Simplify j— j- x 1 1 + - ibc j 

a . 5 + c 

and find the L. C. 3L of 

x*-(a+b)x+al, ar - (b+c)a+lc, and xr- (a+c)x+ac. 

2. Solve the equations 

o> V(*-i)+ V( l ~l)- x 
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(ii) a l -a t +y i -y z = 84 7 
x z + x z y z +y 1 = 19 ) 

3. Snzn the following series. 

(1) l-2 + 2-3 + 3-4+4 , 5+ to n terms. 

(2) 7n + rr2 +H to infinity. 

4. Expand by the Binomial Theorem to 4 terms ; 

(a 1 - ax)~^. 

,5. A sets off from Madras to Bangalore, and B at the satno 
time from Bangalore to Madras, and they travel uniformly ; A 
roaches Bangaloro 16 hours, and B reaches Madras 36 hours, 
after they have met on the road. Find in what time each has 
performed the journey. 


[ XXII ] 


1'. Solve tho equations 


(i) 


aj + 3 aj-3 2ar — 2 
a — 2 = nj-1 


(ii) x z + y'-*=7 + wy 1 
x t + y z = 6xy — l ) 


2. A person has £ 1800 which ho divides into two portions 
and lends at different rates of interest, so that the two portions 
produce equal returns. If the first portion lmd been lent at 
tho second rate of interest it would have produced £ 50, and 
if tho second portion had been lent at the first rate of interest, 
it would have produced £ 32. Find the rates of interest. 

3. Explain "cnerally the theory of Logarithms. Distin- 
guish between Xapierian and Natural Logarithms, and show 
how one can be converted into the other. 

4. Find tho square root of 

7 — v r (10) — -/(14) — V (35). 

and expand by the Binomial theorem to 5 terms (t/a + \fx)~ s . 
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5. How many different sums can be made up of a Rupee 
an eigiibanna piece, a four-anna piece, a balf-anna, and a pie. 

[ XXIII ] 

1. An odd number of Arithmetical means is inserted 
between —6 and 54 sucb that the last mean is double the middle 
mean. Find the number of means. 

' 2. If inGeometrical Progression the y th , and zth terms 
arc in Arithmetical Progression, prove that the sums of the series 
to x, y, and a terms are also in Arithmetical Progression. 

3. Prove the formula for the combinations of n things 
taken r together, without assuming the formulaffor Permutations. 

(a.) In how many ways can x boys and y girls be arranged 
in a straight line (y < x) so that no two girls shall 
stand together. 

4. Find the coefficient of x n in the expansion of 

l + 2a;+3x s 
(l-a)s 

5. A person has P pounds which he puts out at interest, and 
be spends each year Q pounds more than the interest of P, .and 
after a certain number of years he has nothing left. If he had 
spent each year Q pounds 7m than the interest on P, prove 
that at the end of the same time his property would havo 
amounted to 2 P. 


[ XXIV ] 

1. Sum to n terms l 3 +2 E + 3 s + &e. 

(a) Sum to » terms l-2 : + 3'4 : + 5'6 : + &e. 

2. In Harmonical Progression, if they> a termer, and the 
gtn term <=pr, prove that the r th term 

3. Find the greatest numerical term of (1 +x)~ n . 

Ex. (1+i)"’, n being an integer. 

. 3-5-7...(2r + l). 1-3-5 (2 r-1) 

4 * If Qr ~ 2-4-6 2r * 


Prove that pr+fV-i?] +4V-c7a + 


+ 9V*=r. 
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5. Tind the snm of the first 2n + l coefficients in the 

1 05 * 4 * 

expansion ^ _ a . )S(1 + • 


6. Find the amount of P£ in n years at compound 
interest, interest being paid q times a year, and each payment 

being ^ • 


[ XXV ] 

1. If V(a+ Vi) = ~Jx+ Vy, prove that V(a~ V&) 

» 

= •/ tc — Vy.' 

(a) Find the square root of 4+ V15. 

2. The first term of a series in Arithmetical Progression is 
12, the common difference 4, and the sum to n terms 132. Find 
n, nnd give a meaning to the negative value of n. 

' 3. Sum to n terms, and to infinity 
1 + 2s + 3z £ + 4z s + &c. 

4. Assuming the Binomial Theorem to be true for any 
positive quantity, prove that it is true when tho exponent is any 
negativo quantity. 

(a). Prove that 

(1 -2*)** ~ (1 -xy n -2nx(l - *)-"-!+ — f ~~ l) *‘(1 - a) 1 **- - £c. 

5. Find the number of homogeneous products of n things 
of r dimensions. 

(a). — There are three dice, each die having six faces 
marked 1, 2, 3, 4, 5, 6. If tho threo dice are thrown 
together, how many different throws can bo made. 

G. Find tho Present Value of an annuity for n years at 
Compound Interest. 

(o). What is the Present Value when the annuity lasts 
for ever ? * 
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[ XXVI ] 

1. Resolve 3x s — 14xy + ox — 5y* + 7y - 2 into factors. 

2. Shew how to insert n harmonic means between two 
given numbers a and b. 

An Arithmetical Progression and an Harmonical Progression 
have each the same first term a, the same last term ?, and the 
same number of terms «. Prove that the product of tho 
(r + 1 ) th term of one series, and the (n— r) 11 * of tho other, is 
independent of r. 

t 

3. A contractor undertook to excavate a water reservoir at 
2s. 6d. a cubic yard. The sides were vertical, and the length of 
one side of the base was 2 yards less than eight times the depth 
of the reservoir, also the length of the other side of the base 
was 5 yards less than six times the depth of the reservoir. 
There were 178 yards in the base more than in the four sides. 
Find the cost of excavation. 

4. Prove that the total number of ways of taking n things 
is 2 n — 1. 

Expand (l + a;) 3 4 (l -x z )~ z in a scries of ascending powers 
of x. Find the sum of the first n coefficients. 

5. The simple interest on a certain sum of money for a 
certain time is £7, and the discount for tho same time at 
the same rate of simple interest is £6. What is tho sum of 
money ? 


[ XXVII ] 

1. The product of four numbers in Aritbnletical Pro- 
gression is 4480, and their common difference is 6 ; find the 
numbers. 

2. Derive the expression for the snrn of an infinite number 
of terms of a series in Geometrical Progression ; and sum to 
infinity the series — 

2 5_ 2 5 

b + 3 2+ 3* + 3 4 + 

3. Expand ( a — b by the Binomial Theorem ; and use the 
result to obtain the cube root of 25 correct to five places of 

decimals. 
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4, Dedace the relation between logarithms of tho samo 
number to different bases. 

Given Logc 9 =>2-197225. - 
Logs 10=2-302585. 

find log 9 to base 10. 

[ XXVIII ] 

1. Divide a + 6 £ + c E -3-V’(ah , c s ) by a^+Z>^ + c. 

2. Solve the following equations 

(i) x + y+c~=0 

(o + Zi)a - (« + c)y + (6 + c)e = 0- 
abto —acy+lct=*l 

(ii) a^+f/ £ =2a 2 

m + y : x~y :: m : n. 

3. The diagonal of a onbo is a foot longer than each of 
tho sides, find tho solid content. 

4. Provo that tho sum of all the combinations that can bo 

made of n things taken 1, 2, 3, n together is 2" — 1. 

5. Find the sum of ^ ^ - + &c. to infinity. 

6. Expand by tho Binomial Theorem (1 — (fce + 6® 1 ) - ^ to 
five terms. 

7. Given log 2=-3010300, log 3 = -4771213, find the loga- 
rithms of 3-2, H, f, 15, -0054, 14J, 1-8 and 8T. 


[ XXIX ] 


1. Find the L. C. M. of as + 2a I 6-a6 : -25 B 

and a*-2a t b~ab : +2b*. 

2. Sam the series 


a 


- + 


r 


0+6 
“r=~ + 


a + 26 
' r* 


+ &c. 


to n terms. 


20 
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Ex. i + £-rf + &C 

3. Find the number of combinations of n things taken. 
V together. 

Shew that for a given ev'ea. value of n, the number of 
combinations is greatest when r = i7!, 

4. Find by the Binomial Theorem approximate values of 
V8 and \r9. 

5. Solve the following equations ‘ 

(i) ar 2 + »/* = «- 
x+y=b 

(ii) m+y + c = n 

. ax + by+cz= 0 

a t x+b t yi-c z s=Q 

(iii) 20 “=100, log 2= ‘30103. 

6. It is found that in a given population the births in 
one year amount to Itk of the whole, and the' deaths to ^ th , 
in how many years will the population double itself. 

[ XXX ] 

1. In how many ways can you chooso a pair out of 
twelve horses ? 

2. Form the equation whose roots are 64= «/(3 - 2 V2). Are 
the roots real or imaginary ? 

3. The length of a room is 14 yards more than its breadth, ' 
Its area is 435 square yards ; required its length and breadth. 

4. ' In the returns of British Revenue for the last quarter, 
we find that thc'gross increase of revenue on the corresponding 
quarter cf last year exceeded ten times the net increase by £93 
more than a twelfth of the Post Office decrease. 

There was an increase upon the “ Crown Lands”, a decrease 
of twenty-two times this amount upon “Stamps”, and sixty 
times upon the “Post Office”; an increase upon “Taxes” equal 
in amount to the decrease upon tho Inst items. The increase 
upon “Property Tax” exceeded that under the head of taxes by 
seven hundred times tho increase on “Crown Lands”, whilst the 
increase upon “Excise” fell short of that upon “ Property Tax'* 
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by seventy times tbe same quantity. Finally, the increase upon. 
“ Customs” exoecded by £313, thirty-one times the increase on 
“ Crowm Lands”, whilst the decrease under the head “Miscella- 
neous” exceeded sixty -two times that under “ stamps by twice 
the increase on “ Crown Lands” and £141. 

What was the increase or decrease upon each item, the 
gross increase and the net increase ? 1 


5. 


Show that q = l- a; + a^-a s + &c. 

1 + x 

a -. 1+ n + %l> + Sta|=21 


0«=l-n+ 


n(n— 1) n(n — 1)(« —2) 


1-2 


1-2-3 


+ &c. 
+ &c. 


[ XXXI ] 


1. Simplify 

W* 1 +r')¥ - x <2r(3x‘ 

2. Find the G.C.SL and L.C.M. of da- - llcdm - 17as : + 4x8, 
and 7 a’ — 36a*aj + 12ain*-x ! . 

3. Solve the following equations 
n*m 1 x i + m l + 2m , naj x 

x B + ® -/*'=• 72. 

4. A tradesman turns over a third of his capital every 
three months, a sixth every oi^ht months, an eighth every 
fourteen months, and the remaining three-eighths every two 
years. He makes a uniform profit of 25 per cent, and realizes 
an income of 600 per annum. What is his capital. 

5. What are similar surdsl show that the product of 
two dissimilar surds cannot be rational. 

G. Find the square root of 2J — ,/7. 

7. If a : li :: c : d and b : e :: d : J ; then a : c :: c :f. 

Stato the Binomial Theorem. Assume its truth when 
the index is integral and proveit when tbeindes is fractional. 
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[ XXXII ] 

1 . Multiply 14x c + 7n , 'y+12x B yZ— 8 : 0 * 1 /* + 9xy s — lly c ' 
“ 4 |- by (x +y)*. 

2. Find the square root of 2{6+ V(35)l in the form of a 
Binomial surd. 

3. If the diameter of a circle he 14 inches long, and bisect 
a chord 4 inches long, shew that the segments of the diameter 
are represented in length by the two roots of the quadratic 
equation ® s -14rc+4»0. 

4. Give the number of ways, in which a ream of paper 
can bo divided into half quires, stating your result in factors. 
Prove your rule. 

5. A clerk falsifies his master’s accounts by ono pie the 
first day, three pies the second, five pies the third and so on. 
At the end of a year, by how much would he bo able to defraud 
his master ? 

6. If in the above question we had written nine (instead 
of five) pies, within how many days would the same result have 
been obtained ? Work by logarithms. 

7. Solve the equation 

m* +« s nm 

— 7 = ®+ — . 77 - . 

m~ — n- \ m- — n-)co 

8. A certain number consists of three figures in A. P., 
reverse their order and you will have a number, whoso excess 
above twice the original number is to its defect from three times 
that number in the duplicate ratio of 5 to 4, and also thiB defect 
is the square of the sum of the first and last figures. Required 
the original number. 

[ XXXIII ] 

1. Divide a B + IT^ by a £ + $. 

2. Find the L. C. 51. of a-x, a-—xr, a* -X s . 

3. Prove the truth of the following identities. 

.... -J(a+x) + V(o - x) ^ 

'■ 1 ' V(a+x) - -/{a-x)** a- ‘/(a z -x 1 ) * 
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S(a'--x 1 ) t J(a+x) _ t'Aa+xy 

(2) J{a-x)!/(a t -x t )~\/ (fl-x) 1 ’ 

4. Solve the following equations : — 

Rr— 1 

(1) \x- fj— -+3a;<=0. 

(2) 9« — 3m‘+4 *f(x z — 3® + 5) = 0. 

(3) x-ycT.1 1 

(a' + j-y-f i/*)(:t B -2/ s ) = 361. / 

(4) x(y + z)=a, y{x + =) = l. zf» + y)~c. 

5. Shew that the equation x* +px s + gx 2 + rx + s=0 may 
be solved as a quadratic if r £ -p i s = 0. 

6. If A vary ns B, then A is equal to B multiplied by 
some constant quantity. The volume of a right cone on n 
circular base varies directly as the radius of the base when the 
height ti? constant, and iis square of the height when the rndins 
of the base is constant. Find the heisrht of such a cone which 
stands upon a base whose radius is 3 inches, and is made from 
two cones the radii of whose bases are 3 aDd 4 inches, and 
heights 4 and G inches respectively. 

7. Find the sum of a 'series in A. P., having given the 
number of terms, the first term, and the common difference. 

A ball is projected with such a velocity that it goes 20 feet 
in the first second ; in each second afterwards it goes a distance 
of 2 feet less than in the previous second. How far will it go 
in 9 seconds ? * 

8. A sum of money is left to two persons for their equal 
benifit. - For the first it is to accumulate at componnd interest, 
5 per cent, for a certain time, and then to be given to the other 
for ever. Shew that the first person must keep it 14Jt years 
nearly. Given log 2 = -301030, log 3= -477121, log 7= -845098. 

9. 'Write down the (r + 1) 111 term in the expansion of 
(x + a)~ B , From this find tlio greatest term in the expansion. 

' [ xxx iy ] 

1. Resolve the following expressions into factors of the 
first degree sfcy + x + lj-j^iry+y + l), x : +xy + y t . 
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2. Extract the square root of 

a> I + ll+^ — 6^®+-^ and of x t —ax + a t to 4 terms. 

3. _ State and prove the rule for finding the L. C. 31. of two 
algebraical quantities. 

Find the L. C. 31. of 

a* — Sab + ac — 2bc and a*- lr + 25c — c~. 


4. Solve the following equations : — 
(a) 2 x + y = 4.x : , 3y-2x=y t . 


(B) 


®+m , ar + 1 

+ m — - 

x—m x—1 


4- 


m + 1 
m — 1 


= 0 . 


(7) a:’ + 6a; 1 — 12® + 8=0. 


5. Write down the r ttl term of (1 4 - a;)" and of (1 * -x)~ : . 

6. If *c r represent the number of combinations of n things 
taken r together, prove that ”c r = n c n _ r . Find the number of 
combinations of 31 things taken 28 together. 

7. A person starting from a point A on a railway, after 

walking 10 miles meets a train which left B at the same time 
and which moves with the square of his velocity. Had ho 
walked in the opposite direction he would have been overtaken 
after walking 15 miles. Find his rate of walking and the 
distance from A to B. ' 


[ XXXY ] 


1. If the equation a* 2 + &* + e = 0 have real roots, shew 
-that for real values of x lying between those roots the 
expression ar : + bx + c has an opposite sign to o and for all 
other values (the roots excepted) has the S3me sign as a. 


Find m from the equation x 


5(3 + 4 ®) , . ,, , . 

■, and shew that in 

4 — 3® 


■order that x may bo real, l must not lie between 4 and 

2. An odd number of arithmetical means is inserted 
between 7 and 43 such that the first mean is to the middle ono 
as 2 to 5 ; find the means. 
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3. The permutations of n things taken r together is n 

(n — l)(n-2) (n-r + 1). 

4. In the comparative examination the sixth classes of 
the three Provincial Schools are arranged in one list. Shew 
that, if the number in each class he n and if the boys of each 
school preserve relatively to each other a fixed order deter- 
mined by a separate examination of each school there are 

(3n 

(L2) s 

possible arrangements. 


Show also that in of these the boys of jOne parti- 

cular school will stand together. 

5. Write down the following quantities : — 

(1) The coefficient of a h b 7 in (2a + 3b) 12 . 
t2) The coefficient of m® r+l in (x-a 

G. If /(m) denote the series l + mx + m ^™ + 

i. I* 

prove that f[m) . f{n)=f{m + n). 

Hence prove the Binomial Theorem for a fractional index. 

[ SXXVI ] 

1. Simplify the expressions 

«* a 1 1a'~ 

t — — a r f- a i 

o-a b — a b—a 


a — b 


a + b a z — 6* " 


and shew that 

'«5+ 

n{n-fl)(n + 2) / 


(n + l)*-(n + l) 
3 


! (a + b) z . 



264 


ALGEBRA. 


2. Solve the equation 

x 1 -2x l (,b'+c z ) + (b i -c : ) t = 0 

- / 

and hence resolve the .first member of the equation into four 
factors of the first degree. 

3. Investigate tho condition of equal roots in the equation 

ax t + bx + c=0. 


Shew that, in order, that the values of a determined from 
the equations 

cn I +&!/ : = l 
max+nby=l 

, may be equal, it is necessary that 
m s a+n : b = 1 

and that, if this condition be satisfied, 
then x = m =yn. 


A. Find the harmonic, tnean between two quantities a and 
b, and shew that it is less than the geometric mean. 

If A ho the arithmetic, and E tho harmonic mean between, 


■a and b, shew that 


a- A 
a-H~ 


l~A 

b-H = 


A 

E' 


5. Find the number of permutations of n things taken all 
together when p of them are of one sort, q of them another. 

Shew that 504 numbers, each ending with two even digits 

can bo formed with nine digits 1. 2, 3, 4 9 each digit 

occurring once and only once in each number, and the numbers 
being subject to the restriction that in reading them from left 
to right the odd digits shall be met with an ascending order 
of magnitude. 

G. Shew that the coefficient of a" in the expansion 

[ xxxvii ] 


1. If ~ = ~ = &c. prove that 

' b a f 

a_ » / f Aa n + Bc n 4-Cc" + ...\ 

IT V \Ab' + Bd' + Cr + -} : 

/ 
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2. Solve the following equations « 

A ' 

a# 

_ 12 
'ye' 


(i) 1+1+1= 
' * y 


1 1 , 
— { — 4-1 = 

y * 


i+i +1 = — . 

S X BIS 


(ii) »y+j/*=3 1 

»*-j,4~6(**+3y*)-27 / 

3. Provethat V{2-2 V(-3)}*= V3- V(— 1). 

4. Prove that the coefficient of e in the expansion o£ 
(1+a ;) n is n. 

5. Find tho number of combinations of n things taken 

Y together. j 

If this number be represented by "c,, prove that 

*e 2 , + "Co^-i + "Cj,,-. + + *c 2 +% = " +1 d 2r + fl+1 c 2l ._ 3 ' 




.«+! 


c 4 + 


”+i r 


°2r-l + •• 

6. In a series, any three consecutive terms beginning with 
an odd term are in A.P. and any three consecutive terms begin- 
ning with an even term are in H. P. ; if a and a+i> be the first 
and second terms of such a series, prove that the sum of the 

. 2a+6 (a + 26)” -a” 

senes to 2 terms = - sr - . . 

25 a 1 

7. Prove that log e (l + £) =#— + 


[ XXXVIII ] 

1. Shew that the expression 

{g + (n — l)5}g n 5 j( 1 - a" -1 ) 
a;-l (« — 1) £ 

will be increased by (a+n6)®", if n bo increased by 1. 

2. Investigate tho circumstances under which the ex- 
pression a* : + 6x + c will retain tho same sign for all real values 
of nr. 
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For what values of x will the expression 


(x-3){4x : -4x+l) 

(x+2)[x £ ~3x+3). 


be positive ? 


3. Insert a given number of harmonica! means between 
two given quantities. 

If 2n arithmetical and the same number of harmonical 
means be inserted between a and b,. and s and s' be the' sum3 
respectively of the two middle arithmetical and the two middle 

harmonical means show that 

7i(n+IJs-+ao 


4. There are 3 p things of which 2_p are alike and the rest 
unlike ; find the number of combinations of them taken 2 p at 
a time. Find also the number of permutations taken 2 p at 
a time. 


5. If two consecutive terms in the expansion of (x+a') n _. 
£n an integer], are equal, these two terms are the greatest 
terms. Prove this and find these terms whonn=3ni+2 and 
x+2 a. 

In the expansion of (s + a) 199 whether is the 66^ or 68^ 
term the greater when a— 2a? 

6. Assuming oral + c 1 x+c s x £ +c-u' + &c., find c ; , c s &c. 
in terms of c x . 

What is the value of c 2 ? 


[ XXXIX ] 

1. If a + b + c + d**0 and a-i + b-'+c-' + d-^O, prove that 
or- t- 6 s + c 5 4 r^ = 0. 

2. State and prove the rule for finding tbo L. C. II. of 
two quantities. 

Find the L. C. M. of a 4 -4i;-8, and x*-2x-4. 


3. Solve the equation 


( 1 ) 


1 — ax 


1 + b £ x t 
1 -lx 


(a — b)x 


( 2 ) 


l'--x £ x 
V — tn £ vi 


a — m 
a-x ' 
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1 4. Show how to find the snm of a series in A. P. 

Find the stun of n terms of each of the following series 

1 + 3 + 5 + 7 + &0. 

- l‘3+3‘5+5‘7+&c. 


5. Assaming the truth of the Binomial Theorem when 
the index is a positive integer, prove it when the index is n 
negative integer. 

Find the coefficient of a r+1 in the expansion of 
(1 +aaj + a J a; I + a B a; s + &o. to infinity)". 

6. If a; differs very little from one, show that 


ax s - lx a 
x 3 4 * 6 ~a n 


1 

1 -x 


very nearly. 


.. [ XL ] 


1. Find the Gr. C. iff. of 3a* — a; -10 and 2a 1 -3®— 2, and 
the L. 0. M. of a* + x c -2 and - 3x* — w + 3. 


2. Solve the following equations : — 


( 1 ) 


a* + 2 s - 3 a , 

ro* + 6a;+6 x+2 


( 2 ) 

(3) 

(4) 


a + 1 


a -t-2 


a; +.a Vj / = y + a = 6*. 

4x(x+y)=3y 1 
!/*+2=6:c 5 


3. Find two numbers, of which the product shall bo 6 and 
the sum of their cubes 35. 


4. Beduoo (32a°— 9Ga c z)\ 


Add V(72) and V(128). 


Find the difference of V(27 a l aj) and 2 •f(3a. t x B ). 
Multiply 2V(10) by 4*/(12). 

Divide V8 by ®/'(16). 
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5. Find the sum of 2a5 + ab —■ + &e. to infinity 

Show how the sum of the G. P. a, «?•, ar : , nr 8 . ..to n terms 
is obtained, and when r is less than unity, -show the expression 
for the sum of the progression when n is infinitely great. 

If a,b t c are in H, P f prove that 
lb b 

a ~2' 2’ C ~ 2 are J " a ’ an ^ 2 "^ ^ a ^ er progression 
he 2, 10, 50, find a, b, c. 

.6. Expand by the Binomial Theorem to five terms. 


(a t +a! 1 )^ and 


1 


V(h z + ® 1 )' 


7. In what time will a sum of money be doubled, at 44 
per cent, compound interest, supposing the interest to be due 
half-yearly. 

8. A certain number of persons, represented by the num- 
bers 1, 2, 3, 4 &c. may bo arranged in 35 rows, threo in each, 
so that no two persons shall be abreast twice. There are 7 rows 
of even numbers, and the other rows are each formed of two odd 
numbers, and one even number. Find bow many persons are 
required for tbe above combination, and arrango them in tbc 
35 rows. 


C XLI ] 

1. Find the G. C. M. of 

x e ~4x : -4x-8 and and resolve it into 

quadratic factors. 

2. If <K a ) = , provo the identity 

$(a) , < t>{b) , #0 _i _ag7 

(a-5)(a-c) + {b-c)[b-a) ' (c-a)ic-h) abc ' 

3. Solve the equations 

(i) l{[m + a) j rlf{x-rb) + ^f{x+c) = 0 

(ii) (5+c)r + (c + a)y4-(a + 5)e = 0 

Icx+acy+alz^ 0 

aa:+%+cc=a + 5+c. 
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and from your solution of the first deduce the inequality 
a + b + c^?>lf(abc) when a, b, c are positive and not all equal. 

4. Find the nnmber'of combinations of n things tal onr 
together. If the solid angles of an icosahedron be joined^ in 
ovory possible way, how many lines will there be, exclusive 
of the edges of the figure ? 

5. Prove the Binomial Theorem for a positive integral index. 

If (l+aW be expanded and then arranged according to 
powers of cr, what is the numerical coefficient of x° ? 

6. Two rectangles of equal area have their sides in tho 
ratios a : b, and a 8 : 6 s respectively, and the perimeter of 
the latter exceeds that of the former by 2(a+b), show that 

a s b 3 

the area of either is ; . 

(a-b)i 


[ XLH ] 


1. Ki+j+s=l, 

a b + c~ a b + c’ 

and ato+by + cz*=a + b+c, find tho value of «*» + Zfy + c 1 ;;. 

2. State and provo the rule for converting a recurring 
decimal into a vulgar fraction. 

3. Provo that 

2T I + 3 - 2 t +4 - 3 , +&c to n terms 

“T 3 ;u(rc + l)(n + 2 ) (3 n+1). 

4. When n + 1 figures of a squnro root have been obtained, 
by tho ordinary method, shew that n more may bo obtained by 
division only. 

5. The value of tho expression a ! — 3a 8 +2 remains un- 
altered when a is increased by 2 -/3. Determine that value. 

6. Find tho number of homogeneous products of r dimen- 
sions that can be formed out of n letters a, b, c and their 

powers. 


21 



270 


ALGEBRA, 


[ XLHI ] 

1. Resolve Gz : y : —7xy* -3>j i into elementary factors ; and 
eimplify 

a s +»* „ 
y _ x~—y z 
i_l x £s+p* 

!/ » 

2. Solve the equations 

(a) V(3®+4) + V(3a;— 5) = 9. 

(b) ^(9x)+ -Jx= v r (15£+4). 

3. Find the ?i 1 ^ term and the sum to n terms of the scries 
1— 3 + 5— 7 + &c. ; and the 20 th term and the sum to 20 terms of 
1-2+4-8 + &C. 


4. Expand (2a: B — 3r/*) c by means of the Binomial Theorem, 

5. Solve the equation 8;e E + 16®- 8 = 1. 

G. Define a logarithm. Reduce the negative logarithm 
— (3‘141592G) to another of which the characteristic only shall 
ho negative. Find the value of ’9977 and *8333. 

[ XLIY ] 


1. Prove the rules for multiplying Algebraic quantities, 
Perform the following operations : — \ 

(1) {-m+y^(-l)}s. _ 1 

' (2) \/ { (2e r + c~ y ) (2e* + c~') + 2 (se^ + }+c~~-') 


2. Define the L. C. hi. of two quantities. \ 

Every common multiple of two quantities is a multiple oti 
their L. C. hi. If the Algebraic expressions A. B. and tbeiri 
greatest common measure be the m th , and r tb degreo in x 1 
respectively, no common multiple of A and B can be of less than 
the (m +n — r) 111 degree. 

3. Explain the method of Mathematical Induction? 


If there be n factors, each of which is the snm of two 
squares, show by the above method that their product may be 
expressed as tho sum of two squares, and determine the number 
of ways in which this may be done. 
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4. Show without the aid of formula that the number of 
combinations of n things taken 5’ together iB the same as the 
number taken n— r together. 

Find the number of different combinations of 10 things 
6 together of which 4 are alike. 

5. Form the product 

(l+OjaOll + aoEXl+aato) (l+a„K) 

and deduce the Binomial Theorem for a positive integral index. 

If n C f be the coefficient of x v in (l + a:)", show that 


on . IF 1 on i 
Cl + toTT C -! + 


±H 


[2 | m -2 




|m + n 


(r \m+n— r 

6. Explain the “ Principle of proportional parts” employed 
in finding the log of a given number from the tables. 

Construct a table of proportional parts and use it 

(1) in finding d when 

log^l+ -0000175. 

(2) in finding log ^1 + C ^j when <7 => • 75. 


[ XLV ] 

1. Prove tho rule for finding the G. C. M. of two algebraical 
quantities. 

Show that ax z + bx z +cx+d and dx s + cx t + lx J ra will have 
a common divisor of tho second degree if 


nlc-a z b-l z d +acd ac l — bcd-a 1 + ad* d(ac — bd) 
ac — bd cib-cd = a z — d l ' 

2. If a and p, bo the roots of the equation a^+jptf +q*=0, 
then a+/3= -p and a/5 = y. 

If one root o£ tho equation a, J + (c + (f)a;+5=0, bo a root of 
the equation c*+ (c — d)x + b—O t - its other root is a root of tho 
equation a ! + (c -3d)ar + (c + d) s - (c* - rf 1 ) -f b = 0. 

3. If I buy n articles for 1 Rupeo each, n — 1 articles for 
each, n — 2 for -R&3 each, and so on up to one article for 

-fte n each, find tho sum I shall have to pay. 
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4. If tlie 7th and 8th terms in (a+ b)” arc in the same ratio 
os the 6th and 7 th in (c+ 5)° +1 , find n. 

i 

5. Find the present value of an annuity to commence at 
the end of p years, and to continue q years. 

A person 30 years of age having -Its-20,000 wishes to 
purchase an annuity which is to begin when he attains the ago of 
50 : if lus life be valued atfiO years, and interest be reckoned at 
3 per cent, find the value of the annuity he may purchnse, 
having given 

log 3 =‘4771213 logl-8061=-25G7418 

log 2= ‘3010300 log 2-4272 =‘3851050 

log 1-03 = -0128372 log 6-211 =-7931615 

log 4-2348 = -6268329. 


[ XLYI ] 


1. Find the limits between which 



a+nl\ / l + va\ 

n + 1 ) V n + 1 ) 
(® — a) (m — b) 


cannot lie for real values of x. 


2. If n harmonic means be inserted between p and q, shew 
that the sum of the rth and (u-r+ l)th means is less tlianp + g-. 


3. Find the number of ways in which the letters «, 5, 
c, d, c may be arranged, so that (1) a may always appear 
before, b, (2) a, b, c may not appear in the 1st, 2 C(1 and 3 1,1 
places, respectively. 

4. Show by mathematical induction that (3+ V5) n 4- 
(3- V5) n is divisible by 2", n being a positive integer. 


5. Find the greatest term in the expansion of (« + a)°, if 
n is a positive integer and no two consecutive terms of the ex- 
pansion are equal. 

If x <= 3a, which is greater term in the expansion (x+a) 109 , 
the 49 th or the 52 ni ; and with the same condition, which is the 
greatest term in the expansion (a;+a) 19S . 

6. Assuming that ar=l+c 1 ir+c : ,« s + &c. ) prove that 
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Shew that the sam to infinity of the series whose (r- f l) tlj 

, . (r+l) s . ,, 

term is — : — — is loe. 

lx 

[ XLYII ] 

1. Shew that the equation 

(6-a;) 1 -4(a~«)(c-ai) = 0 has real roots whatever bo tho 
values of a, b, c. 

Shew that the expression (n— Z:)» !: + (6 — 7;)a:+(c-Z;) will 
have an invariable sign for all real values of m, if h have any 
valno ontsido certain limits. 

2. In tho expansion of (Ha)” where n is a positive 
integer, determine tho circumstances in which (1) tho terms 
increase from beginning to end, (2) there are two consecutive 
terms equal. 

( 1 \ 

1 -f — j - find the first term that 

is less than tho preceding term, and also tho first term that 
is negative. 

3. Find the first two terms in tho expansion of 

2 + 3a? + (1 — 3x)^ 
l~}x+(4~x)^ 

according to ascending powers of x. 

4. Assuming the formula 

log c (1 + *) = x - hx z + - ±x l + &c. 

prove that log £ (n+l) -log^l^-p | (j^yrh&c } 
given log e 3 = l , 098G12, find log c 10 to 5 places of decimals, 

[ XLVin ] 

1. Explain and illustrate the method of Mathematical 
Induction. 

Shew that the sum of tho products of n quantities taken 
three and three together = £ ts 1 s +2s 3 -3s,?A where is tho 
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earn of the quantities, the sum of their squares, and s 3 of 
their cubes. 


2. Find the numerically greatest term in the expansion of 
(a + <r)“ when n is negative. 

3. Four men and two women have to sit at a round table ; 
in how many different ways can they be arranged so that the 
women are not together ? In how many such arrangements are 
three of the men together ? 


of x. 


( 1 1 \ c 

l+l + p 5 + 1 in ascending powora 


Shew that 4e=l*3+||+ ^ ad inf. 


[ XLIX ] . 


1. Show how imaginary expressions may be introduced 
into Algebraical investigations. Prove that the modulus of the 
quotient of two imaginary expressions is the quotient of their 
moduli. 


Solve the equation ^x — ( ' x ~ ) 


■=(a;-a)(:c- /3)(®-7), 


where 4a 1 /37 is positive and greater than (a/3 + 7a- /37)% 


2. Show how to insert any number of geometrical means 
between two given terms. 

Construct an infinite geometrical series such that the sum 
of all the terms after any selected term is equal to that selected 
term. 


3. Solve tho equations : — 


at + b x+a 
a > b 



b 

GT + «' 


fx 1 — 13:c+3l 
\ x z ~ a — 11 


) 


= 0 . 


4. Define the terms logarithm and mantissa. What is tho 
common system of logarithm ? Show tho relation between tho 
logarithms of the same number to different bases. 
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£ L ] 


1, Solve the following equations : — 
4y* + 3®y— 0*^0. 
(g-a)(a-y)‘=*(x+2a)(x+y') 


2. Find for what relation between the coefficients and 
what values of * tho expression m 1 x t + bx+c is negative. 

fTl* 71* 

If x be real, show that the expression - — - — - can havo 

1t 25 i — tO 


any real value. 


3. Find tho sum of the cubes of the first n natural num- 
bers. 

Show that the sum of tho cubes of any number of conse- 
cutive integers (not beginning with unity) is divisible by tho 
sum of the integers. 


4. Find the number of permutations of n things taken all 
together which are not all alike. 


Show that 154 numbers less than 1000 and divisible by 5 
can be formed with the ten digits, each digit not occurring 
moro than once in each number. 


5. Find the greatest term in tho expansion of (x+a) n , n 
being a positive integer. 


Show that the coefficient of a" in the expansion of 


( 1 - 2 *)” 

1 -3a; ' 


[ LI ] 


1. 


Solve (x + my+ 



(a^ -m : ) c . 


2. (a) If x is real, shew that ax ! + bx + c and a differ in 

s’qjU only when the equation ax l +bx+cr=0 has real roots and 
x is taken to lie between them. 

(5) If x is real, the value of does not lio 

between J and 1. 


3. 

7>ia+nb 



pa +qb pc 


c, d, aro proportionals, shew that 

r \ a t c : _ * 

■ V', and that — : -j is inversely as 


x: 


— JL 
i* : d*' 
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4. (a) Find the term of a IP. P. -whose first term is a, 
whose last term is c and whose number of terms is ft, 

(Jj) Shew that the snm of n terms of a G. P . beginning 

j*~q 

with the jptb term is r times the snm of an equal number of 
terms’of the same series beginning with the 2 th term. 


5. (a) Assuming the truth of tho Binomial Theorem when 
the exponent is a positive integer, prove it for any positive 
exponent. 


(b) Find the (2n + l) tl1 term from the beginning in the 


expansion of 



[ lh ] 


1. Solve the following equations : — 

< , 123 + 41 Vca 20 </co + 4a; 

^ a ®(15+ar)-8a; V®(5- 3- Pm 

(6) a* + 3a;+y=73-2<ry 
2/ : + 3y+a;*=44 

2. Extract the square root of p + q V( — 1) and tbenco eIicw 
that any even root of this expression is of the form P+ Q •/{- 1). 

Find the fourth roots of ( - 4). 

3. Four pieces of white paper, on one of which a mark is 
made, are put into a hat; and five pieces of coloured paper, one of 
which also is marked, are put into another hat. In how many 
ways can four pieces, vis. two from each hat be drawn without 
the two marked pieces appearing simultaneously ? 

4. Find the amount of -Rs-5,000 lent at compound interest 
at 4 per cent, per annum for 10 years, one half of the annual 
interest being converted into principal every half year, 

5. (a) IfxP(l-p : )+pP(l-m t )=a(x : -y z )andx>j~ 

V U1 - ®*K1 - J/ 1 ) } = i (*= + !/* - 1), 

show that -4+ t4-=1. 
a- )>*■ 
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(6) Solve for a and y the simultaneous equations 
(1 + m £ J {x+y) = 2m(l + my) 

(1 + n £ ) {x - y) - 2u(l - xy) 


G. Assuming the Binomial Theorem for a positive index, \ 
integral or fractional, prove it for a negative index. Show that 
the coefficient of X n in the expansion of 


1 


is^ (3 n+ =-2" +3 + l). 


C Lin ] 

1. Solve tho equations 

(a) 2®-<d £ + V(6a*-12«+ 7) = 0 
... ' a 1 Z) E c* 

v a x y z 

(c) 49(* s +a s ) (y £ + & i ) = 50(xy + ab) 2 . 
(a;*— a £ )(g £ — b*) == 24 (bx— ay)*. 


2. Provo that the equations a* + 19® -140=0, arid 7® 1- 
— 12® 3 -4- 87® : - 1392m+70=0, have two common roots. 

3. A fiold redoubt consists of a space enclosed by an earthen 
parapet which is lined by men and guns. Each gun requires 5 
lineal yards of parapet, and tho rest of the parapet is occupied 
by infantry at 1 man per yard. In addition, there is a reservo 
of infantry amounting to \ of the garriBon. A width of 15 ft. 
inside the parapet is required for tho fighting lino ; and tho 
remaining internal space is the accommodation for men and 
stores. Each man of tho garrison needs at least 15 sq.ft, of 
this space, and each gun GOO sq.ft. Find the side of tho smallest 
square redoubt capable of containing three guns, and an in- 
fantry garrison, and find the number of the garrison. 

4. A person who has a fixed life income of -Rs-1000 per 
inonsom resolves to set apart a portion of it to purchase a policy 
of insurance, so that, on his death, the sum paid by tbo In- 
surance Company may be sufficient, when invested at 4 per cent., 
to give his family an income equal to that which ho will bo 
enjoying at tho time of his demise. If -Rs-3’6 is tho annual 
premium on a policy of -Re-lOO, find the amonnt he must devoto 
annually to insurance. 

5. Find the coefficient of in the expansion of — - — } . 

r ® £ - b ®+6 


•o- 
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• Bombay University Examination Papers. 


C I ] 


1. Solve the following : — 


(i) 



x- lxl 
2 + 6 + J2' 


(ii) x+2r/ + 3z=17 "j 
2z+3t/+ s=12 j- 
3x+ 2 /+ 2 s = 13 J 

(iii) z i +z/ i = l + 2zy+3x : >/ t 4 

x s +y s =2f/ t x+2y : +x+l. J 


2. Two master-brick layers undertake to lay the founda- 
tion of a new court, each taking a part and beginning together. 
If they had worked together till tho whole was finished, it 
would hare taken only -f of the time it actually took to finish 
it ; and B would have done enough to occupy A three months, 
and A enough to occupy B twelve months, which is 36 yards 
more than A actually did. How many yards wero there in all ? 

3. Express in the form of the sum of two simple surds 
the roots of the following equations : — 


(i) a 1 —2aa; i +b z '=0 

(ii) 4a; 1 - 4 (1 + n J ) a : ar + n J cri=0- 

4. Given log 4 = 1-6989700,- log i =1-5228787 ; find the 
logs of V3, V2, 3 : /('05) and If V(1'6) J x5T(21*G) 4 . 

5. A country trebles its population in a century ; what 
is the increase per year per million : given 

log 3= -4771213 
log 101-1 = 2-0047512 
log 101-11=2-0047941. 


6. Write down the general terms of 

(i) (a t + a; I )~3 and (ii) (a 1 -a; 5 6 7 ) 3 

7. If the 7 nth term of an A. P. be rt, and tho n t!l term m, 
bow many terms must be taken so as to give the sum 4 (m + n) 
(m+a-1) ? and what will be the last of them ? 
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3 7 j. ! ma+nb 

8. Determine m and n in. terms of a and 6 so that ■ — 

may be the arithmetic mean botween m and n and the geometrio 
mean between a and 5. 


C n ] 

1. What is meant by the modnlns of a system of loga- 
rithms ? What is the base of the ordinary or Brigg’s system, 
and what the baae of tho natural or Napierian system of 
logarithms. ? 

2. Given log2=* - 30103 and log 3«='4771213 ; find the valno 

of \J +34 | , and find the logarithm of 70S 

and of 324. 

3. Solve the equations 

(i) 4y — 4(7 — «) + 4(y — •» 0 \ 

4y—4(5 — w)—4(y—x) = 0 / 

1 1 1 
' x y a 

7 A h 

la+my*=> j xy 

4. Thero are two numbers each consisting of three digits 
and whoso sum falls short of 1000 by unity. If thoy be sepa- 
rated by a decimal point, the results obtained by putting one 
number first and then the other will bo in tho proportion of 
1 : 6. Find tho numbers. 

i 

5. Expand (§— Sy*) 4 - by the binomial theorom. 

6. Ont of seven Hindus and eight Parsecs fivo aro to bo 
selected which must always consist of 3 Parsecs and 2 Hindus ; 
in how many ways may the selection be mndo ? 

[ in ] 

1. Given log 2 = '30103 and log 32 = 1'50515 ; find 
log 2/ ('625), log '0000025, and tho valae of tho expression 

128x2'5x80 
•001 x 500 x 2 ’ 



I 

5 
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2. Solve the equations. 

2 r =3 y 1 

2 y+1 =3“-i J 

3. Find the mine of each of the following expressions. 


®\v £ y'-& 

(** ~ **) (s* - S' 1 ) \f-x-) < y' - r ) + (x £ -2/‘) (x 1 - 2 1 ) ' 

111 l_.l 1 

« 6_ c a 'b^~ c 

i-+i-.r llI’ 

m b c a b c 

4. Extract tho square root of 



5. Solve the equations 

( (a) (3.v-l)*+ (4m — 2)*=(5x-3)* 

(6) 4m-iV'ro=22|. 


(а) 

(б) 


6. A man has a number of Rupees which he tries to arrange 
in tho form of a square. On the first attempt he has 130 over. 
He then increases tho side of the square by 3 Rupees and ho lias 
only 31 over. How many Rupees had ho ? 

7. Two pieces of cloth arc bought for Rs48 8 ns. One is 
threo yards longer than the other, and each cost as many linlf 
Rupees tho yard as it is yards in length. "What are their lengths ? 


C IV ] 

1. Show some of the practical advantages of the common 
system of logarithms over other systems. 

2. In what time will a sum of money double itself at 
5 per cent per annum compound interst ? 

Given log 2 = '30103 
log 105 =2-02119. 

3. Find the G. G. M. of 270 a-b'x% 90 u } 5x ! , ttWlrxy, 

and the L. C. 11. of 1 and 2m £ +3x — 2. 
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4. Extract the square root of 

(i) 7 + 2V(10). 

(ii) 5+ V(10)- V6 — «/(16). 

5. Solve the following 


W x ii , a b . 

-4- V m l ", -4 — =4. 
a b a y ' 

(ii) ®4-y=4 V(kt/) ; a-y^CA^-. 


G. A person has rnpees 1300 which he divides into two • 
portions and lends at different rates of interest so that the two 
portions produce equal returns. If the first portion had been 
lent' at the second rate of interest, it would have produced 
•R&36 ; and if the second portion had been lent at the first rate 
of interest, it would have produced 4ts49. Find the rates of 
interest. 


7. A person who saved every year half as much again'as ho 
saved the previous year had in seven years saved Us-1029 8 as. 
How much did he save the first year ? 


C V ] 


1. Simplify tlio following 

(a) 2*/(92-351) 4- B /(95443 > 993) - 4 V(167-9G16) 

(5) V(7-4V3). 

2. _ What are common logarithms and what Napierian ? 
What is tho modulus of tho common system ? Shew that tho 
Napierian baso is incommensurable. 

3. If 3s ■=04-6 4- c, prove that 

(8-a) 4 4-(s-6)*4-(s-c) 4 =2{(s-&)=(s_ c ) 2 4-(fi-c) I (s-a)= 

4-(s-o)*(*-i) t ). 

4. Distinguish between a quadratic equation and quadratic 
expression. 

Shew that whatever real value x may have, ax*+ Ix+c and 
a never differ in sign except when the roots of tho equation 
n#’ 4- 4:r4- c ■= 0 are possible and different, and x is taken so as to 
ho between them. 
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5. The snm, first term and common difference of an A. P* 
being given, find the nnmber of terms, and explain why two 
values are generally obtained. How many terms of the series 
•0053, '0059, &c, will amount to '0665 ? 

6. Find the sum of the fourth powers of the first n 
natural numbers. 

7. What do you mean by an infinite scries in G. P. ? Shew 
how to effect the summation of such a series, and hence find the 
value of a mixed circulating decimal. 

8. Investigate the greatest term, in the expansion of 
(l + ar)°, n being positive and integral. 

9. Find the number of homogeneous products of r , 
dimensions which can be formed out of n letters and their 
powers. 

[ VI ] 

1. Given log 2= *30103 and log 7= -845098 ; find tho 
logarithms of 35, 49, ‘00175 and *01715. Find also of how 
many digits 2 Ci will consist. 

y , i-y 

2. Simplify — 

_y i-y 

i +y y 

and \x~%y {xy~$) * ( x V)”?) 3 * 

3. Solve the equations : — 

^+? / 'Z/ = 31 
x+ y=9J 

and form the equation whose roots are § and —3. 

4. A carpenter aurecd to work for GO days on condition 
that he should receive for each day that he worked Re. 1 4 as. 
and his board, and pay 4 as. Spies for his board each day he 
was idle. At the end of tho term he received 416-49 9 as. 4 p. 
How many days did he work ? 

5. A and B sell a number of Cashmere shawls for 416284. 

B sells four shawls more than A, and if ho had sold the 
quantity A sold he would have recievcd 416 100 for them, while 
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A would have received -Rs-dGS for. what B sold. Find, how 
tnany shnwls each sold and the price per shawl which each 
received. 

t vn ] 

1. State and prove the rule for finding tho H. C. D.of two 
algebraical expressions. 

Find the H. C. D of + and 4* 4 -6ai®-4Hi*+3». 

2. At what time between twelve o’clock and ono o’clock 
are the hour and minute hands of a clock exactly opposite to 
one another ? 

3. Shew that when n + 2 figures of a cube root havo been 
obtained by the ordinary method, ti moro may bo obtained by 
division only supposing 2n+2 to be the whole number. 

4. Show how to solvo the equation as 1 + li» + c=0, and 
find the necessary condition in order that its roots may be equal. 

5. Solve the following equations : — 

(1) VCl-ai + ar 5 )- •/(l+a;+a^)=jn. 

(2) 2‘+i+4 r -288. 


G. 

7. 


,, , ay-bx cs>— a: 

Shew that if — «=» — ; — =» 

c o 

Define proportion. 


bz - cy 
a 


then - =■ 
a 


i / z 

j-ai - 

b c 


Show that if A varies as B when C is invariable and ns C 
when B is invariable ; then will A vary as BC when both B 
and C are variable. 


8. Defino Arithmetical, Geometrical and Hnrmonicnl Pro- 
gressions. 

Find the sum of tho cubes of the first « natural numbers. 

b. Without assuming tho formula for permutations, find 
the number of combinations of n things taken r at a time. 

For what value of r will this be greatest ? 

10. Prove tho Binomial Theorem for any exponent assum- 
ing its truth where n is a positive integer. 

What is the r‘-' J term of 
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. [VIII. ] 

I. Given log *3010300 and log 3 = *477121 find tLe loga- 
rithms of *05 and 5*4. 


2. Resolve a t — b z — c t Ad t — 2(ad—bc) into factors, and 
divide (ay- bx) z ~ (ax + by)* by (a - b)y+ (a-b)x. 

3. A starts from Bombay for Poona, and B at the same 
time from Poona for Bombay. Each travels at a uniform rate. 
A reaches Poona 16 hours and B reaches Bombay 36 hours after 
passing each other on the road. Find in what time each has 
performed his journey. 

4. Solve the equations 

x i y+xy t ’= 30 
115 ^ 

® + y G * J 

5. Four numbers are in A. P. Their common difference 
is 3, and their product 280. What are the numbers ? 


6. Write down the middle term of the binomial expansion 


(m + y) 1 - and the coefficient of ar in the expansion 



[IX] 

1. Obtain the numerical value of 

a 3 + Zd +c* — 3a5c, 
when a =4, c = £. 

2. Reduce to its lowest dimensions the fraction : — 

3» 7 — 7x s + 4 
3z 7 -7:c^l* 


3. 


Solve the equations 
x + 3 m + 4 


00 


(/ 3 ) 

(7) 


3 

b'-cr 


a: — 12 


££> + 1 

"IF 


(A -a- a'-b : 

+ ~ + 


- 0 . 


x—a x — b w-c 
(x - 2) V (ar — 2x+ 9) = (a + 2) (3 - x). 

4. The value of two sets of diamonds is such, that, if a 
thousand rupees be added to the price of the first, it will be 
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doable that o£ tbe second ; but if a thousand rupees be added 
to tbe price of tbe second, it will be two-thirds that of the first. 
Find tho price of each set. 

5. A stands in a line with 12 equidistant balls, and B leaving 
A, picks op tbe balls in succession, returning with each to A, 
and when ho has given him the last, finds that he has walked 
exactly three-fourths of a milo, Had A and the balls all been 
equidistant, and the last ball been jnst as far from A bb before, 
B wonld have had to walk 176 yards less. Find tho distance 
of the balls from one another. 

Given y+e+n=ax 
x + n + a=by 
n + x+i /=cs 
a+yA-a=dn 

e 1+a 1+6 1+c 1+d 

7. If a, h, c, d are in continued proportion, then 

a : d :: a 8 : 6*, 

If am : 6/ :: cn : dg :: co : fm , prove that 
amdg : bcnf :: cob : am e 

8. In a geometrical progression show that 

. a(r n -l) 

*° 5 — 

r— 1 

find the valno of tho recurring decimal ‘42857L 

9. If a, b, c are in G. P., and a + x. 6 + ®, c + «, in 
H. P, find the value of x. 

10. Given that the number of permutations of n things 

taken r at a time is n(n-l)(n-2) (n-r+1) show that 

tho number of combinations of n things taken r at a time is 

[n _ 

QT jrc . Hence deduce the value of [0. 

11. Apply the Binomial Theorem to find the cubo root of 9 
to 5 places of decimals. 

12. Provo that 

log 2 = 7 log $ + 5 log S^ + 3 log §J. 
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[X] 

1. What relation must obtain between the coefficients in 
order that a quadratic equation may hare equal roots ? For 
what value of c will the equation 4a; i + 8a;+c=0 have equal 
roots ? 

2. Two steamers start at the same time one from Bombay 
and the other from Aden and sail at uniform, rates of speed so 
as to meet.' When they meet it is found that the Bombay 
vessel has sailed 330 miles farther than the other. She reaches 
Aden 4 days after the time of meeting while the other reaches 
Bombay in 9 hours. Find the distance between Aden and 
Bombay supposing both vessels to have pursued the same 
coarse. 

3. The 1st, 3rd and 9th terms of an A. P. form a G. P. the 
sum of which is 39. Obtain the sum of the nine terms. 

4. Of four numbers. the first three are in A. P. and tho last 
three in H. P. Prove that four numbers are proportionals. 

5. Find the middle term of the expansion of (l4-ar)* n and 
the greatest term of the expansion of (1 + 

6. What is the distinction between the Napierian and tho 
common system of logarithms ? Why are tho Napierian called 
natural logarithms ? 

Given log 10 G = -7781513 and log 10 8 = '9030900 ; obtain tho 
logarithms of 36, 64, 75 and 125. 

7. Show how logarithms may be advantageously employed 
in solving questions in compound interest. 

Given log (1 +x) &x-ar + a 5 - &c. and log r 2 ■= 'C931472, show 
that any sum of money at compound interest per annum will 

69 

double itself in approximately — years where m is the rate of 
interest per cent, per annum. 

[SI ] 

1. If S-=a + b±c, prove that — 

{as + be) (is + ac) (cs + ah) <=> (5 + c)*(c 4- a) *(a + 5) 1 . 

2. Distinguish between a quadratic equation and a quadratic 
expression, and prove that whatever real value x may have, 



BOMBAY DNIYEBSITY PAPEBS. 


287 


ax i +bx + c, and a never differ in sign, except when the roots 
of ax t +bx+c=0 are possible and different, and when sis 
taken so as to lie between them. 

3. Solve the equations : — 

(1) (*+l)(a: + 2)(® + 3)=.6 

(2) (*+3)(sr-2)+ v r {(®+4)(*-3)}°162. 

(3) as* + y* + a s *=3®j/?. | 
x~a=y — i=fr — c } 

4. Whon Compound Interest is rcokoned at 5 per cent, per 
annum, the difference between the discount and interest on any 
sum for two years is (j 4 ^)* of the sum ? 

5. If a; varies jointly as y and e ; and y varies directly 
ns a+S , and if x=2 when «*= 2, find tho value of g when ®=9. 

6. If in the equation *= |2a+ {n — n hns a negative 
value, prove that this value corresponds to a series of — n 
terms, having the common difference d and d-a for its first 
term. 

7. If p bo the continued product of a series of terms 
in G. P., show that p* ■= (al) n where a and l aro the first and 
last terms. 

8. Find for what value of r the number of combinations 
-of n things taken r at a time is greatest 7 

9. Find the sum of the coefficient, of tho first r+1 terms 

in tho expansion of (1 — ®)~ n . _ 

10. Investigate tho rule for obtaining the characteristic 
of the logarithm of any number greater or less than unity. 

. 11- Given log 2«=>3010S00, log 3 «= *4771213, find the loga- 

rithms of the following numbers 71, l£, -0036, '0192, 4'8. 

[ XII ] 

1. Find tho value of — 

V(a+afi+ S(a-x) lab 

*f(a+w)- 4{a-x)' whcn X °F+1' 

2. If prove that — 

{s» + */ 5 + a 5 ) E =27 
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3. Solve the following eqnations : — 

(1) (»-3) (*-4) (*-5) (*-6)=24. 

( 2 ) +® -1 ) 

4. Given that s oc t z when f is constant, and s<x f, when 
t is constant : also that 2s=/ when i= 1. Find the eqnation 
between/, s, and t. 

5. In an arithmetical progression prove that — 

, _(l + a) (l — a) 

2s-(2 + a ) 

where a is the first term, b the common difference, l the last 
term, and s the sum of the series. , 

6. In a geometrical series if l x . L, l s bo the nt h , On 01 , 
3n th terms respectively, prove that — 

= h h- 

7. If a, b, c be three quantities such that a is the arith- 
metic mean between b and c, and c the harmonical mean 
between a and b, show that b is the geometrical mean 
between a and c, and compare a, b, c. 

8. Find for what value of r the number of combinations 
Of n things taken r at a time is greatest. 

9. Prove that if n be any positive integer, the integral 
part of (2+ VH)" is an odd number. 

10. Find the (r + l) t51 term in the expansion of (1 — a;) -3 . 

11. Write down the' 8th term of (l-*) - ® and find the 
greatest term in the expansion of (1 +i) 18 - 

[ xm ] 

1. Find the value of — 

a; + 2o g + 2 b 
a — 2a a— 2b 

12 ab 

when a=’ a + b+ v’{(o + i)*+ 1 2a6}* 

2. Solve the equation— j 
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3. If a, /3 be the roots of the equation x^-px+q-o, 
provo that a + /3=/> and a/3 = 5 and that the roots of . the 


equation x t — (p t — '2q)x+q 
the original equation 


3 0 are the squares of the roots of 


4. The attendance at Professor’s lectures varies directly, 
as the Professor’s "power of exposition and inversely as the 
square of the number of lectures delivered. If sixty-four 
students attend the lectures of Professor A who delivers a 
course of twelve lectures, find the number of students who 
attend the lectures of Professor B who delivers a course of 
sixteen lectures and who possesses twice as much power of 
exposition as Professor A. 


5. If a : b :: c : d :: e : /, prove that — 
a t + c t + e 1 ab+cd-L- ef 
ab + cd+ef b x +d z +f 1 


6. ' Pind an arithmetical progression such that the sum 
of n torms shall be equal to n'. 


7. In a geometrical progression prove that- 


r” =r 

8-1 


— i + _i_ ~o. 

8 — 1 


8. Prove that the number of combinations of » things 
taken r ap a time is the same as the number of them taken 
11 - r at a time. 


9. Find the (r+l)tk term in the expansion of (l+w)“*. 


10. Find the two middle terms of (a+a;) 13 and show that 
tho middle term in the expansion of (l + a) 1 " is — 


1-3-5. 

1-2-3 


. n 


*x n . 


[ XIV ] 


1. If2pe=aq-J + c and 2 q 1 =a B + b B + c 5 , show that (q 8 — a s ) 
(P ~ a) + (q* - b*) {p - b) + (q* - c») (p - c) «= a * + J* + c* - q*p. 

2. Show how to solve a quadratic equation in its most 

general form. 


A gentleman bought a horse for a certain sum, and havine 
re-sold it for £119 found that he had gained as much per cent 
by the transact. on as the horse cost him. What was the prime 
-cost of tho horso ? ^ 
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3. Distinguish between arithmetical and geometrical pro- 


gression : and prove that s 


ar n s-a 
r— 1 ’ 


where s = sum of the series, 


a = first term, and r=common ratio; and state to what series 
the formula belongs. 

4. If a steam engine is observed to pass over 4 feet in the 
first second, and 88 feet in the 60 th second of its motion, how 
far will it travel in the first minute ? 


5. Sum to infinitj- the series ju;+ ;j~g+ ^ + ^g + &c. 


6. Define the term combination , and prove the formula for 
the number of combinations of n things taken r at a time. 

7. Find the sum of the coefficients of tho terms in the 
expansion of (1+ m)" ; and show that the sum of the coefficients 
of odd terms is eqnal to the snm of the coefficients of even 
terms =2"" 1 . 

8. Write down the fourth tenn of (3a — 2a>)- and the eighth 
term of (l-a?) - ^. 

[ XT ] , 

1. If A — qB + C, show that the highest common divisor 
of B and C is also that of A and B. 


Find the highest common divisor of — 

lGao 4 — 53** + 45ir + G and 8a 4 ~d0x B + 31x l ~ 12. 

15 

2. Simplify V (20) + V(40}- V(5)~ V (80) ‘ 

3. If a and /3 be the roots of the equation ax~+ bx + c<=0, 
form the equation whose roots are ^ and find the vnluo 
of a 1 + n l . 


4. If^ = 
+ an + a., + . 

+ 5; + + . 

T< . a + bx 
^ 1 b + cy 


a.. 

'' 


= &c. } show that each is equal to 


, , , (ajP + anp + a n p+...lF 

and also to ■■ “ , 7~r zr. \i * 


(bj i>+ bA ,+ b cP+ •••)’- ' 


£±f? then each 
c + ag a + by 


1 +x 

= - . 

1+y 
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5. Show Low to find the sum of n given number of quan- 
tities in geometrical progression, the first term and the common 
ratio being supposed known. 

- Hence deduce the usual rule for finding the value of a 
recurring decimal. 

6 . The term of an arithmetical progression is q, and tho 
gtbtorm \%p\ find the (-P + ffl^term. 

7. Find the number of homogeneous products of r dimen- 
sions that can be formed out of n letters abc and their 

powers. 

' [ XVI ] 

1. Define an expression. When is an expression said to 

be homogeneous ? , 

Shew that the value of the expression : — 
y t z — z t y+z t x— + x*y — ay 1 

' is not altered if any tho same quantity be added to or subtracted 
from each of the quantities a, y and s. 

2. Prove that the squaro root of a binomial, one of whoso 
terms is a quadratic surd and the other rational, may sometimes 
be expressed by a binomial, one or each of whose terms is a 
quadratic surd. In what case is it useless to employ this 
method ? 


Find the square root of 0 + 64 - V(2a& + £>*). 

3. Find tho sum and product of the roots of the quad- 
ratic — 


px*+qx+r*=0. 

If a and ft be the roots of this equation, show that tho 
roots of the equation — 

qrxr + [pr + q l )x +pq = 0, 

are — — and - + i . 
e+ P a ft 

4. Prove that a ratio of greater inequality is diminished 
both Us terms ae<1Ua mCrea9Cd b >' ad(lin S any quantity to 

“ f< T , n “ m . bers be proportionals, show that there is no 
number which being added to each will leave the resultin'* four 
numbers proportionals. 0 
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5. Find the earn of a G. P. to n terms and when possible 
to infinity. 

If s x , So, s s be the sum's to n, 2 n, 3 n terms respectively, 
prove that—” " 

S 1 {S 3 *~Sn) B (ffn 

6. If (n) r represent the nnmber of combinations of n 

things taken r together, prove independently of any formula 
that — > 


r(n) r *=n(n-l)r-l. 

Four persons are chosen by lot out of ten ; in how many 
ways can this be done and how often would any one person 
bephosenP 

7. If 77i be any quantity whatever and / ( 771 ) represent the 
series — 


l+mx+ —~— x i + — ~ -® s + . 

\A U 


prove that f(m) xf(n) *=f(m+n). By what consideration does 
Euler prove this relation and on what principle does he baso his 
demonstration ? By the aid of this formula prove the Binomial 
Theorem for a positive fractional exponent. 


[ XVII ] 

I. Given log2 = *30103 and log3=> ‘47712, find the loga- 
rithm of 12 to the base 40. ' 


2. Given log a;- log V<r= 


log a; 


; find i v. 


3. Simplify the expressions 

2 


(a) 

1 

£5-1 ‘ 227+ 1 


1 1 

(0) 

a + b + cf i 


a b + c 


2 ' 


b z +c : — 
~2bc~ 




4. Find the values of x and y from the equations 
(a) x z + 3y+x**75-2xy ) 
y z -y+x—24 / 

(Q) a*>=3x + 2y 1 
y*=2x+3y J 
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5. A and B engage in speculation. A disposes of his star eB 
for tts -110 and his gain per cent is equal to f of B s 

ment, B'e gain is S&360 and it appears that A gains fourtMMB 
aa much per cent, as B. Find the original capital invested 

by each. 

6 . Sum the following series to n terms 

1-2-4+2-3-6+3-4-6 + &C. to n terms 

flnd h+Ib 4 '^' 1 '^* 1071 ^ 0, 


7 . A man owes a certain number of Rupees which he 
pays in one year by weekly instalments. He pays Re. 1 the 
first week, R&2 the second week, -RsS the third week, and 
so on. Find the amount of the debt and the last payment. 

8 . Find the number of permutations that can be formed 
out of the letters of the words — Matriculation, University. 


i XVHI ] 

1 . Express V \H{a +6)1 x *f{ ~/{a+b)\ as a Bingle Burd. 

2. Solve the equations': — 

a/© + V?" vfe) +1 

+ (an/*)' =78. 


3. The area of a square field exceeds that of a circular 
field by one acre, and the boundary of the former is 400 yards 
longer than that of tho latter ; find their dimensions. 

\ , 
4- With 8 consonants and 4 vowels, how many words can 
bo spelled, each word to contain 3 consonants nnd 2 vowels ? 


5. Find the thirteenth term of 


(* J £) 


6 . What relation must exist between a, P, 7 , in order 
that they shall be thop^, gth and rtk terms of an v A*P. 

a >.\> c ’d he any consecutive coefficients of an ex- 
panded binomial; show that { 6 c+ad)( 6 -c)>= 2 (ac 1 - 6 I <f). 

8 . A wine merchant bought a cask of wine for -S&480 and 
sold a quantity exceeding by two gallons three fourths of the 
vbole at a profit of 25 per cent. He subsequently sold the . 

23 
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remainder at sncb a price that he cleared 60 per cent, on the 
■whole transaction ; bat if he had sold the whole quantity at the 
latter price, ho ’would have gained 175 per cent. How many 
gallons were in the cask ? 


[ XIX ] 

1. Solve the equations — 

ff t 4-^2 + !T3t=29'l 
i/ 1 + 2e+ an/ =3 25 v (i) 

s t + xij+yz=4 6J 

yzc? 6 y-ll) 
y tj r 22'= 62— 2> (ii) 

a*+ 8x^=122 + 16 J 

2. Srnn to n terms the series 

2 + ia + 6 a* + 10a s + 18a* + 34a G + 66a° + 

3. The coefficients of as in the third and fifth terms of 

(1— x) n are and— rrfg respectively ; find rz. 

4. There are three numbers in A. P. the sum of which 
s= 21, and to which if 2, 5 and 14 be added, respectively, the 
sums are in G. P., find the numbers. 

5. Out of 7 Parsecs and 8 Hindoos 5 are to bo selected 
which must always consist of 3 Parseeg and 2 Hiadoos ; in 
how many ways may the selection be made. 

6. A caught B asleep with a cask of wine beside him ; 
seizing the opportunity ho drank the wine for two-thirds of 
the time that B would take to empty the cask ; at this moment 
B awoke and finished what remained. If both had commenced 
to drink together, the wine would have been consumed two 
hoars earlier, but in this case A would only have got half of 
what he left for B. In what time would each finish the cask 

. alone, and in what time together ? 

[xx 3 

1. If a and ft be the roots of the equation A«* + Bac+C 

B 0 

*=0, prove that a +/3=» — ^ and aft — -j, and thence find tho 
value of a 4 + a*/P + 0*. 

2. Show that the solutions of the equation Cx s + Ba+ A 
«=>0aretbe reciprocals of those of the equation Az t -bBx J rQ' 
= 0 . 
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3. Oat of 17 consonants and 5 vowels all different, how 
many words can be formed each consisting of two vowels and 
three consonants, supposing that a vowel is placed between two 
-consonants ? 

4. A and B engaged to perform equal quantities of work. 
A commenced work half an boor before B, and both rested from 
12 to 1 o’clock, having completed just half the whole amount 
of work. B completed his task at 7 p.m., but A was obliged 
to remain until 10J P. si. in order to complete his. At what 
hour in the morning did A commence work P 

5. In the two series 2, 5, 8, &c. and 3, 7, 11 &c. each 
continued to 100 terms, find how many terms aro common to 
both series. 

G. If from a vessel containing a gallons of wine y gallons 
he drawn off and the vessel filled with water, and this be 
repeated n times, what quantity of wine will remain in the vessel 
after the nth operation ? 

[ XXI ] 

1. If the equation x 1 m+l^O have real roots, 

then the equation (x+m){x+n) 4- h 
will have real roots for all values of Jc. 

2. Determine in what cases the rule for finding the greatest 
term in the expansion of (1 + a;)” when n is a positive integer 
will also apply when n is positive but not integral. 

3. Investigate the sum of n terms of the series whose 

n tu term is n{n+l)(n+2) (n + r-1). 

Sum the Bones 

6 10 H 

‘ZF4 + 3lT5^ ‘T5~6 + “ ;C ‘ n I crmB an( 1 1° 'Dhaity. 

4. Find the sum of n terms of the series of cube numbers 
l , + 2* + 3 , + 4* + &c. 

5. There is a fraction such that if its numerator bo in- 
creased and its denominator diminished by 2, the reciprocal of 
the fraction will bo the result j while, if the numerator bo 
diminished and the denominator increased by 2, a result will bo 
obtained less than tho reciprocal by 1^. What is iho fraction ? 
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6. The forewheel of a carriage mates 6 revolutions more 
than the hind-wheel in 120 yards ; but the former would only 
make 4 revolutions more than the latter if the spokes of each 
wheel lengthened 5 inches. Find the circumference of each 
wheel. 

[ XXII ] 


1. Prove that (n+l)(n+2)(7i-h3) .to n factors=*2 n x 

1.3.5 to n factork. 

2. Show that a factor may bo found which will rationalize 
any binomial. 

Reduce — z-r - — — — - ~ where *=-=-. 

V(l + x) V(l-x) 2 


3. Distinguish between a quadratic equation and a quadra- 
tic expression and shew that a quadratic equation has two and 
only two roots. 

Solve the equation — 3ar -i- 8) = £ (m* — 7r+8). 

4. Define ratio; variation, ^proportional, commensurable. 

If A vaiy as B when C is constant and A vary as G when B 
is constant, prove that A will vary as the product BC when both 
B and C are variable. Give fully a geometrical illustration. 

5. Sum the series : — 


(1) 174, 14$, 10§ to 24 terms. 

(2) 1, 3, 6, 10, 15, to n terms. 

(3) 7 , ??i, ift. to infinity. 


6. Investigate a formula for the number of permutations 
of n things taken all together which are not all different. 

How many different numbers can bo raado oat of all the 
figures of 111223 ? , ' 

7. Ennnciate the Binomial Theorem and prove it for a posi- 
tive integral exponent. 


Write down the r-f-B 51 term in the expansion of V(a f — **) 


and the coefficient of x 10 in 


1 +a 


[ XXIII ] 

1. If 3s=a + b+c, prove that 

(s — c) * + (s - b) 1 + (s -e)* 

=2{(s-a)*(«- 6)* + (s - J)*(a - c)' + (s - c)*(s - a) 1 }. 
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2. Shew that if two quadratic sards cannot bo reduced to 
others which have the. same irrational part, their product is 
irrational, and also that one quadratic surd cannot be made up 
of two others which have not the same irrational part. 


3. If o : 6=c : d, shew that 


(a) ma + nb : pa+qbc=mc+nd : pc+qd. 


(« 


1 1 L 1 1 1 Z> c.d\ 

— r + — + — r-(~+ — 1- - + — I 

ma no pc pa bc\q p n m] 


4. What do yon understand by the limit of an infinite series 
in Geometrical Progression 1 Are Arithmetical series susceptible 
of limits ? Find the sum of an infinite G. P. 


Determine the value of 


continued to infinity. 

5. Insert a given number of Harmonical means between 
two given terms. 

If a, b, c, be in G. P. and a r = t , *»c e , prove that x, y, z, 
are in EL P. 


6. Find for what value of r the number of combinations 
of n things taken r at a time is greatest. 

A Brahman, hospitably disposed, wishes to make up as 
many different parties as be can out of 40 friends, each party 
consisting of the same number ; how many should he invito 
at a time ? 


7. Investigate tho sum of the coefficients of the terms in 
the expansion of (1 + a;)® and shew' that tho sum of the co- 
efficients of the odd terms is equal to the sum of the coefficients 
of the even terms, n being a positive integer. 

Provo that if n be a positive integer. 

(1 +*)«(! +a;")^2* + is®. 
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Miscellaneous Examination Papers. 

A. 

1. Multiply a- 4-a s i^4-a-6* 4-0-64-0^’ 4- 

by a-r2a^i^+^. 

Multiply a s — af-b* + b* by a° + a^-b* + h* 
•and prove that the result is a factor of 

-ab$+b s . 

2. Find the G. C. M. of — 


2 y l 4- y* - 8y + 5, and ly * — 12y 4- 5. 

3. Reduce the following expressions to their simplest 
forms : — 


(а) 

( б ) 


x*- +m t y t Jry* 
x * 4- 2a: 8 !/ + 3x t y t 


4-2 xyt+y 1 . 


1 1 

(a- 6)(a-c)(®4-a) + (5 - a) (6 — c) (at 4- 6) 

1 - 

(c-a)(c— b){x+c) ' 


4. 


Solve tbo following equations : — 
, A 10u— 7 12a; + 2 5 x-4 
( a) __ Ub _ 8 -. 9 . 


(fi) 


a- y> 
x_ y 
y x 



(fi) 

(d) 


x-1 , 04-3 n f x + 2 \ 
a:4-l + x—3 \x-2/' 

a r -8a~ r =2. 


5. Having bought as many muskets as cost £8,500, 1 re- 
ceived 800, and sold the remainder for £8,400, gaining 10s. on 
each. How many did I purchase, and what did each cost ? 


G. A farmer sells to one person 9 horses and 7 cows for 
£300 ; and to another G horses at an advance of 12 J per cent, on 
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■the former price, and 13 cows at an advance of 8 per cent, for 
-£330if . What was the price of each ? 

7. Sum the series — 

(а) V(2) - 2 + 2 «/ (2) - &c., to n terms. 

(б) l + 4p + 7p t +10p B + &c. l to n terms. 

8. Find the co-efficient of x" in the expansion of — 

(a) -/{(at-Wx*)*). 

B 

1. State the method for finding the G. 0. M. of two 
Algebraical expressions. What artifices are permissible or em- 
ployed to shorten the process ? 

.Find the Q. G. It of 

lGai 1 2a?+3, 1 

16ari + 16a s — 2x — 2 
and the L. C. M. of 

m , +a s , x s + a R , c s -a»+a*, a ri + crx+a*. 

2. Simplify the following expression — 

a + b b + c C + a (a + b)(b + c)(c + a) 
a-b b-c c-a (a- 6)(6 — c)(c — a) * 

3. Prove that 

-<+(*♦;)(»+;) (=+;), 

if 

4. Extract the square root of 

5x°— 4^(5) s 6 +2{(2+ V(15)}ari-2{(s V(3)+ V6)}®* 
+7x 1 -2V(3)a;+l. 

5. Solve the following equations : — 

(a) V r (iB I + o + l)+ V(b*-« + 1)=2 


m 
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(b) 


E+a x-a , 

f- = o 

x-a x+a 


(c) o* -o + ■/(x s ~-7aj+8)=6« + 4 

(d) 5x-2y+s =20 

a?+2y+5a=28 
4aj + 5y-7a=19, 

6. Snm tbe following aeries : — 


{«) §+5+i-+&c., to 40 terms. 

(6) 1 + 11 + 101+ 1001 + &c., to n termB. 

(c) {1 - n) - (1 - n}* + (1 - n) * — ad infm. 

7. Expand {2x—?>a l )~ ; (a- -2y~°) to five terms : and find, 
the 12th term of — fiat/ 8 ) 1 c . 


8, In bow many ways can a pack of cards bo arranged so 
that all the cards of one kind may — 1st, be consecutive ; and 
2ndly, consecutive, and in proper order. 


C 

1. Define “ Greatest Common Measure ” and “ Least 
Common Multiple.” Find the G. C. M. of — ' 

12s* — 1 5 yaj + 3y* and 6a; 8 - 6ya* + 2 y*x - 2y* 

2. Find the values of w in the following equations 

~~=ro+ ; «*-2m*+s«132. 

3. If the numerator of a fraction is increased by one, its 
value becomes one-third ; if tbe denominator is increased by 
one its value becomes one-fourth. What is the fraction ? 

What are eggs a dozen when two more in eight annas 
worth lowers the price eight pies per dozen ? 

4. Prove that the sum of any number of terras in Arith. 
metical Progression is equal to the product of the number of 
forms into half the sum of the first and last terms. 

How many terms of 10 + 24+32+40, &c, amount to 1840 ? 

5. The Arithmetical mean of two numbers is 3, and tho 
Harmonical mean is §. Find tho numbers. 
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There are four numbers, the three first of which are in G. P. 
and the last three in A. P. ; the sum of the first and last is 14, 
and that of the second and third is 12. Find the numbers. 

6. Define "Variations,” “Permutations,” “Combinations.” • 
In how many ways can the crew of an eight-oared boat bo 
arranged, when three men can pull only on one side, and two 
only on the other. 

If each man can pull on. either Bide, in how many ways can ■ 
they then be arranged ? 

' D 

1. Explain the use of brackets in algebra and if a = 2, 

6=3, o=6, 5=5, Find the value of — ' 

a+2c—{b+d-[a—c-(jb—2d)]}. 

2. Simplify— 

3. 7 4-20® 

1-2® 1+2®“ 4m- - 1 ‘ 

3. A crew rowing a boat on tho canal find they can row 
down-stream three times as fast as up-stream. They row from 
Jioorkeo to Dliuuowrie (6 miles) and back again in two hours. 
What would be the pace of the boat in still water ? 

4. Solve the equation — 

{(7-4V3)}«* + {(2— V3)}®=2 
and form tho quadratic equation whose roots are 4 and 5. 

5. In tho equation a n = 6, which is tho logarithm, which 
tho base ? Prove that the logarithm of a product is equal to the 
sum of tho logarithms of its factors, 

6. Given log 2 ='3010300. 

log 3 = -4771213. 
find tho logs of 36, 27 & 16. 

E. 

1. Find tho value of -~r to six places of decimals. 

2. Prove that the logarithm of a product is tho sum of the 
logarithms of tho factors of the product. 

Given log 2 = '3010300, and log 6 = '7781513, find log 15 and 
log -0025. 
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3. Multiply together w z -(b-c)x-bc, & - (c-a)tt-ai, 
& - {a - b)ss - ab ; and divide the result by tt z - ( a + b+c)x t + 
(bc+ca+ab)a—abc. 


4. Reduce to their simplest forms 

(i) X+1 2(x+2) c + 3 

x z + 5a + 6 x t +4x+3' i ' x z + 3x+2’ 


(ii) {a 1 3 (b-c) + b z (c-a) +c z (a — b)} x {a z (b + c) + b z 
(c + a ) + c z (a+ b ) } - {a 4 (5* - c z ) + b* (c* - a z ) + c 4 - (a z - 5*) } . 


5. Find the sum of an odd number of terms of an'arithmetical 
progression, given the middle term and the number of terms. 

Sum n terms of each of the series 

(i.) a + b+(a-b), a + b+2(a-b), a + b + 3(a-b), a + fi-f 
4(a-b ) 


(ii.) a+b, a- b, 


(a — b) z (a -b) z 
a + b ’ ( a + b) z 


6 . 


Solve the equations 


(i.) 


a — 1 2 1 _ 

a; — 2 x— 1 = ’ 


(ii) 



1 

1640' 


7. To do a piece of -work A requires § as long as B ; but A's 
wages are 1 shilling a day more than B’s. The work costs 22s. 
more if A does it than if B does it, and if they work together it 
costs 10 guineas. Find the daily wages of each. 

F 


1 . 


Find to five decimal places the value of 


V(7)— V(5) 
V(7)+ V(5)’ 


2. Reduce to its simplest form the following expression : 

a z + 3x + 2 x t -3x + 2 x z -12x + 35 
x z +4x+3*~ x z — 4x+3 x z -2x— 15* 


3. Being given ten consonants and five vowels, find the 
number of words that could be formed out of them, each word 
containing three of the consonants and two of the vowels. 

4. In boring a well, 400 feet deep, the cost is ,2s. 3d. for 
the first foot, and an additional penny for each foot following. 
"What is the cost of boring the last foot, and also of boring the 
entire well ? 
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5. Express u’ + o’ +io* = 3 uvw in terms of a, b, c ; being 
given u = 6 + c — u, t? = c + u — 5, w — c, 

6. Solve the equations — 

2.x — l 2g-3 2a>-l n . 

® 3x+2 + 2x-l + 6x I + x-2 


(ii) a 4 +a; B — 4x I + m + l = 0. 

7. Find three numbers in geometrical progression, their 
product being 1728, and the sum of the extremes 51. 

8. In what time would a sum of money accumulating at 3 
per cent, per annum compound interest come to live times its 
original amount ? 

[Given log 2<= - 30103, log 2575 = 3'41078.] 

9. Find two numbors such that their sum is 9 and the sum 
of their fourth powers 2417. 

G. 

1. Simplify the following expressions : — 

a B JB c* 

(a-b){a-c)(x-a) + (b-c)(b-a)(x~b) + (c-a){c~b)(x-c)' 

2. Solve the following equations : — 

(»). 25-| 10„ + 4 23 

. . X ■ ■ i tr 5 *4" • ■ • . 

®+l 3» + 2 03 + 1 

(&). 8 V(3a) + 243 ° 16x + 3. 

(c) . 2x V(1 -o 4 ) = l + ari. 

(d) . m+y “(a ;-’/) 1 

x x +y* 

3. A and B start to run a race to a certain post and back 
again. A returning meets B 90 yards from the post and arrives 
at the starting place 3 minutes before him. If he had set out 
again immediately to meet B, he would have met him at a 6th 
of the distance between the post and the starting place. Find 
tho length of the course and duration of tho race. 

4. Extract the square root of 

(3+ V5)(m 4 + 1) +2(1 + Vb)(x t + ») + (8 + 2 V5)x x . 
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5. Sam the following series : — 

(a) 3 + 9 + 15 + &c. to 25 terms. , 

(5) 1.3.5 +2.4.6 + 3.5.7 + &c. to 10 terms, and to n terms. 

(c) l + (l + x) + (l + x+z*) + &c. to n terms. 

(d) ac+ (a + 5)(o + c) + (a+2i>)(a+2c) + &c. to n terms. 

G. Write down the complete expansion of 

(1—2®) 5 ; and (a-5x 8 ) 7 

and find the co-efficients of x n in the expansions of 

(2 - 3x)~ l ; (1 -pz)~ 5 and ~~ . 

7. How many different working parties of 7 men and 2 
officers can be formed oat of a detachment of' 25 men and 6 
officers ? 


If the number of -combinations of 


n 

3 


things taken three to- 


gether is to the number of combinations of - things taken four 


together as 4 : 15 ; find n. 

or 

How many different arrangements of 3 Gentlemen and 3- 
Ladies (to be seated at a round table in the usual manner) can bo 
made from a party of 7 Gentlemen and 5 Ladies? 

H 

1. Define “rational” and “snrd” quantities and “similar 
sards" and when is a surd in its simplest form. 

2. Multiply tho following quantities 

2 V(14) by 3V(4) 

and {3+ V (5)1, {^(2)+ ^(3)}, {^(2)- ^(3)}, (3- ^(5)} ; 
also divide the following quantities : — 

16®-|gby 2z^~ | and a*- 6 by a^-6 G . 

3. Define the terms “equation," “power of an equation" 
and “ root of nn equation” and solve the following 

a - 1 . Vx-l 

Vi+1 =4+ 2 


and - 


1 +a 5 


I -® 1 


U+*)* (l-xj 1 


»a. 
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. ^ — » 010 

4 Determine thc valucS 

4 -. „ rxpTeesions • 

SoUwnng^ ^ ^_ 8 

d 9 £„56«T % +**’ 

5 - *** &o 

S 1 travel P? r f oUT ? anc t of four couseouUve n 

>jhe ooutmne P it , a^ nT tiiomcaV 

a * a rc : ^^^2s^^ 4 

ceSS^ „ £ * -“• “ 

' ^r£^-- ia 

Sum the following *„ 7 terms. 

ij-X+&& c 


I” 

in 


UUl 

i+i+$ &c " 


.to 7 terms. 

t0 infinity - Qt 

and £ a sn m of money, 

2 ~^ * nlo for * e vala £ 

8 Provo the nteebraically* n a interest, at 


Liuu v- 

^•S5 =sm 3KS ' ss! 

iheendo^^cars? J . 

G l + n t P l+P ‘- . . oquatioBB 

’■ “n^cS-a. 


24 
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(*) 


4 

ccr- 2 * = 



&—X. 


f \ U A ^ X ° X 

' C ' s+2 + ffl + 4 = «+l + a;+3 + z + 5‘ 

(d) xyz^a(y l +x') =« £(«*+£*)=<:(«* +y l ). 


4. If the sum of m terms of an A. P. be to the sum of n 
terms as m z : n*, prove that the with term is to the wth term as 
2 ni- 1 : 2n — 1. 

Prove that b + c, c + a, a + b, are in H. P., if a*, b £ , c : , aro- 
in A. P. 

5. Sum 

1.2.4 +2.3.5 + 3.4.6 + &c., to n terms 




1 

3.G 


+ &c., to n terms. 


6. If from a vessel containing n gallons of wine, y gallons 
he drawn off and the vessel filled with water, and this ho 
repeated n times ; find the quantity of wine remaining after 
the nth operation. 

7. Oat of 17 consonants and 5 vowels all different, how 
many words can be formed, each consisting of 2 vowels and 
3 consonants, supposing that a vowel was placed botwecn 
two, consonants. 

The number of ways in which mn different things can bo’ 
distributed among m persons, so that each person snail havo 
n of them 


. \mn 
is • — 


(Iwp 


8. Prove the Binomial Theorem for a positive index, and 
expand to five terms the binomials 


(a^-x^ (ax-x-) 

J 

1. Find the G. C. M. of— 

y* — (2a + l)y z + (2aZ> + a z )y - a*b 


^ 7 }- {*- 3 , «-!))'■ 
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and 
and of 


2 . 


3/-(4o4-2J)j/ + (2ai + o £ ) 


jcJ + yS+fS and a E + y B . + 8 B to+y+z^Q- 

Solve the following equations— 

(a). V(a+6»+o» £ )+ V(cc- dm + c* 1 )^ 

(J). V"(l + *)+ V{1+ V(l + a:)l c = 11 - 

(c). a;+y~5 


(d). -+«<=f 

w a; 


' + !/=3 


3. Simplify the following expressions— 


a z o* u 

(a-6)(«-7) + (b-a)(&-c) (o-o)(c-6) 

a 2+ V(3) . 2 — V( 3) . 

and '7(2)+V{2 + Vl3)} + V(2) - V(2) - A3) 

4. What number is that whose square is loss by unity than 
the number itself ? 


An express train sets off to 'travel from one ' ^tfoato 
another with uniform speed ; at the end of o , ; n yj 0 

cidcnt occurs, which delays itjl hour, and reduces its epeedmthe 

rate 5:3. It arrives at the second station 3 hours behind tune , 

If the accident had occurred 60 miles further °“'. ® between 

have arrived 1* hour sooner. What was the distance between 

the stations ? 


5. Sum the following series — 

1 + 3 + 5, &c., to n terms. 

2-5 + 3'6 + 4-7 + &c. 

6. Give the general expression for the expansion of (1 + ro) 
employ it to find the first six terms for the expansion ot 

(1 — x) and (a s + 
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What is the co-efficient of zr m in the expansion of 

7 . . 1— s 

{a t +h‘ t ~ ar} s and of a in the expansion of 


7. How may possible different Bignals can be made with 
five flags. 

Sow many different permutations can be made with the 
Honor Cards, in a pack of cards, and in how many of these will 
the four aces be consecntive cards. 

If the number of combinations of 2a things taken n together 
is to the number of combinations of 2n— 2 things taken n-1 
.together as 11 : 3 ; find the number of things. - 


K. 


1. Simplify 

(1 — <!*)(! — b 2 )(l —cr) — (c-fra6)(5d-ac)(g-<-&c) 
1 - a 1 - tr - c* — 2 abc 


2. Find the square root of 104 +2 -/ (5). 

3. Find the value of 


uv— -I (1 — u z ) V(1 -vr) when = x + 2 u*=y+ 


4. 


Solve 


I-® 1 


(1+®*) (l-®) : 


: = a. 


5. Solve V'(a4-jr) s +§/'(a-a:) : ‘=3®/'(a s -x l ). 

6. Solve (® s -5)*=(«-3)* + (a;+l) t 

7. Solve (sr +y*).— ==85 

w ( 

* 1 ' t 

8. Show that there is no number which being added to four 
unequal numbers in proportion leaves the four results also in 
proportion. 


9. There are five quantities ( a x to a c ) of which a 1 ,a 2 ,a-, 
are in A. P. ; a 2 , a z . a 4 are in G, P. ; a St a i} a s are in H, P. ; show 
that a 1? a 3 , c 5 "are in &. P. 

10. (1). How many distinct throws can be made with a 
pair of similar dice ? 
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(2). What is the sum of the points of aU the distinct 

throws ? 

11. If <,_!• f,. t f+t be3 successive terms of an expanded 
binomial, show that / r *: i r+1 = (r + !)(«- r + !)• r(n—r). 


L 

1, Define the terms “like quantities” and "a prime number.” 
find the value of — 

10«*6 + j(5c-c l 6)(7ac + 86 I + 56c 1 )- V(3cr6) | 

a — b 

+ a 2 + 6-c 

when a = -3, 6=4, and c = ^. 

And reduce to its lowest terms the expression 

1 4- iij^ 4- x 4- at* 2 

2a; + 3 e* + 3k^ 

2. Simplify . 

Find the square root of 28 + 10 S (3). ■ 


3. Show that a “simple equation” can have only one Eolation. 
Solve 


(i) 


(2a;+3)s; 1 

2« + f~ + 35’ 




(ii). 3® + 5p = 81 
4ai + 3j/ = 7J 


0 «). 


a; 1 - 


3_ 

4a: 


1 &. 


4. Find a number such, that whether it be divided into 
three ox four equal parts, the continued product will be the samo. 

The rent of a village is paid in certain fixed numbers of 
maunds of wheat and sugar. When wheat is at Its- 2 per maund, 
and sugar at 4te-5 per maund, the portions of rent by wheat and 
sugar are equal to one another; but when wheat is at -R& 2-8 a 
maund, and sugar at Ss-6 a maund, the rent is increased by 
Jts-180. "What is tho rent in produce ? 



310 


ALGEBRA. 


5. If a: b::c: d, prove that 

a+b: a-b : : c+d : c~d. 

The 15th term of a series 9, 14}, 19?, &c., is equal to tho 
5th term in a Geometrical progression, beginning with unity. 
Find the Common Ratio of the Geometrical progression. 

• Find the number of shot in a pile, whose base is a square, 
each side containing 20. 

6. A starts from M at the same time that B Btarts from 
R, towards Dehra. After A had overtaken JB, they found that 
the distance A had travelled together 'with the distance B bad 
travelled, made np 90 miles ; that A had passed through R 5 
houre before ; and that B at his rate of travelling was 20 hours 
journey from M. Required the distance between the two places. 

7. How many different sums can he made up of a rupee, 
an eight anna piece, a four anna piece, a pice, and a pie ? 

Find the 7th term of the expression (4a;+3y) 10 . 


ML 


1 . 


Given 


3g-t2y V(-l) 
5 VC — 1) ~2 


find real values of x ,y. 


15 

8*+3yV(-l)’ 


2. Solve 3x+ V(30®-71)>=5. 

3. In what year next after this date will five Sundays fall 
in February ? 

4. The product of two numbers is p, and tho difference of 
their cubes is equal to m times the cubo of their difference. Find 
the numbers. 


5. From a vessel containing a gallons of wine, 
are drawn off, and the vessel filled up with water. 

- quantity of .wine left after n such operations. 


b gallons 
Find tho 


6. Show that 

b 

is an integer, when n is an integer. 

7. Find the series in Arithmetical Progression the sum of 
the firstn terms of whichjis equal ton* whatever be tho value of n. 


8. Show that every coefficient in the expansion of ( a+b) % 
is an integer, when n is an integer. 
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9. Find the value of n in the binomial ( a+b )*, all tho 
-coefficients in whoso expansion are equal in magnitude, and are 
alternately ± . 

10. n points are taken on a piano, so thatp circles having 
no common points can be drawn, each passing through four 

points being <2^ . How many different cirolcs can be drawn, 

each passing through as many points as possible P 

11. Prove tho truth of the test of arithmetical multipli- 
cation, called, “ Casting out the nines’’. 

N 


1 Add 2 , 2 , e , (a-b) z + (b-c) z + (c-a) c 

I a — b b-c c~a (a— b){b~ c)(c — a) 

, r ... . + , s B -y s 

Mdt.pl, 33-^ 

2. Solve tho following equations : — 

Q**C 

(a + x)(6+®)-a(6 + c)<=-j- + m* ; 


m(x + a) n(m+b) 

— — r— + — <=>m+n, 

x + b x+a 


3. Solve 


13x + lly=4a \ 

12 ® — Gy = a j 

J(.x z + 9) + S{x z - 9) = V(34) + 4. 

4. 2 pings are opened in the bottom of a cistern containing 
192 gallons of water ; after 3 hours, one of tho plugs becomes 
stopped, and tho cistern is emptied by the other in 11 moro 
hours : had tho stoppage occurred after 6 hours, only G hours 
more would have been required to empty the cistern. 

How many gallons will each plug hole discharge in an 
hour, supposing the discharge uniform. 

5. Form the quadratic equation whoso roots are 4 and 5. 

G. Find the sum of -J+3 + jf- + &c., to infinity. 
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7. There are n points in a plane, no three of which are in 
the same straight line with the exception of p } which are all 
in the same straight line. 

' _ _ (1) Find the number of straight lines which result 

•from joining them. 

(2) Find the number of triangles which can be formed 
by joining them. 

8. Expand (x-a) c by the binomial theorem. 

Prove that in the expansion of (l + ®) n the coefficient of 
the r‘-h term from the beginning, is equal to the coefficient of tho 
term from the end. 

0 

1. Extract the square root of 13-42 V(- 4). 

2. Solve tbe equations : — 

o n j 

(a) (1 + ®)” -3(1 — ®)*> = 2(1 — 8 S ) S 

(/J) ® z + 4®+2/ t 4-iy«32 7 
xy . =14 5 

(7) w + ®+y-f2= 44 "'I 
t ox +1)2 =250 ( 

wy+'xz =234 f 

wz + xy = 225 J 

3. M etarts in a Velocipede from Roorkco to Meerut, and 
N at tho same time in a 'Dfik Gharry from Meerut to Roorkec, 
and they travel uniformly, if reaches Meerut in 4 hours, and 
N reaches Roorkee 9 hours after {they *have met on tho road. 
Find in what time each has performed the journey. 

4. A travels 12 miles the first day, and increases his rate 
of travelling by 2 miles daily ; B sets off from the same place 

'2 days after, and travels 30 miles daily on the same road. 
How long after B' s departure are A and B at the same point of 
the road. 

5. The combinations of n articles taken 2 together, are 
to those taken 4 together as 1 : 7h. Find n. 

G. Sum the series — 

9 + 11 + 15 + 23 + &C., to n terms ; also to 8 terms. 
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7, What aro the first five terras of the expansion of 
t5/(<z + x) in a series, by the Binomial Theorm ? 


P 


1. Express in the form A+B </(+l)' 

r e + d-Zl- 1) 

2. Extract tho cnbo root of — 


{»+(a*a:)^] '+ (a+{ax s )^} " and of -ll-2«/'(-l). 

3. Find tho Loast Common Multiple of — 

a; 1 -!/*, 3(a-y)* and 12 (a;*+y®). 

4. Solve tho following equations — 

i x 

(a), (a +k)'»<= (a*+ 8ai + b*j-” for x. 


(«• 


x a b 
a+fl,+ (flW^ 


.for x. 


(7). x+y+z =11 "1 

x t + y x + e t a=i^ vfor a, y and *. 

yz -=3 z{e~y) J 

5. A gentleman sends a lad into tho market to bay a shil- 
ling’s worth of oranges. Tho lad eats two. The gentleman 
payB at tho rate of ono penny for 15 more than, the market price, 
flow many did tho gentleman get for his sliilling ? 


6. If S„ represent the sura of n of tho natural numbers 
beginning with a, prove that S 3(t+n _ 1 =3S 0 . 

And insert 6 Arithmetical means between 1 and 29. 

7. Sum to n terms 1 +P + £+| + &c. 

8. A boat’s crew consists of 8 men, 3 oE whom can only 
row on one side, and 2 only on the other side. Find tho number 
of ways in which the crew can be arranged. 

9. Find the sum of the coefficients of the terms in tho 
expansion (1 +»)*. And write down the coefficient of (y) in tho 
expansion of 
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11. Write down the coefficient of a-* +1 in the expansion of 



Q 


1. Simplify 


(ay - bx) 2 - + (am + by) z 


and divido l + 10a; 8 + 27a; 0 by l-2m + 3a;*. 


2. If four numbers are proportionals, prove that 

(1) Their reciprocals are proportionals ; 

(2) . The greatest and least of them together aro 
greater than the other two. 

3. How many different arrangements can there bo of n 

letters, a, b, c , ? 

In how many of these arrangements will a and b bo next 
to one another? In how many of them will a come before b 
(but not necessarily immediately before b) ? 

4. Sum the Series l-£+-^-£+ tonterms; and show 

that the sum of any odd number of terms of this series is 
always greater, the Bum of any even number of terms always 
less, than the sum to infinity. 

What is the least number of terms of tho series which 
will givo a 6um differing from the sum to infinity by less 
than - 0001 P 

5. Solve the equations 


/ \ * _1 j. 

(a) '"z + l + 


»-{-l 

C3 

X — 1 


5 x 

C *-1 5 



h 

1, 


Is there any value of a for which the equations (/3) aro 
not resoluble ? 
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6. An annuity of £P per annum is to begin n years hence, 
and is to be payable for ever. Find its present value at r per 
cent, rate of interest ; and show that its present value is to its 
value Tt years hence as (l + r)-° : 1. 

7, What is meant by the base of a system of Logarithms ? 
what are the advantages of taking 10 ns the base ? 

P 

Prove that if 1?=^, log N~ log P- log Q ; and find, as far 

Si 

as four places of decimals, the number of which the logarithm 
to base 10 is ‘5. 


[ R 1 

1. For a houso occupied by B, A pays a rent of £40 per 
annum by equal payments at the end of each quarter. B pays 
A by equal payments in advance at tho beginning of each month. 
How much a month ought B to pay in order that at tho end of 
tho year, with simple interest reckoned at 3£ per cent, per annum, 
A may have recovered tho value of his own four payments with 
one-tenth additional ? 

2. Show how to find the lowest common multiple of three 
algebraical expressions. 

If l lt l ai l 3 are the lowest common multiples of B and C, of 
0 and A, of A and B, respectively ; if are tho highest 

common divisors of the same pairs ; and if £, G are tho lowest 
common multiple and highest common divisors of A, B and C : 



8. (a) Find tho simplest expression for 

(a+p)(a + q) (b+p)(b + q) (c+p)(c + q) 

{a- b)(a-c)[a+x) + (b -c){b~n)(b+Ty {c-a){c-b)[c+x)' 

(A) If the letters all denote positive quantities, prove that 

(a + b)ay . , ,, ax + by 

— ■ is never greater than j =- . 

ay+bx ° a+b 

4. Find in terms of the coefficients the sum and product of 
tho roots of the equation. 

ae t +2bx+c=0. 
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.Find the condition that the roots Of eMs*+25a?+e=0 may be 
formed from those of o'm* + 26'« + c , = 0 by adding the Bnme 
quantity to each root. 

5. Solve the equations, 

(a) (c+a~2b)m t + (a + b-2c)a + (b + c- 2 a)=>0. 

(/3) ax~ys^ay+zx^=az+xy=b t . 

6. Investigate the formula for the number of combinations 
of n things taken r at a time, without assuming the formula for 
permutations. 

A selection of c things is to be made, part from a gronp of 
a things and the remainder from a group of 6 things. Provo 
that the number of ways in which such a selection may be made 
will never be greater than when the number of things taken 
from the group of a things is the integer next less than 
(g+l)(c + l) 
fl + i + 2 

7. Shew that corresponding small increments of a number 
and its logarithm are proportional. 

Find n from the follwoing data : 

log 10 42563~ 4-6290322, 
log 10 425G4 = 4-6290424, 

^Sio 71 =2-6290376. 

Find to how many decimal places n can be determined by 
tbiB method, given that log 10 e=*43429. 



APPENDIX, 


MISCELLANEOUS EXAMPLES. 

‘ [FP.OM THE LI LAV AT I AND YIJA OAN1TA OF 

BHASKABA ACHABTA.] 

1. What is that number, which multiplied by five, and 
having the third part of the prodnet subtracted, and the remain- 
der divided by ten, and one-third, a half and n quarter of the 
original quantity added, gives two less than seventy ? 

2, Ont of a heap of pure lotus flowers, a third part, a fifth 
and a sixth, were offered respectively to the gods Siva, , Vishnu 
and the Sun ; and a quarter was presented to Bhavani. Tho 
remaining six lotuses were given to tho venerable preceptor. 
Tell quickly tho whole number of flowers. 

8. A traveller, engaged in a pilgrimage, gavo half his 
money at PrayAga ; two-ninths of the remainder at Casi ; a 
quarter of the remainder in paying’of taxes on tho road ; six- 
tenths of what was left at Gayti ; there remained sixty-threo 
ni sheas (a ni shea is, a gold mohur) with which he returned homo. 
Tell mo tho nmount of his original stock of money, if you have 
learned the method of reduction of fractions of residues. 

4. Out of a swarm of bees one-fifth settled on a blossom 
of Cadamia ; and one-third on a flower of Silindhri ; three 
times tho difference of those numbers flew' to tho bloom of 
Cuiaja. Ono beo, which remained, hovered and flew about in 
tho air, allured at tho same moment by tho pleasing fragrance of 
a jasmin and pandanns. Tell mo the number of bees. 

5. Tell me quickly, skillful calculator, what numbers aro 
thoy, of which tho difference is eight, and tho difference of 
squares four hundred ? 

6. One pair put of a flock of geese remained Bporting in tho 
water, and saw seven times the half of the square root of tho 
flock proceeding to the shore tired of tho diversion. Tell me, 
dear girl, the number of tho flock. 

7. Pdrtha (Arjnn), irritated in fight, shot a quiver of arrows 
to slay Caraa. With half his arrows, ho parried those of his 
antagonist ; with four times tho square root of tho quiverful, ho 

25 
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Tailed his horses ; -with six arrows, he slew Shalya (the charioteer 
of Carna) ; with three he demolished the Umbrela, standard and 
bow ; and with one, he ent off the head of the foe. How many 
were the arrows which Arjun let fly ? - 

8. The square root of half the number of a swarm of bees 
is gone to a shrub of jasmin ; and bo are eight-ninths of the 
whole swarm a female is buzzing to one remaining male that is 
humming within a lotus, in which he is confined, having been 
allured to it by its fragrance at night. Tell me the number of 
bees. 

9. Tell me the number which added to its third part and 
eighteen times its square root, amounts to twelve hundred. 

10. The sum of 94 nischas being lent in three portions at 
5, 3 and 4 per cent, interest an equal interest was obtained on 
all three portions, in seven, ten, and five months respectively. 
Tell mathematician, the number of each portion. 

11. If a bamboo, measuring thirty-two cubits and standing 
upon level ground, be broken in a place, by the force of the 
wind, and the tip of it meet the ground at a distance of sixteen 
cubits from its root -, say mathematician at what distance from 
the root was it broken ? 

12. A snake’s hole is at the foot of a pillar 9 cubits high, 
and a peacock is perched on its summit. Seeing a snake, at a 
distance of thrice the pillar, gliding towards his hole, ho- 
ponnees obliquely upon him. Say quickly at how many cubits 
from the snake’s hole do they meet, both proceeding an equal 
distance. 

13. In a certain lake swarming with ruddy geese and 
cranes, the tip of a bud of lotns was seen a span above the sur- 
face of the water. Forced by the wind, it gradually advanced, 
and was submurged at the distance of two cubits. Compute 
quickly, mathematician, the depth of water. 

14. Tlio hypotenuse of a right angled triangle is 17 cubits J 
and the sum of the base and perpendicular is 23, tell them 
to me. 

15. The hypotenuse of a right angled triangle is 13 cubits, 
and the difference of the side and the perpendicular is 7 cubits t 
what are the side and perpendicular ? 

16. Tell the perpendicular drawn from the intersection of 
strings stretched mutually from the roots to the summits of two 
bamboos 15 and 10 cubits high upon ground of unknown extent. 
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17. Fonr jewellers, possessing respectively eight rubies, 
ten sapphires, a hundred pearls and five diamonds, presented 
each from his own stock, one piece to the others in token of 
regard and gratification at meeting ; and they thus became 
owners of precisely equal value of 932 iVt sheas. Tell, friend, 
what were the prices of their gems respectively ? 

18. Tell me, friend, the perpendicular in a triangle in which 
the base is fourteen, one side fifteen, and the other thirteen. 

19. In an A. P., |(n-l) is the first term, ^(n — 1) is the 
common difference ; the sum is equal to the product of the first 
term, common difference and the number of terms together 
augmented by the addition of the seventh part of the product. 
Find the first term, common difference and the number of terms. 

20. What is the number, learned man, which being rqulti- 
plied by 12 and added to the cube of the number, is equal to six 
times the square added to 35 ? 

21. ’ Tho squaro of the eighth part of a troop of monkeys 
was skipping in a forest being delighted with sport ; tho 12 
remaining were seen placing on a hill, chattering to each other. 

' How many were they in all ? 

22. Tire fifth part of a troop of monkeys les3 three squared, 
had gone to a cave ; tho remaining one was seen climbing on tho 
branch of a tree. Say how many were they ? 

23. Tell me, friend, the base, perpendicular and hypotennso 
•oE a right angled triangle, in which the square-root of tho base 
diminished by three, being lessened by one, is the difference, 
between the perpendicular and hypotenuse ; tho perpendicular is 
-equal to the Bquare of half the base diminished by one. 

24. The sum of tho base, perpendicular and hypotenuse i3 
40 and the product of the perpendicular and base one hundred 
and twenty. What are they ? 

25. The sum of the base, perpendicular and hypotenuse is 
56 and their product is seven times six hundred. What are 
they ? 

2G. What number is it, which being divided by six, has 
five ftjr a remainder, or divided by five, has four fora remainder 
or divided by four, leaves three, for a remainder, or divided by 3, 
leaves two ? The product of the first and fourth quotients cr- 
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27. Find the numbers which being multiplied by 5, 7 and 9 
and the products divided by 20, leave remainders increasing in 
progression by the common difference one, and quotients equal 
to the remainders ; the square of the excess of the second over the 
third is less than the third by 3. 

28. What number, being divided by two, has one for a 
remainder ; and divided by three, has two ; and .divided by fivo 
has, three ; and the quotients also, like itself ; of tko second 
quotients, the square of the second exceeds the product of the 
first and third by 50. 

29. A horse was purchased, with the principal sums, one 
two &c. up to nine, by dealers in partnership ; it was sold by 
them for 495 ; what did each gain ? 

30. The 1st term of an A . P. is 7, the commou difference 6, 
the period or number of terms eight, tell me, what are tho 
middle and last terms ? And what is the total sum ? 

31. A person gave three drammas on tho first day, and con- 
tinued to distribute aims increasing by two a day i and be thus 
bestowed on the priests three hundred and sixty drammas ; say 
quickly in how many days ? (drammas a Eupee.) 

32. The first term of a G. P. is two, the common increase 
three-fold end the number of terms 7. Find the sum. 

33. In a pleasant, spacious and elegant edifice, with eight 
doors, constructed by a skillful architect as a palace for tho lord 
of the land, tell me the permutations of aperture taken one, two 
three &c. (at a time). 

34. Say mathematician, how many are the different tastes, 
sweet, pungent, astringent, soar, salt and bitter, taken them by 
ones, twos, or threes, &c. at a time. 

35. How many arc the variations of number with any digits 
except cipher exchanged in six places of figures ? 

36. How many are the variations of for m of the god 
Snmbhu by the exchange of bis ten attributes held reciprocally 
in bis several hands ; namely the rope, the elephant’s hook, the 
serpent, the tabor, the skull, the trident, the bedstead, the dog- 
ger, the arrow, and the bow. Likewise of god Hari by the 
exchange of his four attributes held reciprocally in his four 
hands . — namely, conch, the discus, tho mace and tho lotus. 


ANSWERS. 
PART n. 
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Es. LXV. p. 3., 


1. a;« ±4. 

2. 

±2. 

3. ±2. . 

4. ±2. 

5. 

6. 

±2. 

7. ±2. 

8. ±4. 

9. ±6. 

10. 

±<z 73. 

11. ±7f 

12. ±4 73. 

13. ±L 

17. ±1. 

14- 

18. 

±a. 

± 72. 

15. ±4 75. 

IQ , £& 

16. ±ja75 


~)' 

2°. ±- jj 

a 

2« i 

\ ' 

21. ±ga. 22. 

/ 2& 

±8 V PTr 


n + l -n + x 

If 


Es. LXVI. p. 13. 


1. 

a>«=l, or 2. 

2. 

2, 3. 

3. 

h 

6 . 

4. 

0 

*“} 

4. 

5. 

h i- 

6. 

1 $• 

7. 

h 

-3. 

8. 

- 

ii - 

9. 

h -l 

10. 

~i ■ 

11. 

7, 

-tf- 

12. 

5, 

-V 

13. 

5, -V- 

14. 

5,3. 

15. 

h 

__ 4 

:r 

16. 

4 

111 

— 2. 

17. 

12, -2. 

18. 

2, i. 

19. 

2, 

5. 

20. 


-6. 

21. 

a±6. 

22. 

10, -110. 

23. 

5, 

~3> 

24. 

4, 

g. 

25. 

3, 

26. 

2, -U- 

27. 

* +1 ’5+T 



28. 

e,i 8- 

29. 

2, -?i- 

30. 

0 

» . 

31. 

0 

G. 

32. 

3, -1. 

33. 

3, 5. 

34. 

J, 

26 

a-6 ’ 

35. 

5 

>4- 

36. 

-5, -4. 

37. 

2, h 

38. 


fc. 

'39. 

a. 

, -6. 

40- 

o’, a*. 

41. 

a ±n. 

42. 

2 

1 

43. 

£ 

6 







a * 

c’ 

a ‘ 

44. 

, b 
a — b, - . 

45. 

n ■*- 7 (a6) + 5 

(7 — 

7 (a5) + 6 



2 

a- 7(a&) + 6’ 

a*f 

7 (ab) -t b ' 



46. 

(a ±6)*. 

47. 

1 2 « 

1 or , . 

o -a 

48. 

a~\, 

i- 




A 
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49. 


51. 


t a* + a6 
b ’ a +26 
b — c + a* b — c — a' 


50. 


a a 
1 — a’ 1 + a' 


52. a + b + c, a + b-c. 


53. 

a + c, 26. 


54. 

2a 

26 




d — 6.’ 

a-6. 

55. 

2(2+ V3), 2+ V3. 

>( 58 . 

S(3+ «/2), -3(3+ V2). 

57. 



58. 

4, 16. 

'59. a+i ,-l. 

60. 

2 4* VU, •— 4* 


61. 

4j i- 


62. 

2{i± -/(«*+ 1)|. 


63. 

8, -5. 


64. 

a, -9a. 


65. 

2, -3. 

66. 3, -4?. 

67. 

a s 3a* 
b’~ 5b * 


68. 

5, -3. 

69. 4,-^A. 

70. 

9, 3?. 


71. 

5) i‘tj. 

72. 3,4. 

73. 

-13, 3. 


74- 

2,-0. 

75. 3a, -4a. 

76. 

3 3 a(-l±V7). 


77. 

0, a. 

78. |{6± •/(! 

79. 

0, 2a. 


80. 

na a 

2*’ 2n 

. 81. -a, $a. 

82- 

a J 6- 

J 

83. 

0, ia. 

84. a, Ja. 


Ex. LXVII. 

p. 28. 

• 

1. 

£K= 4=2, il. 2] 

1, - 

!±V( — 3),- 

4{l+^(-3)}. 

3. 

1, 2, &c. 4. 4, 

1. 


5. 

81, 25. 

6. 

4. 7. »"* = 4, 

1. 

8. 

±4, ±5. 

9. 

25a, 4a. 10. ±5, ± 

*/(- 

V). 11. 

-64, -1331. 

12. 

1,7". 13. 8, 

■J t 


14. 

32, *V. 

15. 

11,3. 16. 2, 

-f- 


17. 

® n = 1G, 1. 

18. 

<r"=i, -1. 19. 1C, ,V 


20. 

a; n <=lG or T V 

21. 

±5,± -/(10). 22- 4 

: /'‘I. 23. 

±3, ± V (618). 

24. 

3, -4, -4{1± +7129)}. 

25. 3, - 

j i 2 

26. 

4, 2,1,4. 


27. 6, -1 

.,4(5+ V(-39)}. 


28. 8a, -a, 4a{7± — 71) }. 29. a, 2a, 3a, 4a. 
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30. 2 a, 3 a, Aa, Ja. 3L 4, 16. 

32. 4o,-ga, £a{2i V{67)}. 

33. a+2,-4(« + 6), ^{a±2 V(a*-3B)}. 34- 0,± V(£±£ -/a). 

35. x=*2 or 3**=> — 12. 36. ±6,44^2. 

x . C2 

37. Divide by ® r etc. ; a quadratic in x 1 P r . 

•38. 4, 2 V- ' 39. 2, A, *{-7±^(33)}. 

40. A qnadratio in a — •/ (a) . 

41. 3,-2, A{1 A -/(21)}. 42. 3,-4, i{5± V(1329)}. 

43. Alnltiply by -ffo x (sd + xA 5) and transpose, then 

(as z +x+5)-\^xV(x t + a+b)—'f{^x t =0. Hence 
V - !®* + ® + 6) ■» A§ § £ !-§§*• ••. ®=4, — s 0 °, etc. 

44. 4, 17 ±"l2 V2. " 


45. 


5x t +2x x 

(® l + 2x-2)(s t -2®+3)“ 2’ 


x=0, AV5, ± V(-2). 


46. 0,1,2. 47. 2, -Idt V<-1)- 48. 25,529. 

49. 64,9. 50. ®«=>5 one solution, also (® J -8x+7)(x~3) 

<=.(® s -8a: + 12)(®-4) «(x l -8x+7 + 5)(x-4) = (x*-8x+7) 
(®-4) +5(x— 4). (x*-8x+7)(x-3-a; + 4)«5w-20. 

-. s=A{13a V(61)}. 

51. «=5or70; tbe latter value satisfies only tbo equation 
-V(«+ll)+ V(x+11)=,6. 

52. 15,-27, etc. 53. a,^j,-Jcr. 

54. 0, 17, V ± V^- 55. 1, 4, A V(-l). 

56. 1, 2, - A{5± V(17J}. 57. -1,3, l±5-/3 . 

58- 13/5, 78/j 5 the latter value satisfies 0 nfy"t l i<?e q u a t i 0 n 

^(j£+«’)-V(*J+®) = 6. 

59. Let V(vJ+ s; )= 0 »nd V({J-») = 5; thena-6 = l. 

a i + l> i — ialj(a — b l i — 2o*5 l = l. • ( h 1 -4a6-2a I i s cl. 

lienee ai> = '} °r-Y- •*. (&)*-«* 

“ (w) 1 or CV.?)* ; ••• «= aE, ~y 
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fife — ll 1 

60 - {4x~ 5) (4^) 1 ^ ! )^ 8(J ~ 1)Z ' x—1 one eolation 

also (L6x*-32a7+15)(i J — 2e + l) = l. 16(x*-2x+iy* 

-(m t -2s;+l) = l ) &c. 


81 ' (1-3, (“-D (*-2j(»-l) 

••• ' 

.*. a;*=l, ono solution; also (a*- 4r+4)(i*-4a;+ 3)*=* 0; ' 
.*. (a t -4j; + 4) i - (i I -4a+4) =2 ; &c. 
a=2± V2,2±-/(-l) cC-c. 

62. (4a-l)(4®-3)(2a-l) s = 2; .-. {4(4a*-4a; + l\-r, 

{4x -4r + l}t=2 ; etc. 


63. 

2 G ,4i v\llj. 64. 1, 3, 2± V(-7). 65. 5,-1. 

66 . 

{a + b) { ■'/(a + a) + VX b 

-*)} = V{(a + «)( 6 -a;)} ; 


squaring we get a quadratic in V{(a + x)(b~x)}, etc. 

67. 

4,-3, ${1± V(-43)}. 

68 . i 

i 2, £{ -13± V (153)}. 

69. 

1G, 9. 70. 1, - 8 , 10. 71. 

1,4 

72. 

G, —7, 4{ -1± V(221)}, 

73. 

5, -W*{"3± v r {794)}. 

74. 

1, 4. 75. 1, 5. 

76. 

3, -4, ^{25 ± V (521)}. 

77. 

a.il3± V(10)}. 

78. 

1 , -,V. etc. 

79. 

4a{5± V(13}}, ^a{5± V( 

-3}}. 80. 4,-^, etc. 

81. 

0 , 2 ( 1 ±'/ 2 J- 

82. 

0 , -l,5i 

83. 

(x'~-lx) -5= ± V(145), 

etc. 84. a, a + 2± V( 8 a + 3); 

85. 

</a = £(l-a)±3/(a s -2a + 4). 


86 . 

M, 

87. 

0,5,StW(-13). 

88 . 

4, '/{ 2 ± V(-11)J. 

89. 

± V3 , 4 V2, 

90. 

1, 2, 3, 4. 

91. 

I,l± ^( 10 ). 

92 

a*= — a&4r4(o* - 5 1 ) */3. 

93. 

0 , ±4 /3. 

94. 

± V{2a±aV7}. 

95. 

» r -5ar=5a J or — 4pa f . 

96. 

±a, ± 2 a. 

97. 


98. 

01 i 

4* 

99. i 

nr = ^ is the only solution. 

100 . 

3, 4{-3± V(— 15)}. 

101 . 

o 961 
a ’ “ a ’ 1025 a - 
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102. 

a, l , c. 103. 

± (rf— n), ± (m + n) . 


104- 

2, ±2 V(-l). 105. 

2. 106. -1,0. 


107. 

2 a, ijfl. 108. 

£=1, also k* — 6r+3«=* i -/(15)* 

109. 

3, i, 2, i, 0. 



110. 

a b 2a b 111. 

Xm v a' b ’ 2a 

0, ± 4(- 5), ± W* 


112. 

0, ± V±5. 113. 

as — 5a«=>± V(41)-3. 


114. 

An equation in V"(l —a*] 

>. 115. ±1, ±6. 


116. 

. /fa* afl + a 1 ) 1 
^ V \2 ± 2V(2 + a*)/ 

117. ±iA ±K(- 

■5). 

118. 

119. ~Ja 

, — 2a, etc. 120. a, otc. 


Ex. LXYIIL p. 44. 


1. 

±3, y =* ±2. 

2. a;=»4 or 3, i/ = 3 or 4. 


3. 

w= — 4or9, j/=> -9 or 4. 

4. s ra 4 or 3, j/*=3 or 4. 


5. 

£=3 or j/=2or|§. 

6. »«=5 or— y , i/o4 or 


7. 

m=i ±4 or ±7 42, y => ±3, 

or =F 5V2 . 


8. 

or 2. 

9. ®*=2 or |, y=.3 or 5. 


10. 

*=6 or ftp, y=i 6 or— 16$. 

11. ®«=>±5,i/<=>±4. 


12. 

as = ± 3, t/=» ± 1. 13. 

a = ±5 or ±7, i/=> ±3 or ±1. 

14. 

me ±5 or ± 43,y = ±4 or ±3 V3. 


15. 

±2 or ±4,2/0. ±3, 



16. 

±5 or ±9 43, y= ±2 

or ±y V3. 17. »*=• ±3, j/= 

±2 

18. 

a«10 or-^ ; i/o \Y or • 

L. 19. o«=> ±5, !/■= 

±1 

20. 

«»±4 or ±fg,yo ±5 or 

' 


21. 

or ± 

or t 9 Aa- 


22. 

® = 4 or 12, t/ = 12 or 4. 

23. a;=3 or 25, y«3 Or — 

•19. 

24. 

a;=>5 or S5,y»*2 or Y s 2 . 

25. s=> ±5,y«=< ±1. 


26. 

*=±Y,y=±S. 

27. or 5,y-5 or 2. 


28. 

1=3 or 2, y«=2 or 3. 

29- *= ±9,y*=±3. 


30. 

s^l or 4,y<= -2 or 1. 

31. ««°4 or — 5, y=3 or - 

•4. 

32. 

» = 16 or 4,y«=4 or 1G. 



33. 

cu<=>0, 6, 2± 45, y =0, 3, 

-i±}45. 



34- a?=± */3 or V(35) ordt2. 

• 35. Xr*h{a-b± 4(a* + 2ab-3b t )), y<=i{a-b^ F v r (a , -f 
2a6 — 3b : ). 
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36- «=2 or or -y. .37. s = 0 or 2, y = 0 or 4. 

38. <r=2 or —3, j/=3 or —2. .39. «=1 or 3, y=3 or 1. 

„ a 1 - 5* • 

40. m = ±3,y=±2. 41. ®=0° r „l^’ 

n ■ a z -6 s 

w = 0 or — s— . 

^ 7na + on 

42 . <c«= ±3 or ±5 V?, y= ±2 or =F VS. 

43. ®=i or 2, 7/ = 6 or 3. 44- <8=16, 9 ; y = 9, 16. 

46. a=»4 or 2, y=2 or 4. 46. <c=l or 3 , y=3 or 1. ' 

4 * 7 . a,=4or - 2 , 2 /= 2 cr -4. 48. m=3 or 4, y = 4 or 3. 

49. <c =3 or 4, etc., y= 4 or 3, etc. 

50. «=ilOor i V-J* f t/=± 6 or ± 

51. s = l, 2 etc., i/= ± 2 , ±1 or etc. 

52. <r =8 or -1, y = l or - 8 . 53. %= -4 or 9, y - -9 or 4. 
54 . ffl =±l, etc., i/=±l, etc. 55. x = lc,y**ac. 

56, < 8 = § or £, y <=> 5 or fe. 57. <r = 4 or 5, y=5 or 4. 

58. *c = 16 or 25, 2 / =25 or 16. 59. as- ±1 or ± 2 , etc. 

60. a; = 5 or $£, y = 3or -■$). 61. <»= Z /* 3 ±3 or ±^. 

62. <r=y=V5,etc. ^63. *=3, -tf, etc., y-4, -ft, etc. 

64. as-2,erf,3*ft; y-i,V&5te- 

65. x =4 or 8 , 2 / = l or 3. 66 . o=l or 25, y=25 or 1. 

67. < 8 = 2 , 3, or |{ — 11± V(97)} ; y=3, 2 or 4{-ll=F(97)}. 

ai* g*& 

68< ± V(a‘ + b*)' y ~ V(<x* + 5<) * 

69. as-4, — 2 or 1 ± V( — 15) ; 2 / =2, -4 or -1±V(-15). 

70. <8=2, -1 or *(1± V(-ll); y=l» “2 or i(-li V(-ll). 

71. <r y= ±2 or ±2 V(-l), a+y = ±3, ±3 V(-l), etc. 

72. ®-± 2 or±l f y-±lor ± 2 . 73. as-i or 1 , y-1 or J. 
74 . x=>9 or y = l or 75. *=3 or 1 etc., y-1 or 3 etc. 

a /133 o /133 

76. a = 2±ay / -2o-, y=- 2 ±a V 20' 

77. as-3,y-l,ctc. 78. as -3 or 1 , etc.,y=l or 3 etc. 
79 . <s=l, 2 , etc., ♦/ = 2 , 1 , etc. 80. as-l or 2 , y -2 or 1 . 
81. =.? or 3 , etc. ; */ =-10 or 1, etc. 82. as -2 or 9,y-l or -6 
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83. ®=* 1 or 4f> etc., I or - etc. 84. x= A 3 /, «/*= ±2. 

85. ±1 or y=» ±5, etc. 

86 and 87. x= ±$ or ±| ; y™ ±5 °r ±f. 

88. x= ±2, j/«* ±4, s=> ±8. 

89. x=2 or — V» y™ =*=3 or ±| 1/(401), e=4 or - V- 

90. x=l or 4, jr=> ±2, «>=>4 or 1. 91. x=»4 or 1, y~h or 2, 

»—3 or 5. 92. x = l, 2 or 3 ; y=> 2, 3 or 1 ; r«=3, 1 or 2. 

93. x-» ±(4+ -/2), = dfc V(14), *«= ±(4- V2). 

94. x=2 or -§, i/= ±3 or ± e== 4 or ~f* 

95. ®=1 , t/=e«=f. 96. x= ±1, ±2, s®±3. 

97. x= ±2, ±4, z~ ±8, etc. 

98. x = iab, y<= Jcbc, s= ±ae. 

99. x=2, y=*2, e-®8, etc. 100. x=il, y= ±2, «•=• ±3. 

101. x~2, 2 /*»l, etc. 102. x— li, t/= J, 2«=>3, etc. 

103. x*=6, y «=» 5, s=3, etc. 

104- ®*=>2 or 3, y=3 or 2, s«°l or 4. 

105, aj>=2, 7/ «=» 3, z«=4, etc. 

Ex. LXIX. p. 58. 


1 . 


2 . 

4- 

5. 

8 . 

11 - 

13. 

15. 

16. 


(1) x I -21» + 80«=0. (2) & S -Y* + 1“0. 

(3) x I -V*-2«=0. (4) x* + 9»+20~0. 

(5) m 1 — 2ax+a*~ b s . (6) a* — 5 = 0. 

17) **-2V3«+2»0. (8) (a* -5 s )x*-2(a* + &*-)*•=&*- -«*. 
(9) a l -3x+l«=0. (10) x £ -2V(a + 5)x+26-0. 

12p'x £ -7px + l = 0. 3. x*~ 2(p±g)aj±4pg*=0. 

(2* - 2)*x l - (P 1 ~ % + 22*) a 4- 1 » 0. 

i(a J +6 l + 5a6). 7. 1900,35000,1330000. 


2(ac + 5c + a&) 3a5c 


5 »' — (p l — 3g)px4-g*«=*0. 10. t , — - / , — . 

i a/r * a + 6 + c’fl + 6 + c 

x : — 2{a + J)o + 2a6t=0. 12. x , -2cx-i I +e I + 2c = 0. 

pip* ~bp : q+5q'). 14. 5*-4g+2. 

o : — (3pg -p 1 +p* — 2 g)x +p(3g - 2g) = 0. 

np*„(n+l)*g. 17. 32. 20. (1) (x-35)(x-8). 

(2) (3x-5)(5x-3). (3) (4®+5)(2x-3). 
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(4) (4®+3)(3®+4). (5) (® + 2a-35)(®-3a+25). 

(6) {®— (a-b + c)){tc-(a-b—c)}. 

(7) (®-2a-l)(®-a-f 3). (8) ( x+a-b)(x+a-c ). 

(9) (x+p-q)(a + a-l). 

(10) (2®-a + 6-c)(2®-a+ b + c). 

(11) (®+ 7/-e+l)(®-y+c). (12) (® + a-y + £)(® + 2a+y-c)^ 

21. 121. 22. OorG. 23. ±15. 24. 8 or-?*. 

25. a s + J ! + c s =3ata. 26. a l + 5*+ c*=aZ( + ac + 5c. 

27. 6 or £. 28. a ! + 5 s -f c B «=3a6c. 

SI. (c s -5 I ) 2 =45c(ac-5 I )(c :: -a5). ~ 33 8. 

34. 4 or 4J. , 35. 0 or 6. 38. ±2. 

, 52. x must not lie between 4 and 1 and y between £ and 1. 

Ex. LXX. p. 68. 

1. 10 and 20. 2. 5 and 25. 3. 11 and 17 or 1 and 7. 

4- ±12. 5. ±8 and ±12. 6. 7 and 3. 7. 4 and 5. 

8. 48. 9. 256. 10. 40 and 20. 11. 50 and 64. 

12. 15. 13. 12 and 16 yds. 14- -Rn-120, 60, 30. 

15. lts-550 and -Rs-450. 36. 70 min. and 65 min. 

17. 4 miles an hour. 18. 6 brs. and 12 hrs. 

19. 24. 20. 120 and 80. 

21. 5. 22. 5 annas. 23. 3 yds. and 4 yds. 

24- H A. M. and 5 A. M. 25. A, £120 ; B, £80. 

26. -Bs-2500 and Its-2400. 27. 448. 28. 1G. 

29. 125 and 8. 30. 18. 31. 33. 

32. l£as. and 5£as. 33.8. 34. 20, 16 and 10ft 

35. 720 miles. 36. 4 hrs. and 6 hrs. 37- 8 and 6 inches, 

38. A’s rate 7 miles and B’s rate 9£ miles. 

39. 360 yds. 40. 3 miles an hour. 41- 180000. / 

42. 1200. 43. 4, 6 and 8. 44. 2, 3, 4, 5. 

45. 28 men and 45 lbs. or 3G men and 77 lbs. 

46. 385 ft, or 324 ft. 47. 3 miles ; 21^ minutes after 2 a.JL 
48. 30 miles an hour ; at half past 9 o’clock. 
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Ex. LXXI. p. 80. 

1. 

6§. 2. 4. 

3. 9# 

= 10p. 4- 9. 5. -R&30. 

6. 

bxe^acy. 

7. a* 

= 8. a^-Jjbc*. 

10. 

8a* — b*+ab 

CO 1=9 7 . 

o — a 


12. 6 = ±£a. 

19. 

y*4-by=xy+3. 


20. p = 8 ; x<=6 or —1. 

SI. 

s = l + 2a&— 3aZr 

i_ 

22. y=Ga: + 12s l ; x*=l or — 1. 

23. 

y=*3 + 6a; + 12»*. 


24. ji = (ft*-n + l)a. 

25. 

V(il ! + r’). 

26. 

7 : 8. 27. 60 inches. 

28. 

£2000, £100. 

29. 143. 30. 40 per cent 



Ex. LXXH. p. 88. , 

1. 

(1) 41. (2) 

97. 

(3) 100. (4) ~7f. 


(5) 23*. (6) 

3n— 2. 

(7) 4n— 1. (8) 4n. 


(9) 0. (10) 

i(5n- 

4). (11) w*+y* + 2xy(2-n). 

(2a — £>)n— a 
. „ . a-+-6. • «. •' 


2. 1.. .3. . -3.. - • . 

4. 

100. 5. 

3. 

6. 4, G, 8, 10, 12 and 14. 

7. 

•&!&> “Ay ■ 

-*» “fi and -}§• 

8. 

I. h ~i and -%■ 

9. 

, 8 the 1st. term, 7 the com. cliff- 

10. 

392. 11. • 

-120”. 

12. 180. 13. -460. 

14. 

280. 15. 3775. 

16. 10000. 17. 28. 

18. 

-7. 19. 

i (6n* 

+«). 20. 4(n-l). 

21. 

^n(n-l)(n-4). 

22. 

Jn(n— l)(n-4). 23. 8. 

24. 

let. term = l. 

25. 

10. 26. C. 27. 8. 

28. 

21. 29. 9. 

30. 

1, 3 and 5. 31. 3, 5 and 7. 

32. 

4, 8, 12 and 16. 


33. 1, 3, 5 and 7. 


34. 16 and 20 inches. 35. 6 miles 40 yds. 

36. 7, 11, 15, 19 and 23. .37. 1,3, 5,7... 38. 13. 

41. 1,3, 5, 7.;. 42. 1, 3, 5, 7, 9. 48. An(37J-l). 

49. ro th term 2p + r(2fn — 1) ; sam‘='(2p + nir)7n. 

50. Snm~ gft? t : 1 9t ~ \ . 

21 p-g J 

56. — 2n. 58. n+1. 60. *n(n+l)(n+2)., 

61. yV, l, %. 62. Jio , + a5?z(n-l)+Jn(n-l)(2n-l)t 1 . 

26 
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Ex. LXXIII. p. 97. 


gn(3“-2 «}. 

2 10 -1 4 
910 


2i°-l 
3x^o * 
3* -2" 

3-3 ■ 


2 U -1 


sn- 8 - 1G6 s- 

4j. 12. 

a+6 1-a 

W K3 + V2). 

H u { V(15)-5^6}. 


9. #. 


10. £. 


14. 255^2. 


16. -fi£(V6-2). 


■0- 


3g-/a 

a V (6 a) — tx-J% 


o^+i-o _ n 

, 21. 3 V2 + 4. 22. §. 23 - 


3 n -l-7» 8x— 2®* ® n+1 (4 + 2n-na>— ar) 

3- 1 ‘ ^ D ' (2 -»)* ~ 2*" 1 (2 — a)* ' 

2"±1 n 9® 

9x2 , - l± 3x2*' 1 ' 27 ‘ (3 — ®)*” 

3,6,12,24,48,... 29. 4,2,1. , 

1, 2, 4. 31. 2, 4, 8, 16 or - %°, YP. - 2 A°- 

4, 1, 3, 9. 

2 +-: < ff + ' r |5 + ...or <- aYir - ”* 

^5 or 10 per cent. 

Common Tatio = ?. or — 

fte-256, -Rs-192, 4lfl-144, B&108. 40. 139. 


^(I+p) + - 
Ss 

S+s-V 


1 — r (1 — r}* 


— . 42. *or-4. 

52. Jn("+l)“fj«. 
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1. 

i- 2 , n- 

2. 

1 l J J <£c 

35 45 f.J 05 

3. 

_ IS. 

4. 

G. 

5. 

6 or 5. 

6. 

4 and 12. 

7. 

2, 3 and 6. 

8- 

2 and 18. 

9. 

2, 3, G. 


10- 10 and 40. 13. 


NE{n — r) 


16. 4, G and 12. 


Rn - Nr 
Ex. LXXV. p. 103. 

2. (1) 4 or 5/(49). (2) x=> ±2, j/<=> ±4, ±6. 

3. (a-b-c)(a-l~c). 4. e ,c -jpe tJ: + 2 C*<=r. 

5. (1)4 or}. (2) :fc£aV3. (3) 2,3,5. 

a-r"(a-nb) £r(l-r") 


6 . 


8. (1) -lor -a. 


1-r (l-r) £ ' 

(2) a:=±2,i/«=±l. (3) *= Tl or ± J .f, 2 /= ±2 or ±7. 

9- Skilled workmen 14, labourers 10. 10. I6£. 

11. (1)1 or 3. (2 ) •-±^.3'-^. 

12. a- -a z b^ + a-lp —ab+a^b^ — l'*. 

13. V3 - 1 + V5 or 1 - V3 - V5. 

15. (1) ±1 or 1 - V3. (2) 4 or - 1. (3) ~lor2. 

17. o l +i> £ + c t -c6e=>4. 

r 

19. (1) 1 or ± V(-l). 

20. 59, 72 and 85. 


16 . 10, <xegp). 


(2) lor -2. 


__ a -ar* - 2bnr' 1-r’ 

22. = +25r 


1-r (1— r) 1 

25. a: B -j5x l + g«-r = 0. 

30. 2(ac-M). 


21 . 

23. 1. 
28. 5. 


31. »= 2(g -g) 5 ony tb ' ng - 
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Ex. LXXVI. p. 114. 


1. 

[8 or 40320. 

2. 

360 ; 5040 ; 7560 ; 9979200. 

3. 

7. 

4. 

5. 

5. 720 6. 

5040. 7. 5. 

8. 

216. 

9. 

420; 

15. 10. 

120+15 = 135. 

11. 

210. 

12. 

5. 

13. 

31 x 16 ; 31 x 15. 


14. 20736. 15. 14. 16. 144000.- 

17- 6 + 15+20 + 15 + 6 + 1 = 63. 18. 30240; 3024. 

19. n«2 m. 20. 120. 21. 907200. 

22. n « 9. 23. 1920. 24- n-10. 

25. 27. 28. 380. 

29. 10 together ; 43758. 30. — l)(m- 2) ; 4(m ! -3m)* 

31. 4845;' 969. 

164 t61 ' 

L8L56 ; 15L5G* 

36. 256. 

120 


33. 


32. 969; 3876. 

35. 64. 

38. 140. 39. 6720. 


34. ‘4320. 
37. 360. 


41. 


|26 . Li8 


<113;* ’ L5L13 • 


40 * 12x8* 
42. 30. 


43. 7418. 


Ex. LXXVI. (£) p. 128. 


1. 1 +20*+ 180a* + 960a 5 + + 2™x™. 


2. 600000000a; 5 . 


5. 


l_32 


■a 8C b-K 


3. 

6- 


JMLxlCylV' 

(Qh) 1 ^ 


4. 


100x99 
1x2 1 




[17 


l-JHa-i 

1318 


114(18” ’ ' \8\d‘ 

7. the 137«t term is the only middle term. 

8. ^(2n + l)n(2n-l)(n-l)a 4 " _c a? 8 . 

H” — a 4n " tfr (-l) r . 


9. 


(_rjj2n — r 


10 . 


liU5* 


31. There is no term involving a 11 , for only the even povrers 
of x are involved. 
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12 - 

14- 

n. 

18 . 


19. 

1. 

3 . 

4 . 

5 . 

7. 

3 . 

9. 

10 . 

11 . 

12 . 

14. 

15. 

16. 

17. 

18. 


16a* (4a 4 -3®*). 13. 32a*®*(10a 4 a: 4 -3a s -3® s ). 

-256. 15. Products (a* + « 4 ) 10 ; it docs not 

involve® 10 . 16. -33760. 

2 | a ._2^ 0 .- Ii t + w!n - - 1 \ ( y 3 2 j fw - 8 v - 1 ^— }. 

2 ^na^b- n ~ (n ~^~ 2) a^P 

■ n(n-lKn -2);n-31(n-4) a ..^ B _ j 

) 4n 4-2 

(l -'n+I) 1 


1-2-3-4-5 
22. (1 + 3) 6 . 

Ex. LXSVII. p. 140. 


l + i®-sVB l + rls 1 ®- 2. 1-5®- . 

1 + 2® + 3®* + 4ji b . 

I — n®+ Jn(n+ 11x s - 1 n(n + ll(n + 2)® 1 . 

l+5® + u4a^ ! +'f?5® , • 6. l + l-r+^x' + ^i', 

j. _s _s _« 

2a®- Jo '■'x — fea a « B . 

a~“ + f a~-xy + x'y* + ®V • 

1+5w « + 25^® 4 + !i^^|±2>125®°. 

, 0 f, 9® 27r= 13o»'l 

^ ^ {* ~8a~ 128a* ~ 1024a B J ' 

fl -s{ 1+ %wv + «. 

\ 4a= 32« 4 128a°/ 

l-a/x + in-^x 1 -^®*. 13. 4(r + l)(7- + 2K(-l) , ‘. 

K»- + l)(r + 2)(r + 3)ffl r . 

n(n + l)(n+2t (n + r-1) , 

' — — ; ® . 

l£ 

2x5* (3r— 3) , „ 

3^7 a *’ • 

_ (n-l)(2n-l)(3n-l).-(m-n-l) tr 

* 


(-I).x 1 Ai’lgr g r -lV. 
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19 . 

20 . 

21 . 

22 . 

23 . 

25 . 

28 . 

31 . 

33 . 

36 . 

38 . 


40 . 

44 . 


46 . 


1 . 


• 7 . 

9 . 

11 . 

13 . 


1x4x7 y (3r-2) ,, , 

® r+t . 

2 x 5 x8 x (3r-l)/ & rir 

y\ [r 

1x4x7 x (3r~2)2 r „-^— r 7 

7 ~— a J b x J . 

3 (X 

i(r+l)(2r+l)(2r + 3)z r . 

1- l-2*5-8'll*14'17-20-23-26 _ . 

jjp . 24. -5120a-==^e. 

2- 0361. 26. 9-9966. 27. 10-000159. 

2-0066. 30. 

1*3-5 16 x V2 -V \p „ n ot , „ „ 

2 i 8 j 9 a ~ x - . 32. 2n* + 2n + l. 

1-3-5 (2n — 1) 0/1 0 __ , , 

2^— 34- -8. 35. 4n + l. 

455. 37. (n + l) z ; there is only one term involving m n . 

__ r 3x5x7.. .fr—1) f4r + l\ , 

cr T x — __ — / \ ^-hen r is oven, or 

2 ' 1 tzl 1 i 

_ r f3-5-7 fr-2)1/4r-ll . ,, orv „ , 

a r j-n Us r £ when r is odd. 39.1 st. 

) 2 ljiri2| Kr-3) j j 

1st. term. 41. 2n<f. term. 42- -§{-01. 43. 7//i. 

The coefficient of the (n + 2) tb term 

o ( n + 1) ( n + 2) (n + 3). 

Ex. LXXY1II. p. 148. 

10. 2.4. 3. log 5 =-6989700; log 16 = 1-2041200 ; 

log 32 = 1-5051500. 

log 12 = 1-0791812 ; log 15=1-1760913 ; log 75 = 1-8750613. 
log 1-8= -2552726. 5. 3. 6. 2. 

3; 4; 2; -2. 8. 3-3344538, 1*57501226. 

•3010300, -4771213. 10. -4771213; -6989700. 

•2761407. 12. 3-889075G. 1-7168662. 

112. 14. 1-0749066 ; -8969100. 15. a- =3. 
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16. 2-9 nearly. -3010300. 18. 4J. 19. 248595. 

20. 259-569. 21. 4-37437. 22. 2-57 nearly. 

-23. 5444525. 24- 1'58. 25. 10-5675. 26. 166 years. 


1 . 

4. 

9.. 

13. 

16. 

1 . 

4. 

6 . 

9. 

11 . 


1-00100050. 

1 

" 11 x 2 e 15 * 

1 1 

( 2 ' + 14 + [6 + &C * 

1- 386294. 

2- 484906. 


5. 


©64500. 

©s630 8 as. 

©62631 13 as. 9p. 
14‘2 years j 22'5 years 
100 years. 


Ex. T.y V I \ p, 156. 

2. -9048367. 3. 

1 

^iO'x 79x17* 

12. n=2, 4 or 8, «=10, 8 or 4. 

14. 1-098612. 15. 

17. 3-583518. 20. 

Ex. LSXX. p. 161. 

2. ©615625. 3. 

5. ©64936 4 as. 7 p. 

7. 4 per cent. 8. 8 years 
10. ©6-265329 12 as. 
12. 8 years. 


Less than -000028. 
6. 5 terms. 


3-218875. 

• 002 . 

©6-135. 


Ex. LXXXI. p. 168. 


1. 

©612480. 

2- 

©&7111IJ. 

3. ©656371. 

4. 

18"05 years. 

5. 

14-2 years. 

6. ©6100000. 

7. 

©62000. 

8. 

©68110-9. 

9. ©&0697 2 as. nearly. 


10. ©0-12784 nearly -, the interest of the last investment is to 
be taken into account. 

11. ©*16470; the interest is calculated half-yearly. 

12. ©*29272. 13. 23J years. 

14. 75921; 23.}- years. . 15. ©&614 nearly. 

Ex. LXXXII. p. 173. 


1. (1) b= 10, 7, 4 or 1 and y=l, 3, 5 or 7. 

(2) k= 4, y=3. (3) *=4, j/=2. (4) r = 4, j/=3. 

(5) a=4,7, &c. ; y=2, 9, &c. (6) ®=1, C,&c. ; ;/«*!, 10,&c. 

(7) ;e = 4 , 15 ,&c. ;y = 3, 12, £c. (8) x=3, 16, &c. ;y-2, 13, &c. 
(9) s=3, 16, <£c. ; y = l, 15, &c. (10) »=1> 8, £c.; yt=2, 52, &c. 
<11) c=5,15,&c. ; y=l,22, &c.{12) s-9, lS,£c. ;y = 59, 132, etc. 
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2. Three. 3. Tive. 4. One. 

S. To pay 10 G. M. and receirc 11 notes. 6 . 10, 30, &c. 
7. 13. 8 . Number of men 3 or 8 , that of boys 18 or 4* 

9. 85 or 145. 10. Three. 11 . 5, 7, 4. 

12. 2, 14, 20 ; or 4, 7, 25. 13. 3 or G horses and 6 or 1 

bullocks respeetirely. 14- 9 and 3. 15. 79. 

16i 45, 55. 17 Two. 18. 344. “ 

19. 5,2,1 ; 1,5, 1;6,1,2;2, 4,2. 20. 3, 12, 5 ; or 6 , 4, 10. 

Miscellaneous Examples, p. 175. 


1 . (1) a? =4 or — y\ (2) »=3, - y, ${-5± /(33)}. 
(3) cc ^ 2 or jz ip 5 y — i 3 5 or 

126 officers and 4000 men. 3. 1, 3, 5, 7. 


2 . 

4- 


<*> V’(^rs)- 

(2) «=2or-3,V (3) x=~or~. 5. 1880. 

6 . V10- V2. (1) £(9+^3). 7. 1 or-3. 

8 . (l)a;=£or£. (2) a<=2 or 16, y — 2 or 4. 

(3) ®<=>3 or 4,i/=4 or 3. 

10. (1) £(5a + b); MZa + b), |(a + 6), 4(25 + a), £(55 + a). 

(2) 90. (3) 9*g. (4) 5(3 V2 + VG}. 

n ^-n- J50_ [49 

m ' A4S * [6[44 ’ |J>|_44" 

13- (1) £{3± V(13)}. (2) z=±5or ± V2,y=*±3or T4/2. 
14. ± 1§ and ±3. 15. (1) 240. (2) 2. ' (3) 5 . 

16. (1) 5 or — 3£. (2) 4, -91 or *{- 11 ± V(89)}. 

(3) a:— ±1 or ±4,yc=±3 or ±2. 


17. ±3 and ±2£. 18. 19. 


in 


20 . 


[40 , [39 


[ 2 - ~~ [_ 33[7 ’ 13316 : 

21.. i; log 128 = 2-1072100; log 125=2-0969100 ; 

log 256 = 2‘4082400. 

„ _ „ 2ab 

22- -Rs-1479 7as. 8 p. 23. (1) e^a + l or 

, (2) a:=»4 or § ; y = l or — 2f. (3) c>= 3 G,y = 4. 
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24- 25 gals, rum; 5 gals, brandy. 26. 10 and 6 or - 8 and *. 
27- &-2ax^-a I -b=‘0. 

32** 4 


28. W{l-]-g- jjsss 

£(r+ 1)^+2)*'. 


- X 


30. (1) 4 or -ff. 


„ I 

125 \3 a) / 

29. 1-9285266 ; 1-9830103. 
a 1 + 5* 


(2) a + 6 or • 


o+6 ‘ 

(3) *=3 or -2, y = 1 or 6. 31 . 4 and 5 ydB. 

32 . (1) 0. (2) 8(2+11 V3). . (3) 25. 

33 8. 35. 36.11=14 


logS 

* log 3’ 22 log 2* 


37. ,l+7« + 28* £ + 84x s ; a/,?/. 38 . -M. 

39. 2-3856063. 40. •Rs-32000. 41. (1) 6 or J*. 

(2) »t=+3-or ±9 V2, j/t= ±2 or V(-2). 

(3) *=25 or — 1 Or 3-|p. 42. 64 and 60. 

(n + l)‘ 


43. <o £ -*~5 = 3 V3. 


44. 


2(n-l) £ ' 

45. jp r . 46. 5=7i. 

47. Jj? 48. l + 8«+V« t + }J**. 

49. (1) *=2-40824; (2) *=3-773. 

50. The present value = -R&l 00 to be paid now together with 
the present value of an annuity of -Rs-100 for 9 years = 
Bfl-810-782. 


n* 6* 

51. (1) <»=-£- or- — . (2) *= ±1, y= ±2. 

(3) V{4(1± V6)}. 

(4) «= J=3, + V6, ± V{J(15±3V5)} or ± «/{*[-13:fc 

^(-47) ;y=2, -1, 4(1 ±3 V5) or 4{1± V(-47). 

52. 18 ; B&40. 53. 12* £ -25®+12=0. 

55. n £ = (c-o) £ oro £ + 6 £ +<; £ = a6+ie+flc. 57. 20. 

58. 1-9743. 59. 9-15054. 60. -Rs4802 6as. 


61. (1) *=i|a + 6± 
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(2) a = 6, -7 or -i{l± V(221)}. 

(3) z-2, -10, 16,-24 &c. ; y~ 1, 25, 64, 144 &c. 

62. «*-2(a*+&*;®+(a*-6*;*=0. 

63- s* - (lp+, ip'fq =0. 64- w = a, 2a Szc. 

65- 8. 66. -r~Ti • 6*7. 1-0002. 

a Zj rb z 

6a l + « + a* + |«\ 69. Jig, 10. 11 years. 

11- (1) 0,0,4 {1± ^(33)}. (2) x—1 or 3, y = 3 or 1. 

(3) V {xy) «= 6 or - 7, a; = 4£ &c. 

12. a B £ B + a 5 <4 + 5’c s = 3a : J*c*. 14- o I + 5* + c*i2aZic = l. 

15. 4164 J price of goat and Its-7^ price of sheep. 

16. (1) ®»2, -5 orf{-l± V(241)}. • 

(2) m = 2 - V3 or 2 V3 - 4. (3) a; = l or -2. 


7a 

80. 

82. 

85. 

81. 

89. 

91. 


93. 

95. 

91- 


3. 19. (a + b)*-i-(b+c) z + (a+c) s x=3(a + b)(b + c)(a+c). 
k = 8. 81. First=15( V2-1), common ration V2. 

1536-58. 84- -0999996000. 

11 years. 86. (1) ®*=2,-l or-4. 

(2) x*=}a, y=i(a-b) : . (3) £<=£(71* — 3n), etc. . 

o s + 5 S +c ! = 3aic. 88. a’ + 5* + c B =3a5c. 

«' + 5 B + c ! => (a + b) (b + c) (a + c) . 

s = 92. (1) »=4 or ^(49). 

(2) s= ±2, y — ±4, c= ±6. 

(3) B"l, 4, 4*c, aV 5 V~ “1 , 2, — §•, j or— 

4to-GQOO stock of A, 4ts4000 stock of B ; A’s gain Re-600 
B’s -Re-400. 94 ■ 36, 24 and 16 gallons. 

ReG43 15 as. nearly. 96. a = l or 5, y=>3, s = 5 or 1. 
-20. 99. 1 year 221 days, 100. 4te4451 12 as. 


F. A. Papers, p. 185. 


1861. 1. 3 V3 — 1 ; 1+ V( — 1). 

2. ; a n + l+a“** ; a^-a'M+<A 3. (1) or -^j. 

(2) s=0, ±c^{2± V(-l}};2/=0, ±|c^{10A5^(-l)K 



AXSWEBS. r. A. PAPEB 8 . 


339 


, . na . 20x19. 19x18 

4 ‘ (r-l)‘ ~ r-1' • 1x2 ’ 1x2 ‘ 

6. 775=A ® " y - y the 2nd and the 4th 

v (o ) |_r 


terms being negative. 


1862. 1. -256. 


2 . 


3® -5 2B l + 3aB + 7a I 


b £ — 3»+2 ’ ® £ — 6a®+2a t ‘ 


3, B"«-n + j/n+n Jy. z ra+ " = p 


nn 

,mfn 


4. 

5. 
G. 


x= ^ip{4aZ»±{a + i)-/(6ai-a 1 -i 1 )}. 
z=-l, i,-2;y=- 1,-2, -2. 


17 x 14 x 11 x ...(20 -S’ 1 ) ll=sr 5 

b 3 V u 

and 6th terms boing negative. 


tho 2nd, 4th 


?*»• >• 

2. (a) b=»28. ( 6 ) b»= 9 orl,y«’l or 9. 

(c) s — 4, 9 or i(-l± V'(-G7)}. 3. (a) 


210 


( 6 ) 

4. 15625- 3125® + i} : 5 iB : - 0 s 2 /B 5 +} 2 SB«, 5. 840 ; 5040. 

1864. 1. 1 + 1®-^®' + ^®*-^®*. 2. 

3. 400. 4. (AC'-AC'y-(B'C-BC)(A'B-AB')a r. 

5. £330'34, £369-66. 6. 2046fgg. 

7. The circamference of the fore- wheel ■=■ 


405 - 5 1 ± 6 ^(6* + 2400) 
2(5 + 10) 


when 5=^x3-14159. 


1865. 1. (a) bj/ «= 6 or 3 etc. 

(6) ® = 4,-2, rlt{ll+ -/(-231)), etc. 

2. £600 to A, £888 17s. 93<5. to £, and £1111 2?. 2~d. to C. 

1 + ? , . a-o(-r)" 

3. ot j — n J = 4. 4. — 1 . 

1 + r 

5. 3 + a -1 ®* +5a~ 1 a 4 +41ff" 7 B° + Jfa" 10 z s + 
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1 x 4 x7 x (3r— 2) /x* 




[r x 3 r_1 

1866. 1. (a)<r = lor5. (5) y<=0, ®=2 or- 1, 
2 ” —1 or 2. 

2. 20 in the first and 59 in the second division. 

, 3" - 1 

*5. n • 

5. 


4. 720; 19600. 

15x17 -V 15x17x19x21x23 -*/ 

2^° ’ 2^— a 

15x17 (13 + r) - g!±ST -. 86-6- 

a Em " 


_s . 




» 


2 r_1 x |r — 1 

1867. 1. i or-J. (1) »t=0, ±aV 5. 

a 1 -6* 


(2) ar<=» ± 






V*2(a* + &*)}’ 

2. — ^3^l) 4" fl 0 ( 5nCj ~ 4* bnCg) J ~ 

1=1 4" (^1^3 “ ^ 1 ^ 3 ) 4 ^x(^2^3 — bndr^, 

^b^c^} ■\-n a [bnC^ — b 1 Cn) + cXj L (b^c^ — > ^ , 

3. 631. ' '4. § and y* are the harm, means. 

5. ^(n l -3n). 6. l-3®+3®* + 2®8-9® 4 . 7. 1-0099 

1868. 1. or ~/r- V(35)}, &c. 

2. 432. 4. 100a4- 10235. 5. 7560. 6. ^ 4 (A6) S . 

1869. 1. -Rs-46 lQas. 8p. 2. (1) ®=6. 

(2) ®= ±2 V2 or ±3. »/= ± V2 or ±1. 

8. In 3 honrs, at a distance of 9 miles. 10. 90. 


1870. 1. «■ 


b t + c t — a z 


a z +c t — b t 


and z 


a x 4- 5* — c 1 


2ab 
3. 12 and 3. 


25c ’ J 2ac 

2. 2a® 1 ■fa + (,b‘/Or— 2a Vc)c— 5 Vc=0. 

4. 78, 66. 5. 760®i/ c . 6. 9 years. 

1871. 1. -gg. 2. 1-01059. 4. C. 

5. .45=3 miles, A (7=4 miles and #(?=5 miles. 

1872. 1. (1)®=;V- ( 2 ) *~0. 3 - I* 3 - 5. 4-89898, 

1873 ‘ l ' 4»*(y*4-s*y*+«*) .9 (<+*»+»)• 
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2. (1) »=±3,$'=±l,.e=±2. (2) o=l or 

(3) ,m=l, 2or ${3± V(— 1)}. Snm = 5, prodnct=5. 

3. J xV-» W- 4. 720,120. 


6. (3ao) 14 — 14(3aB) 13 ^ (3ao) 12 

14x13x12,. /2&*\ * Ix9xl9x -89 fn 

+ — re~ (I ofw * ;1-2G8 - 

1874- 1. 25 shillings, 10 balf-cromis, 50 six-pences and 75 
four-pencea. 

4. W ®“±-^or-a±^/(Ua*). 

2aJc 2a5c 


W) y* 


2a5c 


bc + ab — ac' ab + ac — bc ’ bc+ac — ab' 

5. 45 and 5. 6. |{(n+ l)(n + 2)ac"+n(n— l)6c*" z }. 

»«■ 

a , 5 , c . 

= r 4 ~+ f 4 «£c. 

6 — c c — <x a-b 

(2) o=5. (3) o = 0, 1£; y=>0, h. 

2. o= ±1 ; o«=l, 2, 3, 4. 

4. ca&d, cadb, clad , cbda, cdab, cdla ; 60 ; 36. 5. 1*99776. 

1876. 2. 6o l — 1. 

3. o* - 2o - 4 =* 0, if 1 - V5 be the other root. 

4. (1) x^ ab{c+ -l~ - d J a + b - (2) o=3or2 &e,y = 2 or 3 &c. 


ab—cd 
(3) o«=i^, j/ = V, - 12. 


5. 2|,2* + i-2-n. 


6 . 


7. 


l» 


[_24 . [12 
L2[_2[3 ’ (L2) z * 


There is no terra in the expansion ■with o 17 \ 


the coefficient of o 18 =210a 10 
_< 


2 6 (l + 2* z +fJo 1 +-£S*o 6 + ). 

1877. 1. 0. 2. (1) o=4 or -1. 

(2) o= 4=4 or 4=^p VrfVi y=4=l or 4= */^ 5 . 

(3) o=4, — 6 or — l:fc4 V2. 


27 
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'4. Sam=j$7i(rt + l)(2n + l) + n. 5. m=hbc~\ 

6. 56 ; 21. 8. 58-71. 

1878. 1. -41. 2. <6® 4 -7®* + 2)<® + 3). 

3. (1) ®=3. (2) s=±2 or ± y=±3 or t i/ 1 /. 

(3) ©= -1 or 3, y = 3 or -1 and 2 = 1 ; ar = l or 3, y== 3 

or 1, e= -1 ; also ® + y = 0, &c. 

4. a:* + 4a® + 26=0. 6. 2; 4; (1) 4{l-(-^)"}; 4. 

(2) $n(2n* + 9?! + 1). 8. -945a-^6 3 .-30G18rr™6 5 . 

3x1 xl x3x ,.(2r — 7) „ , 

- ' 

2 ‘ 1 j’r — 1 2 * 

1879. 1. 5 per cent. 2. -267. 3. (1) ®«=6. 

(2) ir = 4 or — y = £ or — 4. (3) » = 5, y=9, e=ll. 

5. (1) $»(4n*-l). (2) 1?2. 6. 1638; 39. 

- 3X i 4 ^3'-4--.(J-7)' 7> (¥) ‘ i «fc> coefficient o£ »> ‘ is I 

and there is no term involving m 1! . 

1880. X. 1-387. 3. (1) a =0 or ± 7(a6). 

(2) a;=a, 6, c = c, &c. 

„ |n -3 

*>■ — 1) (r — 2). 6. (1) {®*+ 2 / I + (3~n)ry}n. 

( 2 ) 2{n-l + an. (3) 

7. 4par ! + 4p(2p*-3£ 1 )ar i . 

1881. 2. 17 yrs. and 11 yrs. 3. 520. 4. r s +3r. 

5. £7812 10s. 


1882. 1. (i) ® = 2. (ii) ®=2 or |{3i V(-7)}. 2. 3®-5. 
3. V2. 5. 7 times nearly. C. 2 B . 


1883. 1. *23,15-5 76 + 10 73-1072. 

2. (1) « = + 7(a I + 6*+c 1 ). (2) ®=4£, y=lf. 

r 15-14-13-12-11 5 4 14*13-12*11-10 5-4 

6 - i-2-3-4-5 X 1-2 5 1 *2-3*4 *5 X l-2' 


7. 


312. 
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1884. I. 1#, 1-58. 2. (1) » = 

(2) a: =>2 or 3, jf = 4, s=8 or 2, 

4. (1) i(29-2n);K28n-n*). (2) ^ . 6- JL- %L. 

1885. 1. 2^® I -2a; — 2^5+2- -2^+1. 2. (i) s» ±1 or if. 

. , b + c~a . a + c-& 

(II) V(a* + b' + c*)' y=:i: 2 ■/(«* + 

a+ 6 — c 


£= ± 


6 . 


2V(a £ + fc* +c*) * 

(n+ I)(n4-2)(n+3).. ( nr — 2n+ 1)*^ 1 


)i r -ixl-2-3-4 (r-l)a » 

1886. 1. ?{2V(-3)+3-2v , 6-3v r (-2)} ; 12. 

2. (1) s = 0, 3or§i-^p^X (2) x*= ± V*=± ^ 

(3 ) 


V5 + 1 V12 ^5 — 10} . 

— __ ± , &c. 


p, .4 . n s -n + l , n . -/3 . 3 ^3 


3. a: t -2 y -x + -. 4. (1) 
2 2 


(2) ~. (3) 


GO 

1G- »' 


B. C. E. Papers, p. 193. 


1862- 1. (a) a?=iori(l± V2), y=-i(l± V2) orJ. 

( b ) x=- ±f or ±§, jr«= ±1, 2 = ±3 or ±2. 

(c) a = 10, y«= ±6. 3. x *— Jx ~ — ix - 

2 V( - </ 1 ) - 3(a* +yt)l [{» + ./( -y*))i y *)\ >]’ 
4. (a) {fn(n+ l)} r . (6) — 5. 1^74-297. 


1863. 2. 


g I -2a I -pl2ic~18 
® e — 2® , +» + 4 


3. (I) » = 


(2) ®=±1 or/nf-li V(-19)}. 5. 


cd\a+ 61 - ab(c + d ) 
ab — cd 

4r(r+l)a- 1 " jr x-’'* 1 


a" 1 +3o~ 5 «~ 1 + Ga -7 ® -1 + 16a -B x _1 + 1 5a" u x~‘. 
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1864. 1. 2- 


6. 3 miles an boor ; 15 miles. 

,a + 5 4n6 (a* + &*) (a* + 4a5 4- 5*) 

a — b’ a* — b** (a* — 5*)* 

2. (a) ®=18, y=10. (5) «=7 or 

1 


3. (a) -(-$)*>• 


(*> 


( 1 +®)*' 

4. 9 7979, 12, 14-G969, 18, 21-9927. 

1865. 1. a* +33—1.' 2. §{1 -(-§)”}; 16. 

4. (1) a= -lA V5 or —1+ V(37). 

(2) s=±2 or ±3, j/=*i3 or ±2. 

5. At 25 minutes after 4. 

1866- 1. (a~2)(a;— 4)(a-6). 3. 3 or 8. 


3. 2". 


4. 5H; 


2 (4 -a*) 
32 




c 4 32 192 1024 2 t ’V 

5 ‘ ax z+ & < G + J- 1 8 ’ am ' 

a-3* a<«° a 2 a 8 a z x tr 

G. (1) s-gfr; (2) 3 = 0, 1, -3 or -4. 

(3) ±4, ±^V(-14);y=±J f TV(— 1). 7. 9* miles. 

a - a X s — 2»+3 


1867. 1. 


3. 9i ; — 85 ; 


a+4a’ 2a* + 53 -3' 
l-» n nx' 


. a H 
4. 3 or - — . 


(1-3)* 1 — X 

5^ (1)3 = 0 or -3. (2) a = 2or5£. 

(3) 3=3 or-£. y = - 6 or - 
G. n= -8. 1 + 25a+ 2503* + 1250®* + 3125a 4 + 3125a r> ; 
1 +2 x+3x*+43 ! + 


2 a+ 3 Ga 5 5 ^ 


( 2 ) 


(a-b)‘ 


1868. 1. (1) -ar - >" a*+i*"‘ 

2. ^*-4; (s-3)(x , -I i -4»+4). 

4. (1) » = 3 or 4, y=4 or 3. 

(2) 3 = 5 or 13 ; »/ = 7, 6, 4 (5+ V(-143)}. 
e = 6, 7, £{5 + ■/( — 143)}. 

5. 4(9n— «*) ; ("l) } 1 1 or 8 - 7., GO. 
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8. 120a 7 ; 1 — jtf-g 1 !;* 1 — 5 

1 x 1 x 3 x 6...(5 -2r) /®\ T “ 1 
" 2’'- 1 xl-2-3-4...( l r-l)\2/ ’ 


1869. 1. 35. 


2- .(« (v'-v 1 )’- 


x 1 — s+2 

4. (l) - 3a« -2«6-4ao). (2)5or? . s 


_ «(<** + &*) .. c(a*+6*) 

(3) y = ~2^-- 

(4) x = 74, y = - 349, *= -420. 5. S ; 3, 2, 1 and 0. 


(2) ${!-(*)•} -girgs 


^n+l_ 7 ,n+l 

6. (i) 5 

' a-y 

7. 19xl7xl3x44a™& 1 ° ; 
a -2 + a" 4 x 2 + a~ B x i + a- 8 x 0 +a“ 10,r8 n-- r m- r ~" 


x 8 . a" 


187a !• & - ?fcV4 - («-2)(2-l)(«’-8'- 

2. X*. 3. (a) ®o0or --J. (&) ®=*9 or 1, y=» 1 or 9. 

(c) x=» ±4, y«= ±2, s= ±2 £c. 5. (a) -280. 

/ (6) SSK2 + 1}. (ct f{l-(- i)-|. 

6. 10a" 13 x° ; ~G 7 x7« s y 5 . 


1811. 1. <0 — 1. 3. (i) * 

(iii) X^IO, y= 5 or -13, a 
4 


5. 9 or 18. 


3 V2 


U-($) 70 }. 


■Sr- («) x = 2,y=i 
= 3 or- 15. 

(n+1)* 

2n ! + n 
Ga* a 0 _ 

^0 * nl ““ * .rr* a:* ?r c ■ 

a -B + 3 a -4a;+ Ga -0 ® 1 + 10a -6 ® 7 + 15a~ r x t + 21a" 8 x c + £c. 
13 x 110 x 9 xy*x~ l . 


6. — 7T — 


6 « 4 . „Q , 15fI ~V 
a* a* s' 


1872. 1. (1) qbxy. (2) . s' + Gx+G. 

2. (I) x=d. (2) ar«=9,y*=J; (3) »=1, */2, := V3. 

255 

3. 20. 4. 2, etc. ; 0 ; -gj- v^2. 5. 90. 

G. a-ia' 1 ®*- ia" E x° “ifi a" 8 * 9 - ^a -11 * 12 - 
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187a ’■ « < 2 > < 3 > 5TJ- 

2. (1) a <=-±6. (2) a:=±3 or ±5VJ ; y=±2 or ± 

3. 9Hr* 10|. 4. 1585 ; 562. 

5. 32z 5 - 240x*y- + 720z-y B — 1080a? a y- + 810a;fy c — 243;/ ; 
-1; 9-99666444. 


1874. 1. lt£. 2. (1) — 1 ; 1. 
2 2>2 


3. (1) 2=3 or 5. 


(2) ©<=— ^-7 . y = — ~ . 

a + b ’ y a + b 

4. ffi=l, 2, 3 ; jm=2, 3, 1 ; ==3, 1, 2. 

1?« 


5. n = 5. 


6. 


L2L5 


1875. 1. ~ 2* + 2. 0:2+® s. 

2. („ 

p[m + n) — 2mn 

(2) a;-{A[a-2± ^(c I -2fl)]}'. 

(3) ® = 0 or 2a; jr=> ±Z>; j=»±c, 

5. 15 or 16. 6. 52. 5-0990. 

2x* + x* 


1876. 1. 2: 


2. ®-2; (2*+l)(3»-2)(7*-l). 


<o 4 — 1 

3. (1) «=6, -7 or -4{1±£ V{221)}. 

(2) ®=1G or — 8 ; y = 8 or-16. 

(3) x = b ± V(a l - 5* + c s ), &c. 

4 6. 1 + 4r + 2a* - So* - 22a; 4 . 

l2l£ L2l? 

1877. 1. y(y s + 2)(y 4 +4?/* + 2) Vfc/* + 4) ; 1 ; 6. 
1± •/(! +a*) 


2. (1) ci«. 


(2) «=>4 or ~2,y**2 or —4, etc. 


4. 


vaor-i 

■/(10) — 2" 


2 + 10 + 24 to n terms ^n x (n + l). 
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5. 


6. a~ i -2ar a a t + 2a~ B tt i ; 


\L5L5/ 

— 4a _10 x 6 + 5a" 13 a 8 — 6a~ 14 a; 10 + ; 3”. 


1878. 1. 1. 
2. (1) x- 


a t _ iz M </{(og-Z,«)» + 4(a t +3a&)(&* + 3a&)} 


2(o* + 3a6) 


(ii) «=>6 or j/=»6 or etc. 


(iii) «*=■ ± 




3. 9; 19.' 4. L6L 3 * 

5. Value of diamonds £120 and that of rubies £270. 
0 . ( l v ") ( 1 ~ 2n) . . ( 1_- na + n) ^ ( _ ^ 


1879. 1. (a> 4 + y* - x t y i V2 ) (m 4 + y* + a hy* *J2) ; 

(x-y) (at + y) (a) 2 + i/ s ) (a t -xy + y *) (x 1 + xy + jr 1 ) (x* - orb/* +;/*) J 
(x 8 + xy +y ') (x 1 - xy +y *) (x* - x*y s +y t )(x B -a 1 y l +y 8 ). 

2. (1) x= ±csV(~^), etc. 

(2) (a i + b t +c t -ac — lc-ab)w^Babc-(a+b){_b + c)lfi+a). 

(3) Multiplying tho equations and by substituting, wo get, 

ffl s y I 3'(a B + 6 5 + c B + 2«yz)=>o 8 6 e c B , a cubic equation 
in xye. 

(1) ££. (2) *n(n+l)(2n + l). 4. 2 7 -l. 


3. 

5. 


'■ 20-y^ 85_-y_ 




Y a i n--a 


7’ 


xB -f< a 


/a + x\A 


•/(a+x)^ -/(a+x) 


a+x 


V(a-x)" V(a + x) VXa 1 -®') 

= (a + x)(a s -» £ )a~^ 1 

■= 1 + a -1 ® + Aa -1 * 8 + Aa~ e x® + Jar* a*- + fa -t x s + 

The 8th term is the first negative 

17xl3x«f 7 t-wtan 
term; - 2ll+b f ; 5-03159. 

$880. 2. (7« + 32){« — 5), ( nx-m)(mx+n ). 

„ ... 6(c+o— 5) .... „ „ 

3. (i) o= (u) x= ±2,3 or— J ;*/=,() or-£. 
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(iii) x=y=z=a : +h t + c* — a6 -ac—bc. 

6. 5 j or 5*3. 


, (4n 4-l)4n(4n-l) (3n + l) 

Om ~~ 


188L 1. 


1-23. 
a 4-3 
x—2" 


(7J4- 1) 

2. (1) ®=5 or 5± V(10). 


(2) « = 3, y=5 or-S, 3=7 or-10. 3. + z* 4 - 1 «= 0. 

4. The expression may have any positive value, hut of tho 
negative values it must not have a greater value than £.?. 

6 111 _JJ_ 

HHF13L2L2’ [3L2L2- 

7. 3 7 - 14m x 3° + 84^ x 3 E - 280a: s x 3< + 560ari x 3®— 


3- 


9. (1) 


r 14 H2 
{ 1+ T* + T' 1 
2 n - ( — 1)" 


. f 224 , 1120 . 

X* 4- X 1 4- -x 4 4- . 

9 27 


}• 


3 x 2— 1 

1882. 1. (a) at— -a, y— ~l. 

2 w (nm 1 -mn 1 )d 


(2) i(n4-3)(n4-2)(n4-l)7i. 


X‘ 


^/{{nm 1 — mn 1 ) B + (ln l — l l n) B + {mli ' 


3. 


■. . 4. -R&1S per 1000 bricks. 5. 78. 

G. ^n(n4-l}(n + 2). 7. ad - he. 8. 0. 

ab 4- Jc4-uc 


1883. (F. C. E.) 1. 


Jc4-ac — a& ’ 


19 


L^li 


. 5. -See page 139, Ex. 12; 


2. x<=aor b. 

2"(2u — l)(2n-3)...3'l 
l-2-3-4..,n 
14 - Va-z*)- 1 


1883. (B. C. E.) 1. 

/I - V (1 -® 1 ) -1 

+ V 2 * 

2. (1) a=5. (2) 2 = 1 or i- < 3 ) «-="» 

57 (a 1 - x z )(a + x) 


3. 8:9. 
5. - 


4. - 


128 ’ a + x- 1 

f2*+l)(2*K23:-l)(2*-2K2*-3L, r _ !) 

T2¥¥5 2 • 

7. 36 yds. 


6. 5-2108533. 
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>a z - 4a + 3 


1884. (F. C. E.) (1) «=2y / ?-^3 


Q 8 , 

10 . o j _ C = ±2 or i -73 • 

(2) z=±4or ±-^gi or ^ V8’ 

„ (g + &)’ , -(a- fc )° - 3 nr -11. 4. 85. 

"• 26(a + 6)(a-6) n " s 

r o 03 7.3s , 7 x 3* t . 14-9-3V \ • 

5. 2 - c |l+|a:+|o® : + |oo * + 1000 * 100000 J 

#' ; K3n r +3»+2)- 

(a? + lc V3) «/(a&) . /*+. A /-i + s* 

1884- (B. 0. E.) 1. — ’ Vv ^ x 2 

9 cOi-l) 8 • 

2. ae r +e* + <r+l. 3. «- 2 n-l ’ 

2ax^+a^ read **£±£1 , s=0 or 
a-(x t + offt «+( ® t + a ')" 

4. (1) «j=±A/{« I - f (- 7tI± VW - ) }' 

(2) ® = 1 or 625, y =625 or 1. 

5. «- (5 + V2)x* + (11 + 4 ^2)® - 7( ^2 + 1) ° 0. 

771 + I . (m+lM^m + l)^ 

7. l-x+- T 2-®— 1-2-3 


F i *F w 

(771 + 11(2j 7T+ l)(3 w + 1) ^.4 _ _ 
+ T-2-3'4 


1885. 1. 1-, o E -®-l- 2 - (i)«‘= ±aori a 

(ii) s = 16 or4,y = 9 or-3. 

3. nth term *= 35 — 2 , last term«» 6 n+l. ^ 

4. 3 x2^', 3 x x2 8 , 3* x2“, 3**2*, 3‘ x2*. 


5, 13 : 3. 


7. 


4 x 7 x 9 x (3r - 5) rt r-i 


3 r-i 


1—1 


8 . 1-5997802 ; "8856217. 
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Answers to H. Ex. Questions, p. 231. 

7. 11665, 1169, 1000, 1002. 

10. (a £ i*+ I'c 1 + a z c z ) (a*bc + P : ac + T-a b) 

= a*i*c*(aZi +ac+lc). 

12. -3,4, -6.' 13.28. 14. g±— ’ i(r+l)jr + 2)(r + 3). 

15. (1) rc=3, -1 or£{-l± V(76)}. 

(2) x~i or 5, y=i or A. 18. Jpjyj-. 

19. ‘ ?{(2n-l)3" + l}. 20. 21. s=10. 

22. (a) a t a r J m I -4aior 1 6 1 * + 2(ac5* 1 +a 1 c 1 5 t )-aa 1 cc 1 =0. 

23. 4P*. 24. c= V (a+ 1). 

-25. 4369. 39. 11-005506. 

- Appendix, p. 317. 

1, 48. 2. 120. 3. 540 nishcas. 4. 15. 

5. 29,21. 6. 16. 7. 100. 8. 72. 

9. 576. 10. 24, 28 and 42. 11. 12 cubits. 

12. 12 cubits. 13. 3J- cubits 14. 15 and 8. 

15. 12 and 5. 16. 6 cubits. 

17. 96, 64, 4 and 480 nishcas. 18. 12. 19. 14, 7 and 29. 

20. 5, 4U ± V( — 27)}. 21. 16 or 48. 22.50. 

23. 12, 35 and 37. 24. 8, 15 and 17. 25. 24, 7 and 25. 

26. 59. 27. 42, 33 and 28. 28. 143. 29. 10, 20, 30 &c. ' 

30. 22 and 27 ; 48 ; 196. 31. 18. 32. 2186. 

33. The doors may be opened 255 times. 34. 63. 

35. 60480. 36. U.0, Li- 
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. I HATE looked through your Euclid and need It In teaching geometry, as well 
is Itj companion volume on Algtbra. I consider them both very rnltablo for 
etodenti preparing for tho Entrance Examination of the Calcutta University. Tho 
Notes, Qoestlons and Model Problems are all that could' bo desired. Tour long ex- 
perience os a teacher and professor of Mathematics in connection with schools and 
colleges preparing students for the University has enabled yon to prodneo books on 
yonr favourite subject, that must commend themselves to all teachers and stndcnts 
of mathematics, in connection with the Calcutta University, 

£. 8. MACBOKALD.JI. A., 

Principal, Free- Church Normal College, Calcutta. 

I have much pleasure In recommending to candidates for matriculation, Mr. 
p. Ghosh's edition of Euclid's Elements. Mr. Ghosh’s long experience as » 
teacher of Mathematics has enabled him to gango tho needs and capacities of 
those for whom ho writes. Els wort will be found os well adapted to Indian 
students as tho more expensive manuals at present Imported from England. 

JAMES Bobehtsos, M. a. 

Principal, Free Church College, Calcutta. 

YOtrn edition Of Enolld Is a nlco one. 

IE ASANUA KUMAR BAEVADHIEAET- 

Principal, Berhampore College. 

“In my opinion Mr. Ghosh's Arithmetic may very well be used as a text-book 
In our Schools. 

“ Tho Student’s Wood's Algebra by Mr. P. Gho3h has been very carefully 
prepared. It contains numerous cxnmples judiciously selected and arranged. Ibave 
evory reason to believe that Mr. Ghosh's Algebra will prove very ustlul to tbot o for 
whom It Is Intended. It Is already used as a text-book in tho Hindu School." 

Mm Ghosh’s Euclid has been very carelully prepared. It contains much 
useful matter, and I have no douht It will bo of great uso to candidates preparing 
for the Entrance Examination, BHOLANATH PAUL, M. A, 

Bead Master Haro School , Calcutta. 

Mm Ghosh’s Euclid contains aH that tbo Entrance etndent Is reqnlred to 
learn on the subject of Geometry ; and I think It may bo talely ured as r text-look 
In our schools. H. L. EOT, ' . . 

Tint Mathemallcal leather , Hindu School, Calcutta. 

I havo seen Mr. P. Ghosh's edition of “Euclid's Elemented Geometry Part I.’ 
It contains the first four hooks only. Besides a large collection of wcH-arranged 
exercises, a few typical theorems and problems have b«n worked ont and placed at 
the end of each book Immediately before the deductions to bo worked ont by the 
student. Hints for the eolation of these exercises are giren at tbo end of the 
book. The Propositions of each hook havo bocn very carefully written, and n 
greatdealof useful matter In tho shape of note?, together with questions, have 
been placed at the end of each book. The preparation of tho work oust have cost 
Mr. Ghosh much labour and thought. The mechanical execution of the book Is 
on the whole very ratlsfactory, and the price, which Is only Be. 1-S, is cheap 
enough. I have no hesitation In raylng.that Mr. Ghosh's book W0 prove Immensely 
useful In the hands of students preparing themselves for the Unlverrity Entrance 
Examination. B. M. DET, M. A, 

End Itai'.cr, HcurvhJ-ch™!. 



y.t. r. GnoSE's Edition of the Elements of Euclid is based on the vatuablt 
flition oOfr. Potts. It contains only the first four Boots which ore prescribed 
for the Entrance E xamina tion. The explanatory notes and questions at the 
eul of each Boot will conridembly help stndents In understanding the subject. The 
cx'-rclses hare been judiciously selected and nro wen adapted to tbe wants and 
cr.naciti''sofEntrancestndents. The Hints to the exercises greatly enhance the 
value of the boot. Considering the amount of matter It contains, I thint it may be* 
fairly introduced os o text-boot into onr schools. B. 31. PAUL, E. A., 

3LiniEsrATrcJLb Teacher, F. C. College; Calcutta. 

Euclid's Elements of Geometry, Parti, Is another of 3Ir. P. Gnosn’s more 
n'Tal pablicatlons. Sach works are received only when a teaoher of superior 
abilities comes forward to communicate his knowledge, combined with the results 
ofbls experience, and di'clesc the secret of his success. To the library of the yotmg 
'Indent preparing for the Entrance Examination this wort will be a most valuable 
actjcUtion. ISWAP. CHAXDEA CHAKBAYAIiTI. 

First Teacher, Free enrnen insTmmox. 

THE Eolations by 3Ir. Ghosh ore neat, good, and will ho of considerable ad- 
vantage os specimens for boys preparing for examinations in Arithmfttc, Algebra 
end Geometry. IT. AIOWAT,!!. A., 

Professor of Afathematica, Patna College. 

I consider It to be very caref ally and neatly arranged. The collection of 
papers mil be very useful to scholars preparing for the Entrance Examinations 
au-1 the eolations may be of much service to teachers. Iwonld strongly rc. 
comm-nd all concerned ex pee Lilly teachers, to purchase a copy. 

J. P. ASHTON, 31. A., 
Principal, fc. 31. E. College, Bbowanlporc. 

“I have no objection to the use of your Algebra and your edition of Euclid In 
schools under the control of this department.” H. B. GHIGG, 

Director o/Ptthllc Instruction, Madras. 

‘•Both boots (Euclid and Algebra by P Ghosh) are careful and judicious com- 
I nation? and will be very useful in schools an 1 to private students.” 

“ Yoar excellent Arithmetic might be used with advantage in the 
Entrance class and the class below it-.” R. GRIFFITHS, m. a. 

Director of Pullic Instruction, K. TV. Provinces. 

It will, I have no doubt, be a nseful text-book on the subject moro 
especially in Indian Schools. Its price Re.l-S is greatly In its favour. 
The large collection of examples taken from Examination Questions of 
lie various Indian Universities is a very valuable feature of the work. 

JOHN ELIOT, M. A., 

Sr.xior. Peof. of iLlTnEM.vnc?, Presidency College, Calcutta. 

"It is really a very useful book better suited to the requirements of 
[ndian Colleges and Schools than any work on Arithmetic I know of. 
r shall take particular care to introduce yonr book wherever I can. ” 

- UMESH CHANDRA SANYAL, M. A., 

Prof, of Mathematics Benares College. 

“ I have looked thronghyonr ‘Elements of Arithmetic’ and I 
-"rider it very useful school-book, Many exercises arc worked out 
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folly and clearly which would benefit the student by teaching him 
the proper method of working out his sums. Tho series of examples 
appended to each rule will enable him to master the subject 
throughly. Tho miscellaneous examples and the Examination Papers 
of'the°differcnt Universities will bo of great help to the students pro- 
paring for the Entrance Examination. Your book is already in nso 
as^i text-book in some of tho classes of the Hindu Sohool.” 

. CHUNDY CHURN BANERJEA, , 

Head Masted, Hindu School, Calcutta. 

“I read with greatpleasure your work on tho Elements of Arith- 
metic, and I havo no hesitation in plaoing it among the best school- 
books on the subject. The rules are clearly stated, and solutions havo 
been given of a large number of typical examples. Tho chapters on 
Enctors and tho .Unitary Method will bo of great ubo to students. 
Tho work contains a largo variety of examples for cxorciso, and will, 
I dare say,’ supersede the text boo k's no w in ubo in our schools and 
colleges." S til B CHANDRA GUI, m. a., 

— ' Lecturer, Sanskrit College, Calcutta. 

Tho booh (Arithmetic) appears to be a very pood one of Us hind, and-la es- 
pecially salted to Indian schools, because It deals with Indian, and not merely with 
English money. JOHN O. NESF1ELD, M.A., 

Inspector of Schools, Oudh. 

Tour Arithmetic, os far as I can sco appears to be a very useful work. 


W. C. HORST, b. A., 

Head Master, High Sohool, Allahabad. 
It (Arithmetic) seems to mean exceedingly cheap book— tho cheapest I havo 
, seen in India— for tho quantity and quality of Arithmetical matter it oontalns. 


J. COOK, m. a., 

Principal, Portion Protestant College, Madras, 
I find 'that, for moro reasons than one, your book (Arithmetic) is 
superior to all tho books on the subject nowin uso in our schools. 

JoaonAXDHU Bhuddeb, 

Mead Master, Zilla School, Jen ore, 
I havo looked through it (Arithmetic) carefully and consider it 
to he exceedingly uscfnl. UGHORE CHUNDER MOOKERJEE 

, Head Masted, 

Zillah School, Monghyr, 
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